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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
29 ]. This is test number [ 181 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 (29 ) | 0.00 (0)
Rubi 93.10 (27) | 6.90 (2)
Fricas 86.21 (25) | 13.79 (4)
Maple 65.52 (19 ) | 34.48 (10)
Maxima | 44.83 (13) | 55.17 (16 )
Mupad 2759 (8) | 7241(21)
Giac 27.59 (8) | 7241 (21)
Sympy 13.79 (4) |86.21(25)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results



CHAPTER 1. INTRODUCTION 5

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 55.172 31.034 0.000 13.793
Rubi 27.586 0.000 51.724 20.690
Maple 13.793 37.931 0.000 48.276
Giac 10.345 3.448 0.000 86.207
Maxima, 3.448 27.586 0.000 68.966
Fricas 0.000 72.414 0.000 27.586
Mupad 0.000 13.793 0.000 86.207
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 0 0.00 0.00 0.00

Rubi 2 100.00 0.00 0.00

Fricas 4 0.00 0.00 100.00

Maple 10 100.00 0.00 0.00

Maxima, 16 100.00 0.00 0.00

Mupad 21 0.00 100.00 0.00

Giac 21 100.00 0.00 0.00

Sympy 25 96.00 4.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.29
Maxima 0.30
Giac 0.36
Rubi 0.89
Sympy 1.80
Mupad 2.23
Maple 2.82
Mathematica 7.76

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 12.50 0.83 10.00 0.83
Giac 63.50 1.56 44.00 1.42
Mupad 68.00 1.48 30.50 1.28
Rubi 165.44 1.06 107.00 1.00
Maxima 213.62 3.72 168.00 2.44
Maple 333.63 2.36 240.00 2.28
Mathematica | 675.97 1.98 137.00 1.72
Fricas 1522.68 5.76 692.00 4.69

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.

% solved

100
80
60

Rubi

Mma

% solved

100
80t
60t

X3

5

10 15 20
Rubi number of steps

25

30

5

10 15 20
Rubi number of steps

25

30

% solved

100
80t
60}

Maple

Figure 1.2: Solving statistics per number of Rubi steps used
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
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1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {25])

Mathematica {[17}[26}27}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . ... .. e e e
2.1.2 Mma. . . . . . e e
2.1.3 Maple . . . . o
2.1.4 Fricas . . . . . . . e e e
2.1.5 Maxima . . . . . .. e e e e e e e e
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad ...
2.1.8 SYympy . . . . oo e

2.1.1 Rubi

A grade { (13141516 19,20,25,29 }
B grade {}

C grade {[}BBEEDHOLTEEIELE )
F normal fail {2627}

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade { (1256751314 5, 1619, 20,24 25,2529}
B grade { 10101 SE2E3627)

C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade {[3|[7,[2025] }

B grade { [3/560M0/HHEEN)

C grade { }

F normal fail {[13}[14][15][16}[17][18][22}[23][26}[27] }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { }

B grade { [112)3,5,6,75, 10} 1,7} 15,9} 20} 22,25 24,25, 26,27 25 291 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail {[13][14[15[16 }

2.1.5 Maxima

A grade {25}

B grade {JB5NB0EHE}

C grade { }

F normal fail { B6/11[3, 13 15167 [5/9/ 22 23,23 5 2728 }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {[20,[25229) }

B grade {[7]}

C grade { }

F normal fail { 25 5,68 0/I1 I3 315 6/17 B B2 B3 PR ETES )
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.7 Mupad

A grade { }

B grade {[7}20/2529 }
C grade { }

F normal fail { }

P(-1) timedout fail {35,555 I0 I 13 3 1316 17 13 [ E3 B3 ER 02028 )
F(-2) exception fail { }

2.1.8 Sympy

A grade { }

B grade { }

C grade {}

F normal fail {[12)5)5)6)(7 0 10} 3173, 4[5 76,7 [5) (9,20, 22 23, 24, 25, 2 5.2 )
F(-1) timedout fail {[26]}

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 173 168 541 333 396 0 0 0
N.S. 1 1.16 1.13 3.63 2.23 2.66 0.00 0.00 0.00
time (sec) N/A 0.672 0.043 0.986 0.264 0.261 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 115 118 306 195 242 0 0 0
N.S. 1 1.16 1.19 3.09 1.97 2.44 0.00 0.00 0.00
time (sec) N/A 0.455 0.042 0.945 0.282  0.265 0.000 0.000 0.000
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B A F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 61 116 89 0 119 0 0 0
N.S. 1 1.22 232 1.78 0.00 2.38 0.00 0.00 0.00
time (sec) N/A 0.277 0.034 0.248 0.000  0.268 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 14

N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.40
time (sec) N/A 0.189 20.670 0.047 0.432 0.260 0.296 0.320 2.141

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 146 185 473 320 1159 0 0 0

N.S. 1 1.42 1.80 4.59 3.11 11.25 0.00 0.00 0.00
time (sec) N/A 0.709 0.485 0.802 0.347 0.271 0.000 0.000 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 106 137 240 0 623 0 0 0

N.S. 1 143 1.85 3.24 0.00 8.42 0.00 0.00 0.00

time (sec) N/A 0.496 0.342 0.855 0.000  0.270  0.000 0.000 0.000

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A A B B F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 33 52 56 91 166 0 80 49
N.S. 1 1.14 1.79 1.93 3.14 5.72 0.00 2.76 1.69
time (sec) N/A 0.262 0.048 0.805 0.198 0.274 0.000 0.295 2.113

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 73 14 10 14 14
N.S. 1 1.00 1.17 1.00 6.08 1.17 0.83 1.17 1.17
time (sec) N/A 0.197 6.404 0.090 0.299 0.267 0323 0.291 2.115
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 256 294 440 876 605 4008 0 0 0
N.S. 1 1.15 1.72 3.42 2.36 15.66  0.00 0.00 0.00
time (sec) N/A 1.203 2.102 1.012 0.369  0.310 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 184 420 444 393 2218 0 0 0
N.S. 1 1.19 273 2.88 2.55 14.40  0.00 0.00 0.00
time (sec) N/A 0.740 6.237  0.940 0.342 0.289 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 108 271 197 0 1026 0 0 0
N.S. 1 1.17 295 2.14 0.00 11.15  0.00 0.00 0.00
time (sec) N/A 0.416 0.080 0.767  0.000  0.260 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 12 12 14 12 157 14 10 14 14

N.S. 1 1.00 1.17 1.00 13.08 1.17 0.83 1.17 1.17
time (sec) N/A 0.202 42.663 0.097 0.332 0.244 0326 0.643 2.138

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0 0

N.S. 1 1.00 0.71 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.240 0.035 0.000 0.000 0.000 0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0 0

N.S. 1 1.00 0.71  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.241 0.051 0.000 0.000  0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 47 47 45 0 0 0 0 0 0

N.S. 1 1.00  0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.272 0.072  0.000 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 76 76 67 0 0 0 0 0 0
N.S. 1 1.00 0.88 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.343 0.188 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B F F B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 448 452 1792 0 0 1976 0 0 0
N.S. 1 1.01  4.00 0.00 0.00 4.41 0.00 0.00 0.00
time (sec) N/A 2.445 20.202 0.000 0.000  0.303 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 330 334 937 0 0 1265 0 0 0
N.S. 1 1.01 284 0.00 0.00 3.83 0.00 0.00 0.00
time (sec) N/A 1.740 11.570 0.000 0.000  0.290 0.000 0.000 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 209 266 483 0 692 0 0 0
N.S. 1 099 1.25 2.28 0.00 3.26 0.00 0.00 0.00
time (sec) N/A 1.038 0.392 1.170 0.000  0.289 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 34 30 30 49 83 132 0 60 31
N.S. 1 0.88 0.88 1.44 2.44 3.88 0.00 1.76 0.91
time (sec) N/A 0.327 0.014 0.665 0.198  0.263 0.000 0.301 2.116
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 164 34 22 28 30
N.S. 1 1.00 1.08 1.00 6.31 1.31 0.85 1.08 1.15
time (sec) N/A 0.336 45.950 0.201 0.393  0.267 6.271 0.405 2.318
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 696 641 2218 0 0 3847 0 0 0
N.S. 1 092 3.19 0.00 0.00 5.53 0.00 0.00 0.00
time (sec) N/A 3.555 9.937  0.000 0.000  0.348 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A C B F F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 510 484 1216 0 0 2410 0 0 0
N.S. 1 095 238 0.00 0.00 4.73 0.00 0.00 0.00
time (sec) N/A 2.829 4.935 0.000 0.000 0.314 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 327 324 610 1012 0 1284 0 0 0

N.S. 1 099 187  3.09 0.00 3.93 0.00 0.00 0.00
time (sec) N/A 1.592 1968 4.514  0.000  0.302 0.000 0.000 0.000

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C A A A B F A B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 95 107 109 167 168 446 0 155 212
N.S. 1 1.13 1.15 1.76 1.77 4.69 0.00 1.63 2.23
time (sec) N/A 0.611 0.343 4.001 0.283 0.279 0.000 0.304 2.440

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F B F F B F(-1) F F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD
size 864 0 7404 0 0 7980 0 0 0

N.S. 1 0.00 857  0.00 0.00 924 0.00 0.00 0.00

time (sec) N/A 0.000 32.297 0.000 0.000 0377 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F B F F B F F  F(1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD
size 636 0 2120 0 0 4887 0 0 0

N.S. 1 000 335 000 000 768 000 000 0.0

time (sec) N/A 0.000 16.795 0.000 0.000 0.336  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 400 360 696 1102 0 2465 0 0 0
N.S. 1 090 1.74 2.76 0.00 6.16 0.00 0.00 0.00
time (sec) N/A 2296 1.179 17.620 0.000  0.307 0.000 0.000 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 75 75 244 183 652 0 145 180
N.S. 1 0.88 0.88 2.87 2.15 7.67 0.00 1.71 2.12
time (sec) N/A 0.394 0.101 17.864 0.220 0.268 0.000 0.317 2.472

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

nilIll{ché?:rn?cfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [22] had the largest
ratio of [1.07143000000000010]

size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
i | C 8 7 1.16 14 0.500
2 | C 7 6 1.16 14 0.429
3| cC 6 5 1.22 12 0.417
N/A 3 0 1.00 10 0.000
5 | C 12 11 1.42 16 0.688
6 | C 11 10 1.43 16 0.625
] c 7 7 1.14 14 0.500
N/A 3 0 1.00 12 0.000
9 | C 14 13 1.15 16 0.812
0| C 12 11 1.19 16 0.688
| c 10 9 1.17 14 0.643
N/A 3 0 1.00 12 0.000
13| A 1 1 1.00 20 0.050
14| A 1 1 1.00 20 0.050
15| A 1 1 1.00 20 0.050
6] A 1 1 1.00 24 0.042
17| C 21 20 1.01 26 0.769
18| C 16 15 1.01 26 0.577
19| A 13 12 0.99 24 0.500
RO[| A 12 11 0.88 19 0.579
N/A 2 0 1.00 26 0.000
C 31 30 0.92 28 1.071
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul
# | grade SJ:;); uzi;i 1;e antli(:laefr:\irzzive leaf size ir?tlég;‘ail;ioleég seize
23] C 28 27 0.95 28 0.964
24] C 20 19 0.99 26 0.731
125| C 15 14 1.13 21 0.667
F N/A 0.000 N/A
F N/A 0.000 N/A
28] A 27 26 0.90 26 1.000
29) A 12 11 0.88 21 0.524

2.3. Detailed conclusion table specific for Rubi results
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31  [(c+dz)®esch(a+bz)dr . . ... .. ...
32  [(c+dz)esch(a+bz)dr . . . ... ..
33  [(c+dz)esch(a+br)dr . . . . . ...
34 f m AT . .
35  [(c+dx)desch®(a+bx)dx . . . . . ..
3.6  [(c+dx)?esch®(a+bx)dx. . . . . ..
3.7  [(c+dm)esch®(a+bx)dr . . . . . .o
38 foschee) g
39  [(c+dx)desch®(a+bx)dr. . . . . ...
310  [(c+dx)%esch®(a+bx)dr . . . . . ..
311  [(c+dx)esch®(@+bx)dr . . . . . ..
1z fosches) g
313 [ (T + chsch(w)) dT . .o
csch? (z)

3.14 —z— + 3—"”) dr . .. .. e
/ (csch2(x) 51/csch(z)
3.15 f( L— — 2x/csch(z )) dT . o

csch? (z)
3.16 2 + 122, Jesch(z ) do ..
J cschf(z) 3 (=)
317 [ (etfo)cosh(ctdn) go.

a+bCSCh (ct+dz)

(e+fz)? cosh(c+dx)
3.18 f a+bcsch(c+dz) dz

(e+fz) cosh(c+dz)
3.19 f a+bcsch(c+dz) dz

cosh(c+dzx)
320 [ G dr.
3.21

cosh(c+dz)
3.992 f (e+fx)3 cosh?(c+dzx) dz

J (e~|—fx)(a+bCSCh(c+dz))
a+bcsch(c+dz)

34
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3.23
3.24
3.25
3.26
3.27
3.28
3.29

f (e+fx)? cosh?(c+dzx)
a+bcsch(c+dz)
f (e+fx) cosh? (c+dx)
a+bCSCh (ct+dz)

f cosh?(c+dzx)
a+bCSCh(c+d:c)
f (e+fx)3 cosh®(c+dzx) dz
a+bCSCh(c+dz)
J" (e+fx)? cosh®(c+dzx) dz
a+bcsch(c+dz)
f (e4fx) cosh®(c+dzx)
a+bcsch(c+dz)
f cosh?(c+dzx)
a+bcsch(c+dz)
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3.1 [(c+ dz)’csch(a + bz) dx

3.1.1 Optimalresult . . . ... .. .. .. ..
3.1.2 Mathematica [A] (verified) . . . . . ... ... .. oo
3.1.3 Rubi [C] (verified) . . ... ... .. ...
3.14 Maple [B] (verified) . . ... ... . ...
3.1.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ...,
3.1.6 Sympy [F] . . . . .
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
3.1.8 Giac [F] . . . o
3.1.9 Mupad [F(-1)] . . . . o

3.1.1 Optimal result

Integrand size = 14, antiderivative size = 149

2(c + dz)3arctanh (e®+®®
/(c + dz)3csch(a + bz) dz = — (c+dx) arl(; anh (27
3d(c + dx) 2 )? PolyLog ( a+b:1:)
— ’
3d(c+ dz) 2 )? PolyLog (2, a-}-bz)
+ E
6d2 (C + dZL' POlyLog ( a+bz)
+ =
6d?(c + dz) PolyLog (3, e**t7)
_ a
6d° PolyLog (4, —e*+**) 63 PolyLog (4, e*t7)
B b + ”

output‘—2*(d*x+c)“3*arctanh(exp(b*x+a))/b—3*d*(d*x+c)‘2*polylog(2,—exp(b*x+a))/b‘
‘2+3*d*(d*x+c)‘2*polylog(2,exp(b*x+a))/b‘2+6*d‘2*(d*x+c)*polylog(3,—exp(b*x
‘+a))/b*3—6*d‘2*(d*x+c)*polylog(3,exp(b*x+a))/b“3—6*d“3*polylog(4,—exp(b*x+
‘a))/b”4+6*d“3*polylog(4,exp(b*x+a))/b“4

3.1.  [(c+dz)*csch(a+ bz)dz
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3.1.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.13

/(c + dz)3csch(a + bx) dx
_ (c+dz)’log (1— e) — (c+ da)? log (1 + etbe) — M erd) Polvlos(2, ) “abd(ehde) Polvlog(3,—e").
- b

input LIntegrate [(c + d*x)~3*Csch[a + b*x],x] J

e N

output | ((c + d*x)"3*Log[1l - E~(a + b*x)] - (c + d*x)~3*Logl[l + E~(a + b*x)] - (3%
d*x(b~2x(c + d*x) "2*PolyLog[2, -E~(a + b*x)] - 2%b*d*(c + d*x)*PolyLogl3, -
E~(a + b*x)] + 2xd"2#PolyLogl[4, -E~(a + b*x)]))/b~3 + (3*d*(b~2*(c + d*x)~
2xPolyLog[2, E~(a + b*x)] - 2xb*d*(c + d*x)*PolyLogl[3, E~(a + b*x)] + 2xd~
2%PolyLog[4, E~(a + b*x)]1))/b~3)/b

3.1.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.67 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.16,
number of steps used = 8, number of rules used = 7, Lumber of rules _ 0.500, Rules used

integrand size
= {3042, 26, 4670, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3csch(a + br) dx
| 3042

/ i(c + dz)® esc(ia + ibz)dz
| 26

i /(c + dz)3 csc(ia + ibx)dx

l 4670

3.1.  [(c+dz)*csch(a+ bz)dz
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3id [(c+dz)?log (1 — e**®®) dz  3id [(c+ dz)%log (1 + e**t%) dz N

2i(c + dz)3arctanh (e?+57)

{

b

)

b b

l 3011

3id ( 2d [ (c+dz) PolyLog(2,—e2+%2)dz (c+dz)? PolyLog(2,—eab2) ) 3id ( 2d [ (c+dz) PolyLog(2,e® %) dz (c+dz)? PolyLe
b - b b - b

if - +
b b
| 7163
2d ( (c+dzx) PolyL(;g (3’_ea+bw) _ d [ PolyLog (i,—e‘H'bw) dz) P e 2d < (ctdzx) POlyLbOE (3)ea+ba
. 2,— .
3id ; — (ctdo)* PolyLog(2,e"™) | g
i| - ; +
| 2720
2d < (c+dz) PolyLog (37_ea+bz) df e—a—bx PolyLog (37_ea+bz) deatbz > 2d (c+dz) Pol
. b B b2 (c+dz)? PolyLog(2,—eatb2) .
3id T — = id| ——
i| - ; +
| 7143
2 ( (c+dz) PolyLog (3,—ea+bz) d PolyLog (4, _ea+bz) )
3id ’ - v? _ (c+dz)? Poly[l;og (2,—eat?e) :
.| 2i(c+ dz)3arctanh (e*+*)
] b — b + -

e

inputLInt[(c + d*x)~3*Csch[a + bx*x],x]

|

3.1.  [(c+dz)*csch(a+ bz)dz



output

rule 26

rule 2720

rule 3011

rule 3042

rule 4670

rule 7143

CHAPTER 3. LISTING OF INTEGRALS

39

Ix(((2%I)*(c + d*x)~3xArcTanh[E~(a + b*x)]1)/b - ((3*xI)*d*(-(((c + d*x) 2*P
olyLog[2, -E~(a + b*x)])/b) + (2xd*(((c + d*x)*PolyLog[3, -E~(a + b*x)])/b
- (d*PolyLog[4, -E~(a + b*x)]1)/b"2))/b))/b + ((3*I)*d*(-(((c + d*x) 2*Pol
yLog[2, E~(a + b*x)])/b) + (2%d*(((c + d*x)*PolyLogl[3, E~(a + b*x)])/b - (
d*PolyLog[4, E~(a + b*x)]1)/b~2))/b))/b)

3.1.3.1 Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[FI[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) "n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F])) Int[(f + gx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

N

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (A_)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£*xfz*I)), x]
+ (-Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e
+ fxfz+x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

3.1.  [(c+dz)*csch(a+ bz)dz
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rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.1.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 540 vs. 2(142) = 284.

Time = 0.99 (sec) , antiderivative size = 541, normalized size of antiderivative = 3.63

method | result

23 arctanh (b 1) 3d3 polylog (2,—eb®+4) g2 6d° polylog(3,—e*+%)z d®In(1—eb®+e) g3 d®In(1—eb®+a)q3
b B b2 + b3 + b b

risch —

s

input Lint ((d*x+c) ~3*csch(b*x+a) ,x,method=_RETURNVERBOSE)

N

output | -2/b*c~3*arctanh (exp (bxx+a))-3/b~2*d"~3*polylog(2,-exp (b*x+a))*x~2+6/b~3*d"~
3*polylog(3,-exp(b*x+a))*x+1/b*d~3*1n(1-exp (b*x+a))*x~3+1/b~4*d~3*1n(1-exp
(b*x+a))*a~3+3/b~2*d"3*polylog(2, exp(b*x+a) ) *x~2-6/b~3*d"3*polylog(3,exp (b
*xx+a) ) *x-1/b*d~3*1n(exp (bxx+a)+1) *x~3-1/b"4*d"3*1n (exp (b*x+a)+1) *a~3+2/b"4
*d~3*a”3*arctanh (exp (b*x+a))+6/b"3*c*d"2*polylog(3,-exp(b*x+a) ) +3/b~2*d*c”
2xpolylog(2,exp (b*x+a))-3/b"2xd*c " 2*polylog(2,-exp(b*x+a))-6/b"3*c*d~2*pol
ylog(3,exp(b*x+a))+6/b~2*d*a*c~2*arctanh (exp (b*x+a))-3/b*d*c~2*1n(exp (b*x+
a)+1) *x-3/b~2*d*c~2*1n(exp (b*x+a)+1) ¥a-6/b~3*d~2*a~2*c*arctanh (exp (b*x+a) )
+3/bxc*xd~2*1n(1-exp (b*x+a) ) *x~2-3/b~3*c*d~2*1n(1-exp (b*x+a) ) *a~2+6/b " 2*c*d
~2*polylog(2,exp(b*x+a))*x-3/b*c*d~2*1n(exp (b*x+a)+1)*x~2+3/b"3*c*xd"2*1n(e
xp(b*x+a)+1)*a~2-6/b"2xc*d"2*polylog(2,-exp(b*x+a) ) *x+3/b*d*c~2*1n(1-exp (b
*x+a) ) *x+3/b"2xd*c~2*1n(1-exp (b*x+a) ) *a+6*d~3*polylog(4,exp(b*x+a)) /b~4-6%
d~3*polylog(4,-exp(b*x+a)) /b4

3.1.  [(c+dz)*csch(a+ bz)dz



input Lintegrate ((d*x+c) "3*csch(b*x+a) ,x, algorithm="fricas")

output
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3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 396 vs. 2(140) = 280.

Time = 0.26 (sec) , antiderivative size = 396, normalized size of antiderivative = 2.66

(c + dx)3csch(a + bz) dz
_ 6d’polylog(4, cosh (b + a) + sinh (bz + a)) — 6 d*polylog(4, — cosh (bx + a) — sinh (bx + a)) + 3 (b*d°x

-/

(6*%d"3*polylog(4, cosh(b*x + a) + sinh(b*x + a)) - 6*d~3*polylog(4, -cosh(
bxx + a) - sinh(b*x + a)) + 3*(b72%d"3*x"2 + 2xb~2*kc*d"2xx + b"2%c”2xd)*di
log(cosh(b*x + a) + sinh(b*x + a)) - 3*(b"2%d"3*x"2 + 2%b~2xc*d"2*x + b~2%
c"2xd)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b"3*%d"3*x"3 + 3%b~3*c*d™2*
X"2 + 3*b~3*c”2*d*x + b~3*c”3)*log(cosh(b*x + a) + sinh(b*x + a) + 1) + (b
“3%c”3 - 3*a*b”"2xc"2%d + 3*a~2%b*c*xd"2 - a~3*d"3)*log(cosh(b*x + a) + sinh
(b*x + a) - 1) + (b™3*%d"3*x"3 + 3*b73*cxd"2*x"2 + 3*b73*c"2*d*x + 3*a*b”2%
c"2%d - 3%a”2*b*c*d"2 + a~3*d"3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) -
6% (b*d~3*x + b*cxd~2)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6%(b*d”
3%x + bxc*d~2)*polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b"4

3.1.6 Sympy [F]

/(c + dx)3csch(a + bz) dx = / (¢ + dz)® csch (a + bz) dz

input Lintegrate ((d*x+c)**3*csch(b*x+a) ,x) J

e

output tIntegral((c + d*x)**3*csch(a + b*x), x)

~—

3.1.  [(c+dz)*csch(a+ bz)dz
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3.1.7

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 333 vs. 2(140) = 280.

Time = 0.26 (sec) , antiderivative size = 333, normalized size of antiderivative = 2.23

/(c + dz)3csch(a + bzx) dx

_ 3 (log (etb==a) + 1) _ log (e=b=ma) — 1))

b b

B 3 (bm log (e(b””+“) + 1) + LiQ(_e(wara)))c?d
b2

L3 (bzlog (—e®®+9) 4 1) + Lip (e®=+2)))c2d

(

b2
3 b2 z? log (e®*+®) + 1) 4 2 baLiy (—e2)) — 2 Liz(—e®=+2))cd?
)

b3
. 3 (b2a:2 log ( elbota) | 1) + 2 bzLi, (e(bac+a — 2Li; e(bx"'“)))cd?
b3

(b33 log (e®+®) + 1) + 3 b2x?Liy (— e(b”“)) 6 brLis(—e®t®)) + 6 Liy(—e®*+2)) @
)

N (6323 log (—e®*t®) 4+ 1) + 3 b2z%Li, (e(b””'“) — 6 bzLiz(e*t9)) + 6 Liy(e*))) ¢

bt

p
input Lintegrate ((d*x+c) “3*csch(b*x+a) ,x, algorithm="maxima")

output

-/

-c"3*(log(e~(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b) - 3x(b*xxlog(e” (b
*x + a) + 1) + dilog(-e”(b*x + a)))*c~2*%d/b~2 + 3*(b*x*xlog(-e~(b*x + a) +
1) + dilog(e~(b*x + a)))*c™2xd/b"2 - 3x(b~2*x"2*log(e”(b*x + a) + 1) + 2%b
*xx*dilog(-e~(b*x + a)) - 2*polylog(3, -e”(b*x + a)))*c*d~2/b"3 + 3*(b~2*x"
2xlog(-e~(bxx + a) + 1) + 2xbxx*dilog(e~(b*x + a)) - 2*polylog(3, e~ (b*x +
a)))*cxd~2/b"3 - (b~3*x"3*log(e~(b*x + a) + 1) + 3*xb~2*x"2*dilog(-e~ (b*x
+ a)) - 6xb*xx*polylog(3, -e~(b*x + a)) + 6*polylog(4, -e~(b*x + a)))*d~3/b
4 + (b~3*x"3xlog(-e~(b*x + a) + 1) + 3*b~2*x"2*dilog(e” (b*x + a)) - 6%bxx
*polylog(3, e~ (b*xx + a)) + 6*polylog(4, e~ (b*x + a)))*d~3/b"4

3.1.  [(c+dz)*csch(a+ bz)dz
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3.1.8 Giac [F]

/(c + dx)3csch(a + bz) dx = / (dz + ¢)® csch (bz + a) dz

inputLintegrate((d*x+c)“3*csch(b*x+a),x, algorithm="giac")

output Lintegrate((d*x + c)"3*csch(b*x + a), x)

3.1.9 Mupad [F(-1)]

Timed out.
(c+dz)®

) _ [ (ctax)
/(c—l—dx) CSCh(a+bx)dz_/sinh(a+b$) v

inputtint((c + d*x)~3/sinh(a + b*x),x)

output Lint((c + d*x)~3/sinh(a + b*x), x)

3.1.  [(c+dz)*csch(a+ bz)dz
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3.2 [(c+ dz)*csch(a + bz) dx

3.2.1 Optimalresult . . . ... .. . .. . 44
3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o 44
3.2.3 Rubi [C] (verified) . . ... ... . ... .. 45
3.24 Maple [B] (verified) . . . . ... .. ... 47
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... 48
3.2.6 Sympy [F] . . . . 48]
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 48]
328 Giac [F] . . . 49
3.29 Mupad [F(-1)] . . . o o 50

3.2.1 Optimal result

Integrand size = 14, antiderivative size = 99

2 +d 2 tanh a+bx 2d dz) PolvL, 2,_ a+bz
/(c + dx)zcsch(a +bx)dr = — (c + dz) ar;): an (e ) _ (c+dz) Po };2 0g ( e )
2d(c + dz) PolyLog (2, e**)
+ 52
2d? PolyLog (3, —e***®)  2d? PolyLog (3, e*™*)
+ o _ :

output‘—2*(d*x+c)“2*arctanh(exp(b*x+a))/b-2*d*(d*X+C)*P01Y1°g(2:‘eXP(b*X+a))/bAQ+
‘2*d*(d*x+c)*polylog(2,exp(b*x+a))/b‘2+2*d“2*polylog(3,-exp(b*x+a))/b‘3-2*d
L‘2*polylog(3,exp(b*x+a))/b‘3

——

3.2.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.19

/(c + dz)*csch(a + bx) dz
(c+ dz)*log (1 — e*™*) — (c +dz)*log (1 + ™) — 24{b{ctdz) PolyLog(2, " 7) ~dPolyLog(3,<"T7)) , 2d(ble

b2
b

-

input LIntegrate [(c + d#x)~2*Cschla + b*x],x]

~—

32.  [(c+dz)*csch(a+ bz)dz
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output‘ ((c + d*xx)~2xLog[1 - E"(a + b*x)] - (c + d*x)~2xLog[l + E~(a + b*x)] - (2% |
|d*(bx(c + d*x)*PolyLogl[2, -E”(a + b¥x)] - d*PolyLog[3, -E~(a + b*x)1))/b~2 |
|+ (2%d*(bx(c + d*x)*PolyLogl[2, E~(a + b*x)] - d*PolyLogl[3, E~(a + b*x)1)) |
/b72)/b |

3.2.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.45 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.16,
number of steps used = 7, number of rules used = 6, Bumber of rules _ 5 499 Ryles used

integrand size
= {3042, 26, 4670, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)%csch(a + bx) da
| 3042

/i(c + dz)? csc(ia + ibz)dx
| 26

i /(c + dz)? csc(ia + ibx)dx

l 4670

. (2id [(c+dz)log (1 —e*™®) dz  2id [(c+ dz)log (1 + €21%?) da N 2i(c + dz)%arctanh (e*Tt%) )
Z —_—
b b b

l 3011

b * b T

. .(d [PolyLog(2,—et%?)dx  (c+dz) PolyLog(2,—e®+%) . ;( d [PolyLog(2,e%t%®)dz  (c+dz) PolyLog(2,e21%%)
( 2id 5 — 5 2id 2 — 5
1| —

l 2720

b2 b2
+

2,L.d(dfe_“_b”” PolyLog(2,—ea1b2)de?+be _ (ctda) PolyLog(2,—ea+bz)> 2Z.d(dfe_"_b“c PolyLog (2,621 )deat?= _ (ctda)]
i b
Z —

b b

32.  [(c+dz)*csch(a+ bz)dz
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l 7143

. ,{ dPolyLog(3,—e>tb (c+dz) PolyLog(2,—e2tb® . ;{ dPolyLog(3,eatb= (c+da
. (22’(0 + dz)?arctanh(e*tt7) 2zd< b(2 b - b ( )) N 2Zd( b2( L
Z —_—

b b b

-

input LInt [(c + d*x)~2*Csch[a + bxx],x]

~—

output‘ Ix(((2*I)*(c + d*x) 2*ArcTanh[E~(a + b*x)])/b - ((2*I)*d*(-(((c + d*x)*Pol
‘yLog[2, -E~(a + b*x)])/b) + (d*PolyLogl[3, -E~(a + b*x)]1)/b~2))/b + ((2*I)*
‘d*(—(((c + dxx)*PolyLog[2, E(a + b*x)])/b) + (d*PolyLog[3, E~(a + b*x)])/
'b72))/b)

3.2.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011| Int[Log[1 + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)]I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(bxc*n¥Log[F1)), x] + Simp[g*(m/(b*c¥n¥LoglF]))  Int[(f + gxx)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

32.  [(c+dz)*csch(a+ bz)dz
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rule 4670 Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e

+ fxfz*x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

ruk37143/Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

3.2.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 305 vs. 2(94) = 188.

Time = 0.94 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.09

method | result

risch

2cdln(1—ebz+“)z + 20dpolylog(2,ebz+“) N 2cd1n(eb“”+“+1)m _ 2cdpoly10g(2,—eb“”+“) + 2d? polylog(2,ebz+a)z +

d?1n

b b2 b b2 b2

input | int ( (d*x+c) “2%csch(b*x+a) ,x,method=_ RETURNVERBOSE) \

output | 2/b*c*d*1n(1-exp(b*x+a))*x+2/b~2xcxd*polylog(2,exp (b*x+a))-2/b*c*d*1n (exp(
bxx+a)+1) *x-2/b”2*c*d*polylog(2, -exp (b*x+a) ) +2/b~2*d~2*polylog(2, exp (b*x+a
))*x+1/b"3*%d"2%1n (exp (bxx+a)+1) *a~2-2/b"2xd"2*polylog(2,-exp(b*x+a) ) *x-1/b
~3%d"2*1n(1-exp(b*x+a))*a~2-2/b~3*d"2*a"2*arctanh (exp (b*x+a))+1/b*d~2*1n(1
-exp (b*x+a) ) *x~2-2%d"~2*polylog(3,exp (b*x+a))/b~3-1/b*d"2*1n(exp (b*x+a)+1) *
X"2+2%d"2*polylog(3,-exp(b*x+a)) /b~3+2/b~2*c*d*1n(1-exp (b*x+a))*a-2/b"2*c*
d*1n(exp(b*x+a)+1) *a+4/b~2*d*a*c*arctanh (exp(b*x+a))-2/b*c~2*arctanh (exp (b
*x+a))

32.  [(c+dz)*csch(a+ bz)dz
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3.2.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(92) = 184.

Time = 0.27 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.44

/(c + dz)?csch(a + bz) dx =
_ 2d’polylog(3, cosh (bz + a) + sinh (bx + a)) — 2 d’polylog(3, — cosh (bx + a) — sinh (bz + a)) — 2 (bd?

-/

input Lintegrate ((d*x+c) ~“2xcsch(b*x+a) ,x, algorithm="fricas")

output | -(2xd~2#polylog(3, cosh(b*x + a) + sinh(b*x + a)) - 2*d"2*polylog(3, -cosh
(b*x + a) - sinh(b*x + a)) - 2x(bxd~2*x + bxc*d)*dilog(cosh(b*x + a) + sin

h(b*x + a)) + 2x(bxd~2*x + bxc*d)*dilog(-cosh(b*x + a) - sinh(b*x + a)) +
(b~2%d"2%x"2 + 2%b~2xc*d*x + b~2*c”2)*log(cosh(b*x + a) + sinh(b*x + a) +
1) - (b™2%c™2 - 2%a*bkcxd + a~2xd"2)*log(cosh(b*x + a) + sinh(b*x + a) - 1
) - (b72%d"2*%x"2 + 2%b”2*c*kd*x + 2%axbk*cxd - a~2*d"2)*log(-cosh(b*x + a) -
sinh(b*x + a) + 1))/b"3

3.2.6 Sympy [F]

/(c + dz)?csch(a + bz) dz = / (¢ + dx)? csch (a + bx) dz

input Lintegrate ((d*x+c) **2xcsch(b*x+a) ,x) J

output‘ Integral((c + d*x)**2xcsch(a + b*x), x) ‘

3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(92) = 184.

32.  [(c+dz)*csch(a+ bz)dz
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Time = 0.28 (sec) , antiderivative size = 195, normalized size of antiderivative = 1.97

/(c + dz)?csch(a + bx) dx
== —C —
b b

2 (bCE ].0g (e(bx+a) + ].) + ng (_e(bx+a)))cd " 2 (bx log (_e(bx+a) + ]_) + L12 (e(bx—i-a)))cd
a b? b2

(b%z? log (e®™+®) + 1) + 2baLis (—el+®)) — 2 Liz(—e=+2))d?
_ z
N (b*z? log (—e®™+®) + 1) + 2bzLis (e®+®)) — 2 Lig(e®=+2)) 2

b3

inputLintegrate((d*x+c)“2*csch(b*x+a),x, algorithm="maxima")

output | -c~2*(log(e~(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b) - 2*(b*x*log(e” (b
*x + a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 + 2*(bxx*log(-e~(b*x + a) + 1)
+ dilog(e~(b*x + a)))*c*d/b~2 - (b~2*x"2*log(e~(b*x + a) + 1) + 2*xb*x*dil
og(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))*d~2/b~3 + (b~2*x"2xlog(-e~(
b*x + a) + 1) + 2%b*x*dilog(e~(b*x + a)) - 2*xpolylog(3, e~ (b*x + a)))*d~2/
b~3

3.2.8 Giac [F]

/(c + dx)?csch(a + bz) dx = / (dz + ¢)* csch (bz + a) dz

inputLintegrate((d*x+c)“2*csch(b*x+a),x, algorithm="giac")

outputtintegrate((d*x + c)"2*csch(b*x + a), x)

32.  [(c+dz)*csch(a+ bz)dz
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3.2.9 Mupad [F(-1)]

Timed out.
(c+dzx)?

[ (et dofesch(a+ by = [ ZEEEE

inputtint((c + d*x)~2/sinh(a + b*x),x)

output Lint((c + d*x)~2/sinh(a + b*x), x)

32.  [(c+dz)*csch(a+ bz)dz
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3.3 [(c+ dz)csch(a + bx) dz

3.3.1 Optimalresult . .. ... .. .. .. . 61
3.3.2 Mathematica [B] (verified) . . . . . ... ... Lo b1l
3.3.3 Rubi [C] (verified) . . ... ... . ... ... 52
3.34 Maple [A] (verified) . .. .. ... ... byl
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. !
3.3.6 Sympy [F] . . . . 5%
337 Maxima [F] . . ... .. 5%
338 Giac [F] . . . 5%
3.3.9 Mupad [F(-1)] . . . . o 50

3.3.1 Optimal result

Integrand size = 12, antiderivative size = 50

2(c+d tanh (eatte
/(C + dzx)csch(a + br) do = — (c+ w)arz anh (e*+7)
dPolyLog (2, —e***)  dPolyLog (2, ")
h b2 + 2

e

-2% (d*x+c) *arctanh (exp (b*x+a) ) /b—d*polylog(2,-exp(b*x+a)) /b~2+d*polylog(2,
‘exp(b*x+a))/b‘2

output

3.3.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 116 vs. 2(50) = 100.

Time = 0.03 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.32

__clog (cosh (§+%))  clog (sinh (5 +%))
(¢ + dz)csch(a + bz) dx = +
b b

__ patbzx a+bzx
+2d<w10g(1 e thr) _zlog(l—l—e )

2b 2b

PolyLog (2, —e*™®)  PolyLog (2, e*™)
- o0 * 2b2

3.3.  [(c+dz)csch(a + bz) dz
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input‘ Integrate[(c + d*x)*Csch[a + b*x],x] ‘

‘ (xxLogl[1l - E~(a + b*x)])/(2*b) - (x*Logl[l + E~(a + b*x)])/(2*b) - PolyLogl

output ‘f-((c*Log[Cosh[a/2 + (b*x)/2]11)/b) + (c*Log[Sinh[a/2 + (b*x)/2]1]1)/b + 2*d*( \‘
2, ~E"(a + b*x)1/(2#b"2) + Polylogl2, E™(a + b*x)]/(2%b~2)) |

3.3.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.22, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 417 Ryjes used = {3042,

integrand size
26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (c + dz)esch(a + bx) dz
| 3042

/i(c + dz) csc(ia + ibx)dx
| 26

i /(c + dz) csc(ia + ibx)dx

l 4670

<zdf log (1 —e*™®)dz  id [log (1+ e**%) dzx N 2i(c + dz)arctanh (e?+57) >
i _
b b b

l 2715

. (id [ e b log (1 — eTt%) de?t0=  id [ e@"P% og (1 + e¥TP) deatbe N 2i(c+ da:)arctanh(e”bx))
i _
b2 b2 b

l 2838

. <2i(c + dz)arctanh (e2+7) N id PolyLog (2, —e2t%)  id PolyLog (2, **%%) )
Z —
b b2 b2

3.3.  [(c+dz)csch(a + bz) dz



input

output

rule 26

rule 2715

rule 2838

rule 3042

rule 4670
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‘Int[(c + d*x)*Csch[a + b*x],x]

‘/I*(((2*I)*(c + dxx)*ArcTanh[E~(a + b*x)])/b + (I*d*PolyLogl[2, -E~(a + b*x)
‘])/b"2 - (I*d*PolyLog[2, E~(a + b*x)])/b"2)

3.3.3.1 Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Int[Logl[(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl[(e_.) + (Complex[0, fz_1)*(£f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(f*xfz*I)), x]
+ (-Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£f2z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] && IGtQ[m, O]

3.3.  [(c+dz)csch(a + bz) dz
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3.3.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.78

method result
. . o d((bz+a) ln(l—ebw+a)+polylog(2,eb’”+a)—b(bz+a) In (eb$+a+l) —polylog<2,—ebz+a)) +2da arctar;h(ebw‘*‘a) o a,rcta,nh(ebm
derivativedivides 5
d ((bz+a) In (1 —ebw+“) +polylog (Q,ebw+a) —b(bm+a) In (eb$+a+1) —polylog (2, _ebw+a)) " 2da arctar;h (ebw+a) —9¢ arctanh (ebz
default A
2d dilog(l-}—tanh(%-{-%)) ln(tanh(%+%))1n(1+tanh(b7$+%))_
ln<tanh(b§+%))dx ln(tanh<%$+%>>c - 2 - 2
parts 5 + 5 + 7
risch 2 arctanbh(ebm‘m) dln(l—zbm"'“)w 4 dln(l—be;bx“‘“)a + dpolylogb(22,ebz+a) . dln(ebw;'a-l—l)a: - dln(e
inputLint((d*x+c)*csch(b*x+a),x,method=_RETURNVERBOSE) J

output‘1/b*(d/b*((b*x+a)*ln(1—exp(b*x+a))+polylog(2,exp(b*x+a))—(b*x+a)*1n(exp(b*
‘x+a)+1)—polylog(2,-exp(b*x+a)))+2*d/b*a*arctanh(exp(b*x+a))—2*c*arctanh(ex
‘p(b*x+a))) ‘

3.3.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(45) = 90.

Time = 0.27 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.38

/(c + dzx)csch(a + bx) dz
_dLiy(cosh (bx + a) + sinh (bx + a)) — dLiy(— cosh (bx + a) — sinh (bz + a)) — (bdz + bc) log (cosh (bx +

input Lintegrate ((d*x+c)*csch(b*x+a) ,x, algorithm="fricas") J

Olltpllt‘ (d*dilog(cosh(b*x + a) + sinh(b*x + a)) - d*dilog(-cosh(b*x + a) - sinh(b* ‘
‘x + a)) - (b*d*x + b*c)*log(cosh(b*x + a) + sinh(b*x + a) + 1) + (b*c - ax
‘d)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + (bxd*x + a*d)*log(-cosh(b*xx +
'a) - sinh(b*x + a) + 1))/b™2 |

3.3.  [(c+dz)csch(a + bz) dz
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3.3.6 Sympy [F]

/(c + dz)csch(a + bx) dx = / (¢ + dx) csch (a + bx) dz

input Lintegrate ((d*x+c)*csch(bxx+a) ,x)

output LIntegral((c + d*x)*csch(a + b*x), x)

3.3.7 Maxima [F]

/(c + dz)csch(a + bz) dz = / (dx + c) csch (bz + a) dx

p
inputtintegrate((d*x+c)*csch(b*x+a),x, algorithm="maxima")

e—

output | ~cx (log(e™(-bkx - a) + 1)/b - log(e™(-bxx - a) - 1)/b) + 2xdx(integrate(1/
‘2*x/(e“(b*x +a) + 1), x) + integrate(1/2*x/(e”(b*x + a) - 1), x))

—

3.3.8 Giac [F]

/(c + dz)csch(a + bz) dz = / (dx + ¢) csch (bz + a) dx

input Lintegrate ((d*x+c)*csch(b*x+a) ,x, algorithm="giac")

output tintegrate((d*x + c)*csch(b*x + a), x)

3.3.  [(c+dz)csch(a + bz) dz
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3.3.9 Mupad [F(-1)]

Timed out.
ct+dzx

/(C + dz)csch(a + bz) dz = /

sinh (a + bzx) ’

input Lint((c + d*x)/sinh(a + b*x),x)

-/

output Lint((c + d#*x)/sinh(a + b*x), x)

3.3.  [(c+dz)csch(a + bz) dz
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3.4 f csch(a+bz) do
T

34.1 Optimalresult . . .. .. .. . .. . . . e ls¥i
3.4.2 Mathematica [N/A] . . . . . .. . by
34.3 Rubi [N/A] . . . . bY
3.44 Maple [N/A] (verified) . . . . . . ... .. L bYe)
3.4.5 Fricas [N/A] . . . . . 5Y¢)
3.4.6 Sympy [N/A] . . . 60
347 Maxima [N/A] . . . . L 60
3.48 Giac [N/A] . . . . o 601
349 Mupad [N/A] . .. 611

3.4.1 Optimal result

Integrand size = 10, antiderivative size = 10

/ csch(a + bx) dr — Tot (csch(a + bx)

X

X

)

output LUnintegrable (csch(b*x+a) /x,x)

-/

3.4.2 Mathematica [N/A]

Not integrable

Time = 20.67 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

a+ bx)

/csch(a+bz) dr — / csch(

T

T

dz

-

input LIntegrate [Csch[a + b*x]/x,x]

~—

output LIntegrate [Csch[a + b*x]/x, x]

~—

34. f w dz



input LInt [Csch[a + b*x]/x,x]

output L$Aborted

rule 26

rule 3042
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3.4.3 Rubi [N/A]

Not integrable

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4680}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ csch(a + bx) iz

X

| 3042

/ i csc(ia + ibx) di
x
| 26

z/ csc(ia + ibx) i

T

| 4680
/ csch(a + bx) e

x

3.4.3.1 Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

34. f w dz
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rule 4680 Int[csc[(e_.) + (£_.)*(x_)]1"(n_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], Un
integrable[(c + d*x) m*Sech[I*(e - Pi/2) + Ixf*x]"n, x], (-I) n*Unintegrabl
e[(c + d*x)"m*Csch[(-I)*e - I*f*x]"n, x]], If[MatchQ[e, (el1_.) + Pi/2], Uni
ntegrable[(c + d*x) m*Sec[e - Pi/2 + f*x]"n, x], Unintegrable[(c + d*x) m*C
scle + fxx]°n, x]]1], x] /; FreeQ[{c, d, e, £, m, n}, x] && IntegerQ[n]

3.4.4 Maple [N/A] (verified)

Not integrable

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ csch (bxx +a) I

input Lint (csch(b*x+a) /x,x)

output Lint (csch(b*x+a) /x,x)

3.4.5 Fricas [N/A]
Not integrable

Time = 0.26 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

T T

/csch(a + bx) dp — / csch (bx + a) i

inputLintegrate(csch(b*x+a)/x,x, algorithm="fricas")

e

output tintegral(csch(b*x + a)/x, x)

A >

34. f w dz
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3.4.6 Sympy [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/csch(a + bx) dr — / csch (a + bx) i

Z T

input ‘ integrate(csch(b*x+a)/x,x)

output LIntegral(csch(a + b*x)/x, x)

3.4.7 Maxima [N/A]
Not integrable

Time = 0.43 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/csch(c;+ bx) dp — / csch (bxa: +a) i

inputLintegrate(csch(b*x+a)/x,x, algorithm="maxima")

outputtintegrate(csch(b*x + a)/x, x)

3.4.8 Giac [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/csch(a + bx) dp — / csch (bx + a) i

T T

inputLintegrate(csch(b*x+a)/x,x, algorithm="giac")

-

outputtintegrate(csch(b*x + a)/x, x)

e—

34. f w dz
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3.4.9 Mupad [N/A]

Not integrable

Time = 2.14 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.40

/ csch(a + bx) dp — / . 1 s
x zsinh (a + bx)

input Lint(l/(x*sinh(a + b*x)),x)

output Lint(i/(x*sinh(a + b*x)), x)

34. f w dz
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3.5 [(c+ dx)3csch?(a + bx) dx

3.5.1 Optimalresult . .. ... ... . .. ... 62]
3.5.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 62
3.5.3 Rubi [C] (verified) . . ... ... ... . ... .. 63
3.5.4 Maple [B] (verified) . ... ... . ... ... 66
3.5.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . ..... 67
3.5.6 Sympy [F] . . . . . 67
3.5.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 63
3.5.8 Giac [F] . . . o 69
3.5.9 Mupad [F(-1)] . . . . o 69

3.5.1 Optimal result

Integrand size = 16, antiderivative size = 103

3 3

/(c + dx)3csch2(a +bx)dr = — (c +bdx) _ (c + dz) CZth(a + bx)

3d(c+ dz)?log (1 — eX(a+to))
+ 72

3d?(c + dz) PolyLog (2, e2(+52))
+ =

3d3 PolyLog (3, e2(a+b$))

264

output ‘ - (d*x+c) ~3/b-(d*x+c) “3*coth(b*x+a) /b+3*d* (d*x+c) “2*1n(1-exp (2*b*x+2*a)) /b~ ‘
| 2+3%d"2% (dxx+c) *polylog (2, exp(2xb*x+2xa) ) /b~3-3/2%d"3*polylog (3, exp (2¥bxx+
12+a)) /b4 |

3.5.2 Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.80

/(c + dz)3csch?(a + bzx) dx

2(c+dzx)3 3d(c+dz)? log(1—e—270%) 3d(c+dz)? log(1+e—2%) 6d? (b(c+dz) PolyLog(2,—e~%~%?) +d PolyLog(3,—e~2~%2))
T Tiger T b + b — b3

b

3.5.  [(c+ dz)3csch®(a + bz) dx
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input ‘ Integrate[(c + d*x)~3*Csch[a + b*x]~2,x]

output

((-2%(c + d*x)~3)/(-1 + E~(2%a)) + (3*dx(c + d*x) 2*Log[l - E~(-a - b*x)])
/b + (3*%d*(c + d*x)~2*Logl[l + E"(-a - b*x)]1)/b - (6*%d~2*(b*(c + d*x)*PolyL
ogl2, -E~(-a - b*x)] + d*PolyLog[3, -E~(-a - b*x)]1))/b"3 - (6*d"2*(b*(c +
d*x)*PolyLog[2, E~(-a - b*x)] + d*PolyLog[3, E"(-a - b*x)]))/b"3 + (c + d*
x) "3*Csch[al*Csch[a + b*x]*Sinh[b*x])/b

3.5.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.71 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.42,

number of rules __
integrand size 0.688, Rules

used = {3042, 25, 4672, 26, 3042, 26, 4201, 2620, 3011, 2720, 7143}

number of steps used = 12, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3csch?(a + bx) dx
| 3042
/ —(c+ dz)3 csc(ia + ibx)?dx
| 25
_ /(c + dz)3 csc(ia + ibx)?dx

l 4672

(et dz)3 coth(a + bx) + 3id [ —i(c + dz)? coth(a + bz)dz
b b

| 26

3d [(c+ dz)® coth(a + bx)dz  (c+ d)® coth(a + bx)
b b

l.3042

_ (c+ dx)® coth(a + bx) + 3d [ —i(c+ dz)? tan (ia + ibz + §) do
b b

| 26

3.5.  [(c+ dz)3csch®(a + bz) dx
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_(c+dz)’coth(a+bx) 3id [(c+ dz)? tan (3(2ia + ) + ibz) dz

b b
l 4201
. . 62a+2bm7i7r(c+dz)2 i(c+d:c)3
_(c+dx)® coth(a + bx) 3id (22 | —remmee-de — =55 )
b b
l 2620
(c + dz)3 coth(a + bx)
b
2 2a+2bxr—im 2a+42bx—im .
3id<2’i<(c+d$) log(l2-ll)-e + ) _ d[(ctdx) log(l;—e + )dm) _ 1(c-gzx)3>
b
| 3011
(c + dz)3 coth(a + bx)
<d J PolyLog (2,—62a+2bz—iﬂ')dz _ (c+dz) PolyLog (27_e2a+2bz—i‘rr) >
2 2a+2bx—im 2b 2b .
3id | 2i | (T log(lge ) . _ ilctda)?
b
l 2720
(c + dz)3 coth(a + bx)
p df e—2a—2bz+i7r PolyLog(Z,—ezLH_zbz_“r)de2a+2bz_i7r B (c+dzx) PolyLog(Z,—eza+2bz_i7r)
. .| (ctdz)? log(14e2at2be—im) 462 > i
3id | 2i - — - L
b
l 7143
(c + dz)3 coth(a + bx)
<d PolyLog (3,7622‘”'21’1:_1%) _ (c+dz) PolyLog (221),7820""2}“_”') >
2 2a+2bx—im 4b .
3id | 2i | (erde)loa(lte ) _ . _ iletdn)®

input ‘ Int[(c +

d*xx) ~3*Csch[a + b*x]~2,x]

3.5.

[(c+ dz)3csch’(a + bz) dz
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output‘ -(((c + d*x)~3*Coth[a + b*x])/b) - ((3*I)*d*(((-1/3*I)*(c + d*x)~3)/d + (2

*I)*x(((c + d*x)"2+Log[1l + E~(2%a - I*Pi + 2%b*x)])/(2%b) - (d*(-1/2x((c +
d*x)*PolyLog[2, -E~(2%a - I*Pi + 2%b*x)])/b + (d*PolyLogl[3, -E~(2%a - Ix*Pi
+ 2xb*x)]1)/(4%¥b~2)))/b))) /b

3.5.3.1 Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26

rule 2620

rule 2720

rule 3011

rule 3042

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*f*gkn*xLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))~n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

N

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logl[l + (e_.)*((F_)~"((c_.)*((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F]1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

3.5.  [(c+ dz)3csch®(a + bz) dx
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rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E~(2%x((-I)*e + fxfz*xx))/(1 + E~(2%x((-I)*e + fxfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4672 Int[cscl(e_.) + (f_.)*(x_)1"2*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) 1Int[(c + d*x)~"(m - 1)
*Cot[e + f*x], x], x] /; FreeQl[{c, 4, e, £}, x] && GtQ[m, O]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((a_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel

3.5.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 472 vs. 2(101) = 202.

Time = 0.80 (sec) , antiderivative size = 473, normalized size of antiderivative = 4.59

method | result

2d3 23 6d3 polylog(3,e*+4) 6d3 polylog(3,—eb@+a) + 4d3a3 2(d323+3c d?z2+3c%dz+c3) 12d2acx 6d2%cal

risch

b b4 b b4 (e2bz+2a_]_)b

b2

-

inputLint((d*x+c)“3*csch(b*x+a)“2,x,method=_RETURNVERBOSE)

\ >

output | -2/b*d~3*x~3-6/b~4*d"3*polylog(3,exp(b*x+a))-6/b~4*d"3*polylog(3,-exp (b*x+
a))+4/b”4*d"3%a"3-2*% (d"3*x"3+3*%c*xd"2*x"2+3*c"2*d*x+c”3) / (exp (2*b*x+2*a)-1)
/b=-12/b"2*%d"2*a*c*x—6/b"3*d"2*c*a*1ln (exp (b*x+a)-1)+12/b~3*d~2*c*a*1ln(exp (b
*x+a) ) +6/b~2xd"2*c*1n (exp (b*x+a) +1) *x+6/b~2*d " 2*c*1n(1-exp (b*x+a) ) *x+6/b"3
*d~2*c*1n(1-exp (b*x+a))*a-6/b*d~2*c*x"2+6/b"3*d~3*a~2*x—6/b"3*d"2*c*a"~2+3/
b~2*xd*c~2*1n(exp (bxx+a)-1)+3/b~2*d*c~2*1n (exp (b*x+a)+1)-6/b"2xd*c~2*1n (exp
(b*x+a))+3/b"4*d"~3*a~2*1n(exp (b*x+a)-1)-6/b~4*d~3*a"2x1n (exp (b*x+a))+3/b"2
*d~3*1n (exp (b*x+a)+1) *x~2+6/b~3*d"3*polylog (2, -exp (b*x+a) ) *x+3/b~2+d~3*1n(
1-exp(b*x+a) ) *x~2-3/b"4*d"3*1n(1-exp(b*x+a))*a~2+6/b"3*d"3*polylog(2,exp (b
*x+a) ) *x+6/b"3*d"2xc*polylog(2,-exp (b*x+a) ) +6/b"3*d"2*c*polylog(2, exp (b*x+
a))

3.5.  [(c+ dz)3csch®(a + bz) dx
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3.5.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1159 vs. 2(100) = 200.

Time = 0.27 (sec) , antiderivative size = 1159, normalized size of antiderivative = 11.25

/ (c + dzx)*csch®(a + bx) dz = Too large to display

;
input integrate((d*x+c) “3*csch(b*x+a)~2,x, algorithm="fricas")

output | - (2xb~3%c~3 - 6*%a*xb"2xc~2%d + 6%a~2kbkc*d~2 - 2*xa~3*d~3 + 2*x(b~3%d"3*x"3 +
3*¥b"3*%ckd"2*%x"2 + 3*%b"3*kcT2kd*x + 3*kakb~2kc"2kd - 3*%a~2%bkckd"2 + a~3*xd"3
Yxcosh(b*x + a)~2 + 4%(b~3*%d"3*x"3 + 3*b~3*kc*kd"2*x"2 + 3*b~3*xc~2xd*x + 3*a
*b~2%c"2xd - 3*a"2xb*c*d”"2 + a~3*%d"3)*cosh(b*x + a)*sinh(b*x + a) + 2*%(b~3
*d"3*%x"3 + 3*%b"3kckd"2*%x"2 + 3*%b"3kc"2kd*x + 3*kaxb~2kc 2%xd - 3*xa~2xbxcxd"2
+ a”3*%d"3)*sinh(b*x + a)~2 + 6*%(b*d"3*x + b*c*xd™2 — (b*d"3*x + b*c*d~2)*c
osh(b*x + a)”2 - 2*%(b*d"3*x + b*c*d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*d~
3*x + b*c*d~2)*sinh(b*x + a)~2)*dilog(cosh(b*x + a) + sinh(b*x + a)) + 6%(
b*d~3*x + bxc*d"2 - (b*d"3*x + bxc*d~2)*cosh(b*x + a)~2 - 2x(bxd"3*x + b*c
*d"2) *cosh(b*x + a)*sinh(b*x + a) - (b*d"3*x + b*c*d~2)*sinh(b*x + a)~2)*d
ilog(-cosh(b*x + a) - sinh(b*x + a)) + 3*x(b"2%d"3*x"2 + 2¥b~2%c*xd"2*x + b~
2%c”2*%d - (b"2+%d"3*x"2 + 2%b"2kc*d"2*x + b~2%c”2*xd) *cosh(b*x + a)~2 - 2*(b
“2%d"3%x72 + 2*b"2*c*d"2*x + b~ 2*c”2*d)*cosh(b*x + a)*sinh(b*x + a) - (b”2
*d"3%x”2 + 2%b72%c*d"2*x + b~2%c"2*d)*sinh(b*x + a)~2)*log(cosh(b*x + a) +
sinh(b*x + a) + 1) + 3*%(b72%c™2*%d - 2*axbxc*d"2 + a"2*%d"3 - (b"2*c~2xd -
2%a*b*c*d”2 + a~2*xd"3)*cosh(b*x + a)~2 - 2x(b~2xc”2*d - 2*a*b*c*d™2 + a~2x*
d"3)*cosh(b*x + a)*sinh(b*x + a) - (b~2*c"2xd - 2*a*b*c*d”2 + a~2*d"3)*sin
h(b*x + a)~2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 3*(b"2*d"3*x"2 + 2%
b~ 2%c*xd"2*x + 2*a*xbxckd"2 - a"2*%d"3 - (b72*d"3*x"2 + 2*b"2*ckd"2*x + 2*ax*b
xc*d"2 - a”2+%d"3)*cosh(b*x + a)~2 - 2x(b™2*d"3*x"2 + 2%b " 2kcxd"2*x + 2%. ..

N J

3.5.6 Sympy [F]

/(c + dz)3csch?(a + bx) dr = / (¢ + dz)? csch? (a + bx) dz

e A
integrate ((d*x+c)**3*csch(b*x+a) **2,x)

N J

input

output‘Integral((c + d*x)**3xcsch(a + bxx)**2, x) ‘

3.5.  [(c+ dz)3csch®(a + bz) dx
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3.5.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 320 vs. 2(100) = 200.

Time = 0.35 (sec) , antiderivative size = 320, normalized size of antiderivative = 3.11

/(c + dz)3csch?(a + bx) dx

be(2ba+2a) _p b2 b2

6 (bm log (e(b””+“) + 1) + Liy (—e(b”“)))cd?
+ 7

6 (bz log (—e®**®) + 1) + Liy (e®*+9) ) cd? 203 2 (d32® + 3 cd?z?)
+ b3 + b(e2ba—2a) — 1)~ pelber2a) _p
N 3 (v*z?log (et 4+ 1) + 2bzLis (—e®*+)) — 2 Liz(—eto+2)) g3

bl
N 3 (b*z?log (—e®**®) + 1) + 2bzLiy (e®*+9)) — 2 Lis(e®=+9)) g3
bl
_ 2(°d’z® + 3b%cd?x?)
bl

;
input integrate((d*x+c) “3*csch(b*x+a)”~2,x, algorithm="maxima")

output | -3xc~2*d* (2*x*e” (2%bxx + 2*a)/(b*xe” (2%b*x + 2¥a) - b) - log((e”(b*x + a) +
1)*xe~(-a))/b~2 - log((e~(b*x + a) - 1)*e~(-a))/b~2) + 6x(bxx*log(e”(b*x +
a) + 1) + dilog(-e~(b*x + a)))*cxd~2/b"3 + 6*(bxx*log(-e~(b*x + a) + 1) +
dilog(e~ (b*x + a)))*c*d"2/b~3 + 2*c~3/(b*x(e”(-2%b*x - 2¥a) - 1)) - 2%(d"3

*x"3 + 3xcxd"2xx72)/(bxe”(2*¥b*x + 2%a) - b) + 3*x(b"2*x"2*log(e”(b*x + a) +
1) + 2*b*x*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))*d~3/b~4 + 3%
(b~2*x"2x1log(-e~(b*x + a) + 1) + 2xbxx*dilog(e~(b*x + a)) - 2*polylog(3, e

“(bxx + a)))*d~3/b"4 - 2%(b~3*%d"3*x"3 + 3%b~3*c*d"2*x"2)/b"4

3.5.  [(c+ dz)3csch®(a + bz) dx
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3.5.8 Giac [F]

/(c + dz)3csch?(a + bxr) dz = / (dz + ¢)® csch (bz + a)? dz

inputLintegrate((d*x+c)“3*csch(b*x+a)‘2,x, algorithm="giac")

output Lintegrate((d*x + c)”3*csch(b*x + a)~2, x)

3.5.9 Mupad [F(-1)]

Timed out.
(c+dz)

+ dz)*csch®(a + bz) d :/—
/(c z)°csch®(a + bx) dz sinh (a + ba)?

inputtint((c + d*x)~3/sinh(a + b*x)~2,x)

output Lint((c + d*x)~3/sinh(a + b*x)~2, x)

3.5.  [(c+ dz)3csch®(a + bz) dx
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3.6 [(c+ dx)*csch?(a + bx) dx

3.6.1 Optimalresult . . .. ... ... . ... .. . [70l
3.6.2 Mathematica [A] (verified) . . . . . .. ... ... L 0]
3.6.3 Rubi [C] (verified) . . ... ... ... . ... [Tl
3.6.4 Maple [B] (verified) . ... ... ... .. ... 73
3.6.5 Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. re!
3.6.6 Sympy [F] . . . . . 74
3.6.7 Maxima [F] . . ... . ... 751
3.6.8 Giac [F] . ... . . 75
3.6.9 Mupad [F(-1)] . . . . .o 75

3.6.1 Optimal result
Integrand size = 16, antiderivative size = 74

/ (c + dz)Pesch®(a + ba) o = — CF 92" _ (e + dw)” coth(a + ba)
b b

2d(c + dz) log (1 _ 62(a+bm)) d2 PolyLog (2’ e2(a+bw))
* b2 + b3

output‘—(d*x+c)‘2/b—(d*x+c)‘2*coth(b*x+a)/b+2*d*(d*x+c)*1n(1—exp(2*b*x+2*a))/bA2+
‘d“2*polylog(2,exp(2*b*x+2*a))/b“3

3.6.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.85

/(c + dz)?csch?(a + bzx) dx

— o) (et do) zd(Z1re?®) log(1oe ) d(Cke®) og(Lte ™)) _ g2 PolyT og (2, —e~9~%) — 242 PolyLog (
b3

-

input LIntegrate [(c + d*x)~2*Csch[a + b*x]~2,x]

-/

output‘ ((-2xbx(c + d*x)*(b*(c + d*x) - d*(-1 + E~(2%a))*Logl[l - E"(-a - b*x)] - d
‘*(—1 + E7(2%a))*Log[l + E"(-a - b*x)]))/(-1 + E7(2%a)) - 2xd~2*PolyLogl2,
‘—E“(—a - b*x)] - 2*d~2xPolyLog[2, E~(-a - b*x)] + b~2*(c + d*x) 2*Csch[a]*
(Cschla + b*x]*Sinh[b*x])/b"3

ERI———.——.,

3.6.  [(c+ dz)%csch®(a + bz)dx



CHAPTER 3. LISTING OF INTEGRALS 71

3.6.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.43,

number of steps used = 11, number of rules used = 10, Zumber of rules _ ( go5 Ryjes
integrand size

used = {3042, 25, 4672, 26, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + da:)zcschz(a + bx) dz
| 3042
/ —(c + dz)? csc(ia + ibz)dx
| 25
— /(c + dz)? csc(ia + ibx)?dx

l 4672

_ (c+ dx)? coth(a + bx) + 2id [ —i(c + dz) coth(a + bx)dx
b b

| 26

2d [(c + dz) coth(a + bx)dz  (c+ dz)* coth(a + bx)
b b

l 3042

_ (c+dz)? coth(a + bx) N 2d [ —i(c + dz) tan (ia + ibz + ) dz
b b

| 26

(et dz)? coth(a + bx) _ 2d [(c+ dz)tan (3(2ia + ) + ibz) dz

2

b b
l 4201

. . 62a+2bw—i7r C-I-d.’E i c+dm 2
(et dz)? coth(a + bx) B 2id (22 J 1+e2a+2bgv—ifr Ydz — & 2d : )

b b

| 2620
. . [ (c+dzx) log(14-e2a+2bz—im d [ log(1+e2at2ba—im) gy i(c+dx)?
_ (c+dz)*coth(a +bx) 21d(2z( (2b L ( 25 : ) - & 2d : )
b b

3.6.  [(c+ dz)%csch®(a + bz)dx
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| 2715
(et dz)? coth(a + bx) B

b
2,Ld 22 (c—{—dw) 10g(1+62a+2b17”‘—) _ df 672a72bm+17r log(1+62a+2bm7”r)d62a+2b17”r _ Z(C+d:l))2
2b 4b2 2d

b
l 2838

. . ( dPolyLog(2,—e2a+2bz—im) (c+da) log (1+e2a+2ba—im) (c+da)?
(¢ + dz)? coth(a + bz) 2id (21< 102 + % ) -t )

b B b

-

input LInt[(c + d*x) "2*Csch[a + b*x]~2,x]

\ >

OUtPUt‘ -(((c + d*x)~2%Coth[a + b*x])/b) - ((2*I)*d*x(((-1/2*xI)*(c + d*x)~2)/d + (2
*I)*(((c + d*x)*Log[l + E~(2%a - I¥Pi + 2¥bxx)1)/(2%b) + (d*PolyLogl2, -E
(2%a - IPi + 2+b*x)])/(4%b72))))/b

3.6.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x]

- ]

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*(x_))))"(m_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~(m - 1)*Log[l + b*((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 Int [Log[(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Logl[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

rule 2838  Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

3.6.  [(c+ dz)%csch®(a + bz)dx
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x

_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2+#I Int[
(c + d*x)"m*(E"(2%((-I)*e + f*xfzxx))/(1 + E"(2*x((-I)*e + fxfz*x)))), x], x]
/; FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

rule 4672 Int[csc[(e_.) + (£f_.)*(x_)]1"2*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)
*Cot[e + f*x], x], x] /; FreeQl{c, 4, e, f}, x] && GtQ[m, O]

3.6.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 239 vs. 2(74) = 148.

Time = 0.86 (sec) , antiderivative size = 240, normalized size of antiderivative = 3.24

method | result

2d2 In (ebz+‘

risch 2(z2d?42cdz+c 2dcIn(eb®te—1) + 2dcln(eb®ta41) _ 4dcIn(eb®+a) _2d2z® _ 4d?ax _ 2d2%a2

%)
(ezbw+2a_]_)b + b2 b2 b2 b b2 b3

b2

input‘int((d*x+c)“2*csch(b*x+a)“2,x,method=_RETURNVERBUSE)

output | -2 (d"2*x~2+2*c*kd*x+c”2) / (exp (2¥b*x+2%a) -1) /b+2/b"2*d*c*1n (exp (b*x+a)-1) +2
/b~ 2xd*c*1n (exp (b*x+a)+1)-4/b~2xd*c*1n(exp (b*x+a) ) -2/b*d~2*x~2-4/b~2*d"2*a
*x-2/b"3*d"2%a"2+2/b"2*%d"2*1n (exp (b*x+a)+1) #¥x+2/b~3*d"2*polylog (2, -exp (b*x
+a))+2/b"2*d"2*1n(1-exp (b*x+a) ) *x+2/b~3*%d"2*1n(1-exp (b*x+a) ) *a+2/b~3*d~2*p
olylog(2,exp(b*x+a))-2/b~3*d"2*a*1ln(exp (b*x+a)-1)+4/b~3*d~2*a*1n (exp (b*x+a
)

3.6.  [(c+ dz)%csch®(a + bz)dx
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3.6.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 623 vs. 2(73) = 146.

Time = 0.27 (sec) , antiderivative size = 623, normalized size of antiderivative = 8.42

/(c + dz)?csch?(a + bx) dz =
2 (b2c? — 2abed + a?d? + (b*dz? + 2b%cdz + 2 abed — a?d?) cosh (bx + a)® + 2 (2d?2? + 2b%cdz + 2a

inputLintegrate((d*x+c)‘2*csch(b*x+a)‘2,x, algorithm="fricas") J

p

output  -2*%(b~2*%c~2 - 2%axb*ckd + a~2%d~2 + (b"2*%d"2*x"2 + 2*%b~2kc*xd*x + 2*axb*c*d
- a”2*%d"2)*cosh(b*x + a)”2 + 2k (b72*xd"2*x"2 + 2*xb"2*ckxd*x + 2*a*bxcxd - a
~2xd"2)*cosh(b*x + a)*sinh(b*x + a) + (b72*d"2*x"2 + 2*xb"2*c*xd*x + 2*a*b*c
*d - a"2xd"2)*sinh(b*x + a)~2 - (d"2*cosh(b*x + a)~2 + 2*d~2*cosh(b*x + a)
*sinh(b*x + a) + d"2*sinh(b*x + a)”2 - d72)*dilog(cosh(b*x + a) + sinh(b*x
+ a)) - (d"2*cosh(b*x + a)~2 + 2%d~2%cosh(b*x + a)*sinh(b*x + a) + d~2%si
nh(b*x + a)~2 - d"2)*dilog(-cosh(b*x + a) - sinh(b*x + a)) + (b*d"2*x + bx
cxd - (bxd"2*x + b*c*d)*cosh(b*x + a)~2 - 2*(b*d~2*x + b*c*d)*cosh(b*x + a
)*sinh(b*x + a) - (b*d~2+#x + b*cxd)*sinh(b*x + a)~2)*log(cosh(b*x + a) + s
inh(b*x + a) + 1) + (b*c*d - a*d™2 - (bxckd - a*xd"2)*cosh(b*x + a)~2 - 2x*(
bxcxd - a*d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*c*d - a*d~2)*sinh(b*x + a)
~2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) + (bxd"2*x + axd”™2 - (b*d"2x*x +
a*d~2)*cosh(b*x + a)~2 - 2%(b*d"2*x + a*d~2)*cosh(b*x + a)*sinh(b*x + a)

- (b*d"2*x + a*d~2)*sinh(b*x + a)~2)*log(-cosh(b*x + a) - sinh(b*x + a) +

1))/ (b~3*cosh(b*x + a)~2 + 2*xb~3*cosh(b*x + a)*sinh(b*x + a) + b~ 3*sinh (b*
X +a)’2 - b3)

3.6.6 Sympy [F]

/(c + dz)%csch®(a + bz) do = / (¢ + dz)® csch? (a + bx) da

~—

p
input Lintegrate ((d*x+c) **2*xcsch (bxx+a) **2,x)

>

outputLIntegral((c + dxx)**2*%csch(a + b*x)**x2, x)

~—

3.6.  [(c+ dz)%csch®(a + bz)dx
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3.6.7 Maxima [F]

/(c + dz)?csch?(a + br) dr = / (dz 4 ¢)* csch (bz + a)” dz

inputLintegrate((d*x+c)“2*csch(b*x+a)‘2,x, algorithm="maxima")

Output‘—2*d‘2*(x‘2/(b*e‘(2*b*x + 2%a) - b) + 2xintegrate(1/2*x/(b*e~(b*x + a) + b
‘), x) - 2xintegrate(1/2*x/(b*e”(b*x + a) - b), x)) - 2kckd*(2xx*e” (2xb*x +
‘ 2%a)/(bxe~ (2*b*x + 2*a) - b) - log((e~(b*x + a) + 1)*e~(-a))/b~2 - log((e
‘“(b*x + a) - 1*xe"(-a))/b~2) + 2xc”2/(b*(e” (-2%b*x - 2*a) - 1))

3.6.8 Giac [F]

/(c + dz)?csch?®(a + bxr) dz = / (dz + c)® csch (bz + a)? dz

inputLintegrate((d*x+c)“2*csch(b*x+a)‘2,x, algorithm="giac")

output Lintegrate((d*x + c)”2xcsch(b*x + a)~2, x)

3.6.9 Mupad [F(-1)]

Timed out.
(c+dx)?

o, adr
sinh (a + b z)

/(c + dz)?csch?(a + bx) doz = /

inputtint((c + d*x)~2/sinh(a + b*x)~2,x)

output Lint((c + d*x)~2/sinh(a + b*x)~2, x)

3.6.  [(c+ dz)%csch®(a + bz)dx
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3.7 [(c+ dx)csch?(a + bx) dz

3.71 Optimalresult . . . . .. ... . .. . 761
3.7.2 Mathematica [A] (verified) . . . . . .. ... ... Lo oL 76
3.7.3 Rubi [C] (verified) . . ... ... .. ... (7]
3.7.4 Maple [A] (verified) . . . ... ... ... [r8
3.7.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... . 79
3.7.6  Sympy [F] . . . . 79
3.7.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 79
3.7.8 Giac [B] (verification not implemented) . . . ... . ... ... ....... R0
3.7.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. R0

3.7.1 Optimal result

Integrand size = 14, antiderivative size = 29

(c+ dz) coth(a + bx)  dlog(sinh(a + bx))
b * b2

/(c + dz)csch?(a + bx) dz = —

e

output L— (d*x+c)*coth (b*x+a) /b+d*1ln(sinh (b*x+a))/b~2

~—

3.7.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.79

/(c + da)esch®(a -+ ba) do = _dz col;ch(a) B ccoth(;)z + bx) 4 dlog(smi;(a + bx))
N dzxcsch(a)csch(a + bz) sinh(bx)
b
input ‘ Integrate[(c + d*x)*Cschl[a + b*x]~2,x] J

output ‘ -((d*x*Coth[al)/b) - (c*Coth[a + b*x])/b + (d*Log[Sinh[a + b*x]])/b"2 + (d
‘ *x*Csch[a] *Csch[a + b*x]*Sinh[b*x])/b

3.7.  [(c+ dx)csch®(a + bz) dz
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3.7.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.14, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 554 Ryles used = {3042,

integrand size
25, 4672, 26, 3042, 26, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (¢ + dz)csch?(a + bz) dx
| 3042
/ ~((c + dz) csc(ia + ibe)?) de
l 25
- / (c + dz) cse(ia + ibx)?dz

l 4672

(c + dz) coth(a + bx) N id [ —icoth(a + bz)dz
b b

| 26

d [ coth(a +bx)dz  (c+ dz)coth(a + bx)
b b

l 3042

(¢ + dz) coth(a + bx) N d [ —itan (ia + ibz + ) dz
b b

| 26

_(c+dx)coth(a+bx) id [ tan (3(2ia + 7) + ibz) dz
b b

l 3956

(¢ +dz)coth(a +bx) dlog(—isinh(a + bx))
b * b2

-

input LInt[(c + d*x)*Csch[a + b*x]~2,x]

~—

3.7.  [(c+ dx)csch®(a + bz) dz



output L-(((c + d*x)*Coth[a + b*x])/b) + (d*Log[(-I)*Sinh[a + bx*x]])/b"2
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3.7.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]

rule 26

rule 3042

rule 3956

rule 4672

input Lint ((d*x+c)*csch(b*x+a) ~2,x,method=_RETURNVERBOSE)

Int[Fx, x], x]

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al)

nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

I

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4

*x], x]11/d, x] /; FreeQ[{c, d}, x]

Int[cscl(e_.) + (£_.)*(x_)]1"2*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp

[(-(c + d*x)"m)*(Cot[e + £*x]/f), x] + Simp[d*(m/f)
xCot[e + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

Int[(c + d*x)"(m - 1)

3.7.4 Maple [A] (verified)

Time = 0.80 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.93

method result size
; 2d 2d 2(dz+c) dln(e?bet2a_1)
risch M e Ao dely 56
. —4In(1—tanh( %€ 4+2))d+21n(tanh( 2242 ))d—b(coth( %2 +2)(dz+c)+(do+c)tanh ( 224+ 2 ) 42dz
parallelrisch ( ( 2 2» ( ( 2 2>> 2b(2 ( 2 2) ( 2 2> ) 75

-/

output ‘ -2xd/b*x-2*d/b~2%a-2* (d*x+c) / (exp (2*¥bxx+2%a) -1) /b+d/b~2*1n (exp (2*b*x+2%*a) -

\1)

3.7.  [(c+ dx)csch®(a + bz) dz




CHAPTER 3. LISTING OF INTEGRALS 79

3.7.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 166 vs. 2(29) = 58.

Time = 0.27 (sec) , antiderivative size = 166, normalized size of antiderivative = 5.72

/(c + dz)csch?(a + bx) dz =

2 bdz cosh (bz + a)? + 4 bdx cosh (bz + a) sinh (bz + a) + 2 bdz sinh (bz + a)® + 2bc — (dcosh (bz + a)
b2 cosh (bz + a)® + 2b2 cosh (b + a) sinh (bz +

~—

inputLintegrate((d*x+c)*csch(b*x+a)‘2,x, algorithm="fricas")

output | - (2%b*d*x*cosh(b*x + a)”~2 + 4xbxd*x*cosh(b*x + a)*sinh(b*x + a) + 2*bxd*x*
sinh(b*x + a)~2 + 2xb*c - (d*cosh(b*x + a)~2 + 2xd*cosh(b*x + a)*sinh(b*x
+ a) + d*sinh(b*x + a)~2 - d)*log(2*sinh(b*x + a)/(cosh(b*x + a) - sinh(b*
x + a))))/(b"2*cosh(b*x + a)~2 + 2+%b~2*cosh(b*x + a)*sinh(b*x + a) + b ™2%s
inh(b*x + a)~2 - b~2)

3.7.6 Sympy [F]

/(c + dz)csch?(a + bz) dx = / (c + dz) csch? (a + bz) dx

inputLintegrate((d*x+c)*csch(b*x+a)**2,x) J

output LIntegral((c + d*x)*csch(a + b*x)**2, x) J

3.7.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(29) = 58.

Time = 0.20 (sec) , antiderivative size = 91, normalized size of antiderivative = 3.14

/(c + dz)csch?(a + bx) dx
_ 2 fEe(2 bz+2a) log ((e(bm'i'a) + 1)6(_0')) log ((6(b$+a) — 1) e(_a'))
= —d be2bz+2a) _p b2 o b2
2c
_|_

b(e(—2 br—2a) __ 1)

3.7.  [(c+ dx)csch®(a + bz) dz
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input‘integrate((d*x+c)*csch(b*x+a)“2,x, algorithm="maxima")

output‘/-d*(2*x*e“(2*b*x + 2xa)/(bxe~(2*b*x + 2*a) - b) - log((e~(b*x + a) + 1)*e”
‘(—a))/b‘2 - log((e~(b*x + a) - 1)*e~(-a))/b~2) + 2xc/(b*x(e~(-2xb*x - 2*a)
- 1)

3.7.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(29) = 58.

Time = 0.30 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.76

/(c + dz)csch?(a + bz) dz

2 bdze?bm+2e) — Je(2br+2a) Jog (e(2be+20) _ 1) 4 2pc + dlog (ebo+29) — 1)
b2e(2bz+2a) _ p2

inputLintegrate((d*x+c)*csch(b*x+a)‘2,x, algorithm="giac")

~—

OUtPUt‘-(2*b*d*x*e‘(2*b*x + 2%a) - dxe”(2¥bxx + 2*a)*log(e”(2*b*x + 2*a) - 1) + 2
(*bkc + drlog(e”(2¥bkx + 2%a) - 1))/(b"2%e”(2%bkx + 2%a) - b"2)

3.7.9 Mupad [B] (verification not implemented)

Time = 2.11 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.69

d In (e?*e?%® — 1) 2(c+dx) 2dz
2 _ _ _
/(c + dx)csch®(a + bx) dez = B2 b (e29t2b7 — 1) b

input Lint((c + d*x)/sinh(a + b*x)"2,x)

-/

output‘ (d*log(exp(2*a) *exp(2*b*x) - 1))/b"2 - (2*(c + d*x))/(b*(exp(2*a + 2%bxx)
- 1)) - (2%d*x)/b

N\

3.7.  [(c+ dx)csch®(a + bz) dz
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3.8 [ csch’(atbr) 4

X

3.8.1 Optimalresult . . .. .. ... ... ..
3.8.2 Mathematica [N/A] . . . . . .. .
3.83 Rubi [N/A] . . . .
3.8.4 Maple [N/A] (verified) . . . . . . ... .. L
3.8.5 Fricas [N/A] . . . . .
3.8.6 Sympy [N/A] . . . o
3.8.7 Maxima [N/A] . . . . .
3.88 Giac [N/A] . . . . .
3.89 Mupad [N/A] . . . o

3.8.1 Optimal result

Integrand size = 12, antiderivative size = 12

T T

/ csch?(a + br) dr — Tnt (cschz(a + bx) x)

output ‘ Unintegrable (csch(b*x+a) ~2/x,x)

3.8.2 Mathematica [N/A]

Not integrable

Time = 6.40 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 2
/csch (Z+bx) dr — / csch (z+ bx) s

input LIntegrate [Cschl[a + b*x]~2/x,x]

output LIntegrate [Cschla + b*x]~2/x, x]

38. [ cschiars) g,
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3.8.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
25, 4680}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/csch (z—i—bm) iz

l 3042

/ _csc(ia+ ibx)? i

T
l 25

. . 2
_/csc(za+sz) iz
x
l 4680
2
/ csch®(a + br) iz
x
N
input LInt [Cschl[a + b*x]~2/x,x] J
output ‘ $Aborted J
3.8.3.1 Defintions of rubi rules used
rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

‘Q[u, x] ‘

38. [ cschiars) g,
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rule 4680 Int[csc[(e_.) + (£_.)*(x_)]1"(n_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], Un
integrable[(c + d*x) m*Sech[I*(e - Pi/2) + Ixf*x]"n, x], (-I) n*Unintegrabl
e[(c + d*x)"m*Csch[(-I)*e - I*f*x]"n, x]], If[MatchQ[e, (el1_.) + Pi/2], Uni
ntegrable[(c + d*x) m*Sec[e - Pi/2 + f*x]"n, x], Unintegrable[(c + d*x) m*C
scle + fxx]°n, x]]1], x] /; FreeQ[{c, d, e, £, m, n}, x] && IntegerQ[n]

3.8.4 Maple [N/A] (verified)

Not integrable

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

2
/ csch (bj + a) d

N

input‘int(csch(b*x+a)“2/x,X)

A >

-

output Lint (csch(b*x+a) ~2/x,x)

-/

3.8.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch?(a + bx) p

2
“ / csch (bz + a) s

T

inputLintegrate(csch(b*x+a)‘2/x,x, algorithm="fricas")

outputtintegral(csch(b*x + a)72/x, x)

38. [ cschiars) g,
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3.8.6 Sympy [N/A]
Not integrable

Time = 0.32 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

2 2
/csch (Z+bx) dp — / csch (;H—bx) s

inputLintegrate(csch(b*x+a)**2/x,x)

-

output tIntegral(csch(a + bxx)**2/x, x)

e—

3.8.7 Maxima [N/A]
Not integrable

Time = 0.30 (sec) , antiderivative size = 73, normalized size of antiderivative = 6.08

T T

/ csch?(a + bx) dr — / csch (bz + a)? i

input Lintegrate (csch(b*x+a) "2/x,x, algorithm="maxima")

output‘-2/(b*x*e“(2*b*x + 2¥a) - b*x) + 4xintegrate(1/4/(b*x"2xe”(b*x + a) + b*x~
‘2), x) - 4xintegrate(1/4/(b*x~2+e”(b*x + a) - b*x"2), x)

3.8.8 Giac [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch?(a + bx) dr — / csch (bz + a)? s

T T

inputLintegrate(csch(b*x+a)‘2/x,x, algorithm="giac")

output Lintegrate(csch(b*x + a)~2/x, x)

38. [ cschiars) g,
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3.8.9 Mupad [N/A]

Not integrable

Time = 2.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17
/csch2(a+ba:) i :/ 1 s
x zsinh (a + bx)

input Lint(i/(x*sinh(a + b*x)~2),x)

output Lint(l/(x*sinh(a + b*x)~2), x)

38. [ cschiars) g,
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3.9 [(c+ dx)3csch®(a + bx) dx

39.1 Optimalresult . .. ... ... . .. ... 80
3.9.2 Mathematica [A] (verified) . . . . . ... ... . o 87
3.9.3 Rubi [C] (verified) . . ... ... . ... . ... RY
3.9.4 Maple [B] (verified) . ... ... . ... ... 92
3.9.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 92
3.9.6 Sympy [F] . . . . . 93]
3.9.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. !
398 Giac [F] . . . . 95
3.9.9 Mupad [F(-1)] . . . . o 95

3.9.1 Optimal result

Integrand size = 16, antiderivative size = 256

/(c + dx)*csch®(a + bz) dz = —

6d?(c + dz)arctanh (e*")

N 3d(c + dz)? PolyLog

b3
(¢ + dz)3arctanh (e* %) _ 3d(c + dx)*csch(a + bx)
b 2b2

_ (c+dzx)® coth(a + bx)csch(a + bx)

2b

B 3d3 PolyLog (2, —e**)

b4
a+bx)

2b?

b
3d2(c + dz) PolyLog
b3

2b?

(2, -
N 3d? PolyLog (2, e*7) _ 3d(c + dz)* PolyLog (2, ext7)
(3, —

a+b:1:)

N 3d?(c + dz) PolyLog (3, e+t7)

b3

b b

N 3d3 PolyLog (4, —e*™*)  3d®PolyLog (4, e**"")

3.9.  [(c+dz)3csch®(a + bz)dx
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output | -6xd~2* (d*x+c)*arctanh (exp (b*x+a))/b~3+(d*x+c) “3*arctanh (exp(b*x+a))/b-3/2
*d* (d*x+c) “2xcsch(b*x+a) /b~2-1/2* (d*x+c) “3*coth(b*x+a) *csch(b*x+a) /b-3*%d"3
*polylog(2,-exp(b*x+a))/b~4+3/2*d* (d*x+c) “2*polylog(2,-exp (b*x+a)) /b~2+3*d
~3+*polylog(2,exp(b*x+a))/b~4-3/2*%d* (d*x+c) “2*polylog(2,exp(b*x+a))/b~2-3*d
~2x (d*x+c) *polylog(3,-exp(b*x+a)) /b~ 3+3*d~2* (d*x+c) *polylog(3, exp(b*x+a))/
b~3+3*d~3*polylog(4,-exp(b*x+a))/b~4-3*d"3*polylog(4,exp(b*x+a))/b~4

3.9.2 Mathematica [A] (verified)

Time = 2.10 (sec) , antiderivative size = 440, normalized size of antiderivative = 1.72

/(c + dz)3csch®(a + bx) dr =
b?(c + dz)*(3d + b(c + dz) coth(a + bz))csch(a + bz) + b3clog (1 — €**%) — 6bed? log (1 — e*0%) + |

input‘Integrate[(c + d*x) “3*Csch[a + b*x]~3,x]

output | -1/2%(b~2x(c + d*x) 2% (3*d + bx(c + d*x)*Coth[a + b*x])*Csch[a + b*x] + b~
3xc~3%Log[1l - E"(a + b*x)] - 6*bxc*xd"2*Log[l - E~(a + b*x)] + 3xb~3*c~2xd*
xxLog[1l - E~(a + b*x)] - 6%b*d~3*x*Logl[l - E~(a + b*x)] + 3*%b~3*c*d~2*x"2*
Logl[l - E"(a + b*x)] + b~3*%d"3*x"3%Log[l - E"(a + b*x)] - b~3*c~3%Logl[l +
E~(a + b*x)] + 6%b*c*d"2*Log[l + E~(a + b*x)] - 3%b~3*c~2*d*x*Log[1 + E~(a
+ bxx)] + 6%bxd"3*x*Log[1l + E~(a + b*x)] - 3*b~3*c*d~2*x"2*Log[1l + E~(a +
b*x)] - b~3*%d"3*x"3%Log[l + E"(a + b*x)] - 3*d*x(-2*%d"2 + b~2*(c + d*x)~2)
*PolyLog[2, -E~(a + b*x)] + 3*d*(-2*%d"2 + b~2*(c + d*x)~2)*PolyLogl[2, E~(a
+ bxx)] + 6%bxcxd~2xPolyLog[3, -E~(a + b*x)] + 6*b*d~3*x*PolyLog[3, -E~(a
+ b*x)] - 6%b*c*d"2xPolyLog[3, E~(a + b*x)] - 6%b*d~3*x*PolyLog[3, E~(a +
b*x)] - 6%d~3*PolyLogl[4, -E~(a + b*x)] + 6%d~3*PolyLogl[4, E~(a + b*x)])/b
~4

3.9.  [(c+dz)3csch®(a + bz)dx
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3.9.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.20 (sec) , antiderivative size = 294, normalized size of antiderivative = 1.15,

number of steps used = 14, number of rules used = 13, number of rules _ 0.812, Rules
integrand size

used = {3042, 26, 4674, 26, 3042, 26, 4670, 2715, 2838, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3csch®(a + bx) dz
| 3042
/ —i(c + dx)3 csc(ia + ibx)3dx
| 26
i / (c + dz)? esc(ia + ibz)*dz

l 4674

3id(c + dx)%csch(a + bz) i(c+dz
B 252 B

2 _; h
—i<—3d [ z(c+dag)2csc (a + bx)dzx N ;/_@'(c+da:)3csch(a+ba:)d:l:

| 26
L <3id2 J(c+ dz)csch(a +br)dz 1 _ 3id(c +dz)*csch(a 4 bx)  i(c+ dx)® coth

202

2 52’ /(c + dzx)3csch(a + bx)dx

l 3042

3id(c + dx)%csch(a + bz) i(c+ dx)
202 B

-d2 . d . . d
—i <3Z Jile + dw) cselia + ibw)de — 1z / i(c + dx)? csc(ia + ibx)dx —

b2 2
| 26
( 3d? [(c + dz) csc(ia + ibz)dz 1
_Z —

; 2 : 3
= n : /(c + da)? esc(ia + ibz)dz — 3id(c + dz)*csch(a + bz)  i(c+ dx)° co

2b2

l 4670

3.9.  [(c+dz)3csch®(a + bz)dx
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342 id [ log(1—e®t®*)dx  id [log(1+e2t¥®)dz | 2i(c+dz)arctanh (es+b®)
b B b + b
_Z —_—

1( 3id [(c+ dz)?log (1 — e*t%) d
b2 "2 b

l 2715

id [ e~ Jog(1—etbx) deatbe id [ e=b% Jog(14-e21bT) deatba 2i(c+dz)arctanh (ea+be
2
3d b2 - b? + b

—il| =

4 1 (3id [(c+ da
b2 2

l 2838

1 <3id [(c+dz)?log (1 — e?*®)dx  3id [(c+ dz)?log (1 + e0%) dx N 2i(c + dz)3arctanh (e?+5%) > ‘-

2 b b b
| 3011
d 2d [(c+dz) PolyLog(2,—e%t%®)dz  (c+dz)? PolyLog(2,—etb?) 3id 2d [(c+dz) PolyLog(2,e%t%®)dz  (c+dz)?
1 3 b - b N t b -
‘| 2 b b
l 7163
2 < (c+dz) PolyLog (3,_ea+bz) _ d [ PolyLog (3,_ea+bz) dz) 2 ( (ct+dz) PolyLog(
b b 2 __pa+bx b
3id ; _ (ctdz) PolyI;og (2,—e ) 3id
11 s
_Z — —
2 b
l_272o
2d < (c+dzx) PolyLZg(S,fea','bz) _ df e—a—bz PolyLoiz(S,fea"'bz)dea"’bz > e Pu, ) o 2 <(c
3id - _ (c+dn)* PolyLog(2—e™™™) | g;y[ A
1
2| b *

3.9.  [(c+dz)3csch®(a + bz)dx



input

output

rule 26

rule 2715

rule 2720
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l 7143

2 2i(c+dx)arctanh(e“+bx) id PolyLog(2,—e®1b?) id PolyLog (2,e215%)
3d b + b2 - b2

2i(c + dz)3arctanh (e2+07)

Ll L1
b2 2

b

LInt[(c + d*x) "3*Cschl[a + b*x]~3,x]

(-D*((((-3*I)/2)*d*(c + d*x)~2+Cschla + b*x])/b"2 - ((I/2)*(c + d*x)~3*Co
th[a + b*x]*Cschla + b*x])/b - (3*d~2*(((2*I)*(c + d*x)*ArcTanh[E~(a + b*x
)1)/b + (I*d*PolyLog[2, -E~(a + b*x)])/b~2 - (I*d*PolyLogl[2, E~(a + b*x)])
/b72))/b"2 + (((2*I)*(c + d*x) 3*ArcTanh[E~(a + b*x)])/b - ((3*I)*d*(-(((c
+ d*x) “2*PolyLog[2, -E~(a + b*x)])/b) + (2*d*(((c + d*x)*PolyLog[3, -E~(a
+ b*x)])/b - (d*PolyLogl[4, -E~(a + b*x)]1)/b~2))/b))/b + ((3*I)*d*(-(((c +
d*x) ~2%PolyLog[2, E~(a + b*x)1)/b) + (2*d*(((c + d*x)*PolyLogl[3, E~(a + b
*x)]1)/b - (d*PolyLogl[4, E~(a + b*x)])/b~2))/b))/b)/2)

3.9.3.1 Defintions of rubi rules used

/Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))

*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[FI[x]]]

3.9.  [(c+dz)3csch®(a + bz)dx



rule 2838

rule 3011

rule 3042

rule 4670

rule 4674

rule 7143

rule 7163
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Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[Logll + (e_.)*((F_)~((c_)*((a_.) + (b_)* )N~ (a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/ (bxcHn*LoglF1)), x] + Simp[gs(m/(bxcn*Log[F1))  Int[(f + gxx)(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (d_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£f*fz*I)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)~(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£z*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e
+ f*xfzxx)], x], x1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, O]

Int[(cscl(e_.) + (£_)*(x_)I*(d_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) “m*Cot[e + f*x]*((b*Cscle + £*x])~(n - 2)/(£f*(n
- 1)), x] + (-Simp[b~2*d*m*(c + d*x)~(m - 1)*((b*Cscle + f*x])~(n - 2)/(£f~
2x(n - 1)*(n - 2))), x] + Simp[b~2*d"2*m*((m - 1)/(£72*%(n - 1)*(n - 2)))

Int[(c + d*x)"(m - 2)*(b*Cscle + £*x])"(n - 2), x], x] + Simp[b~2*((n - 2)/
(n - 1)) Int[(c + d*x) m*(b*Cscle + f*x])~(n - 2), x], x]) /; FreeQ[{b, c

, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxckp*Log[F1)), x] - Simp[f*(m/(b*cxp*Log[F1)) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, 0]

3.9.  [(c+dz)3csch®(a + bz)dx
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3.9.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 875 vs. 2(238) = 476.

Time = 1.01 (sec) , antiderivative size = 876, normalized size of antiderivative = 3.42

method | result size

risch Expression too large to display | 876

input‘int((d*x+c)“3*csch(b*x+a)“3,x,method=_RETURNVERBUSE)

output

1/b*c”~3*arctanh (exp (b*x+a))+6/b"4*d"3*a*arctanh (exp (b*x+a))+3/b~3*d"3*1n(1
-exp (b*x+a) ) ¥x+3/b~4*d"3*1n(1-exp (b*x+a) ) *a-3/b~3*d"3*1n(exp (b*x+a)+1) *x-3
/b~4*d"3*1n(exp (b*x+a)+1) *a-6/b~3*d"2*c*arctanh (exp (b*x+a))+3/2/b~2*d~3*po
lylog(2,-exp(b*x+a))*x~2-3/b~3*d~3*polylog(3,-exp (b*x+a))*x-1/2/b*d~3*1n (1
-exp(b*x+a) ) *x~3-1/2/b"4*d"3*1n(1-exp(b*x+a))*a~3-3/2/b~2*d"3*polylog(2,ex
p(b*x+a))*x~2+3/b~3*%d"3*polylog(3,exp(b*x+a) ) *x+1/2/b*d"3*1n(exp (b*x+a)+1)
*x~3+1/2/b~4%d"3*1n (exp (b*x+a)+1)*a~3-1/b~4*d~3*a"~3*arctanh (exp (b*x+a))-3/
b~3%c*d~2*polylog(3,-exp(b*x+a))-3/2/b~2*d*c~2*polylog(2,exp(b*x+a))+3/2/b
~2%dxc”2*polylog(2,-exp(b*x+a))+3/b"~3*c*d"2*polylog(3,exp (bxx+a))-3/b~2*d*
axc~2*arctanh (exp (b*x+a) )+3/2/b*d*c”2x1n (exp (b*x+a)+1) *x+3/2/b~2*d*c~2*1n (
exp (bxx+a)+1) *a+3/b~3*d"2*a~2*c*arctanh (exp (b*x+a))-3/2/b*c*d"2*1n(1-exp (b
*x+a) ) *x~2+3/2/b"3*c*d"2*1n(1-exp (b*x+a))*a~2-3/b~2*c*d~2*polylog(2,exp (b*
x+a) ) *x+3/2/b*c*d~2*1n(exp (b*x+a)+1) *x~2-3/2/b"3*c*d~2*1n (exp (b*x+a) +1) *a”
2+3/b"2*c*d~2*polylog(2,-exp (b*x+a)) *x-3/2/b*d*c”~2*1n(1-exp (b*x+a) ) *x-3/2/
b~ 2xd*c”2+1n(1-exp (b*x+a) ) *a-exp (b*x+a) * (exp (2*b*x+2%a) ¥b*d~3*x~3+3*exp (2%
b*x+2%a) ¥bxcxd~2%x"2+3*exp (2xb*x+2%a) ¥b*c~2*d*x+b*d~3*x"3+3*exp (2*b*x+2%a)
*d"3%x"2+exp (2¥b*x+2*a) ¥bxc~3+3*b*cxd~2*x"2+6*exp (2¥b*x+2*a) *c*xd " 2*x+3*b*C
~2%dxx+3%exp (2xb*x+2*a) *c~2*d-3%d"3*x " 2+b*c"3-6*c*d "~ 2*x-3*d*c~2) /b~2/ (exp(
2¥b*x+2*a)-1) "2-3*xd"3*polylog(4,exp (bxx+a)) /b~ 4+3*d"3*polylog(4,-exp(b*x+a
))/b~4-3*d"3*polylog(2,-exp(b*x+a))/b~4+3*d"3*polylog(2,exp(b*x+a)) /b4

3.9.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4008 vs. 2(234) = 468.

Time = 0.31 (sec) , antiderivative size = 4008, normalized size of antiderivative = 15.66

/ (c + dx)3csch®(a + bx) dz = Too large to display

input‘integrate((d*x+c)“3*csch(b*x+a)“3,x, algorithm="fricas")

3.9.  [(c+dz)3csch®(a + bz)dx




output
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-1/2% (2% (b~3%d"3%x~3 + b~3%c~3 + 3xb~2%c"2%d + 3% (b~3*c*kd"2 + b~2%d"3)*x"2

+ 3% (b~3*c™2*d + 2*b"2*c*xd”2)*x)*cosh(b*x + a)~3 + 6%(b~3*d"3*%x"3 + b~ 3*c
3 + 3*b"2xc"2*d + 3*%(b"3*c*d"2 + b72xd"3)*x"2 + 3*%(b"3*c”2*d + 2xb"2xc*xd”
2)*x)*cosh(b*x + a)*sinh(b*x + a)~2 + 2% (b"3*d"3*x"3 + b~3*c”3 + 3*b~2%c"2
*d + 3% (b~ 3*c*xd"2 + b"2*%d"3)*x"2 + 3*(b~3*c”2*d + 2%b~2%c*d"2)*x)*sinh (b*x

+ a)”3 + 2x(b7"3*%d"3*x"3 + b"3*c”3 - 3*b"2*c"2*d + 3*(b"3*c*d"2 - b"2*d"3)
*x72 + 3x(b"3*%c”2*%d - 2*%b"2*c*d"2)*x)*cosh(b*x + a) + 3*(b~2*d"3*x"2 + 2*b
“2xcxdT2%x + bT2kc”2%d + (bT2*%d"3*x72 + 2*b"2kc*kd"2*x + bT2*%c"2xd - 2*d”3)
xcosh(b*x + a)~4 + 4%(b~2%d"3*x~2 + 2*b~2%c*d~2*x + b~2*c~2%d - 2*d~3)*cos
h(b*x + a)*sinh(b*x + a)~3 + (b"2*d"3*x"2 + 2%b~2%c*xd"2*%x + b 2%c™2%d - 2%
d~3)*sinh(b*x + a)~4 - 2xd"3 - 2x(b~2*%d"3*x"2 + 2*%b"2xc*d~2%x + b~ 2%c”2*d
- 2xd"3)*cosh(b*x + a)~2 - 2*x(b"2+%d"3*x"2 + 2%b~2xc*kd"2*x + b~ 2kc"2xd - 2%
d”"3 - 3*%(b72*%d"3%x"2 + 2xb"2kc*kd"2*x + b"2*c"2*%d - 2*d"3)*cosh(b*x + a)”2)
*sinh(b*x + a)”2 + 4% ((b"2+%d"3*x"2 + 2*xb"2*c*kd"2*x + b~2*c”2*d - 2*d~3)*co
sh(b*x + a)~3 - (b™2*%d"3*x"2 + 2*%b~2%c*xd~2*x + b~ 2*%c"2*d - 2*d~3)*cosh(b*x

+ a))*sinh(b*x + a))*dilog(cosh(b*x + a) + sinh(b*x + a)) - 3*(b"2*xd"3*x"
2 + 2%b72%c*xd"2*x + b72%c”"2%d + (b"2*%d"3*x"2 + 2*%b"2kckd"2%x + b"2*c"2xd -

2%d"3) *cosh(b*x + a)~4 + 4% (b"2+%d"3*x"2 + 2*xb"2*c*kd"2%x + b~2%c™2*%d - 2*d
~3)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"2*d"3*x"2 + 2¥xb~2*c*kd~2*x + b~2%c"2
*d - 2*%d"3)*sinh(b*x + a)~4 - 2*d"3 - 2% (b"2%d"3*x"2 + 2xb~2kc*kd"2*x + ...

-

3.9.6 Sympy [F]

/(c + dz)*csch®(a + bz) do = / (¢ + dz)? csch® (a + bz) dz

inputLintegrate((d*x+c)**3*csch(b*x+a)**3,x)

output

N

-/

Integral((c + d*x)**3*csch(a + b*x)*x3, x)

_

3.9.  [(c+dz)3csch®(a + bz)dx
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3.9.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 605 vs. 2(234) = 468.

Time = 0.37 (sec) , antiderivative size = 605, normalized size of antiderivative = 2.36

/(c + dz)3csch®(a + bx) dx

1 4 (log (e +1)  log (eFPm) —1) 2 (e(~bv=a) 4 g(=3br=3a))
=3 c b - b + b(2e(—2bs-2a) _ g(-4ba—4a) _ 1)
N 3 (b%z%log (e®**®) + 1) + 2bzLis (—e®*+2)) — 2 Lis(—elto+))) cd?
263
3 (b23:2 log (—e(b””+“) + 1) + 2 bxLis (e(b““)) — 2Lis (e(l’”“”‘)))cd2
N 263
3cd?log (e®+9) +1)  3cd?log (e®=+e) — 1)
_ s + 5

(6323 + 3 2de®) + 3 (bed? + d%)2%eB) + 3 (bc?d + 2 cd?)ze® ) eBb) + (bd3z3e® — 3 2de® + 3|
b2e(dbzt+da) _ 9 p2e(2bz+2a) + b2
N (b33 log (e®+®) + 1) + 3b2x2Liy (—e®*+®)) — 6 brLiz(—e®=+9)) + 6 Liy(—et*+9))d?

2 bt
(6323 log (—e®*t@) 4+ 1) + 3b23%Lis (e®*+)) — 6 baLiz(e®*+®)) 4 6 Liy(e®=+%)))
- 2 bt
3 (b*c*d — 2d°) (bz log (e®*+%) 4 1) + Liy (—e=+9))
* 2 bt
3 (b2c2d -9 d3) (bx log (_e(bx+a) + 1) + Li, (e(bw+a,)))
2 bt
input Lintegrate ((d*x+c)~3*csch(b*x+a)~3,x, algorithm="maxima") J

3.9.  [(c+dz)3csch®(a + bz)dx



output

input

output

input

output
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1/2*%c~3*(log(e~(-b*x - a) + 1)/b - log(e~(-bxx - a) - 1)/b + 2*(e”(-b*x -

a) + e (-3xbxx - 3x%a))/(b*x(2%e”(-2%b*x - 2%a) - e~ (-4xbxx - 4*a) - 1))) +

3/2%(b"2xx"2x1log(e” (b*x + a) + 1) + 2xb*xxdilog(-e~(b*x + a)) - 2*polylog(
3, —e"(bxx + a)))*cxd"2/b"3 - 3/2%(b"2*xx"2x1log(-e~(b*x + a) + 1) + 2xb*x*d
ilog(e~(b*x + a)) - 2*polylog(3, e~ (b*x + a)))*c*d~2/b~3 - 3*c*d~2*log(e”(
bxx + a) + 1)/b"3 + 3*c*d"2xlog(e”(b*x + a) - 1)/b~3 - ((bxd~3*x"3xe~(3*a)
+ 3%c”2kd*e”(3*a) + 3*(bxc*d"2 + d"3)*x"2*%e”(3*a) + 3x(b*xc"2+d + 2%c*d”2)
xx*e” (3%a) ) *xe” (3*bxx) + (b*xd"3*x"3*e"a - 3*kc"2xd*e”a + 3*(bxc*d"2 - d"3)*x
“2%e"a + 3x(bkcT2xd - 2%c*d"2)*x*e"a)*e” (b*x))/(b"2%e” (4xb*x + 4%a) - 2%b~
2%e” (2%b*x + 2*%a) + b72) + 1/2%(b"3*x"3*xlog(e”(b*x + a) + 1) + 3*xb~2*x"2xd
ilog(-e~(bxx + a)) - 6*bxx*polylog(3, -e~(bxx + a)) + 6*polylog(4, -e”(b*x
+ a)))*d"3/b"4 - 1/2*(b"3*x"3*log(-e~ (b*x + a) + 1) + 3*b~2*x"2xdilog(e”(
b*x + a)) - 6*b*x*polylog(3, e~ (b*x + a)) + 6*polylog(4, e~ (b*x + a)))*d~3
/574 + 3/2%(b"2*c”2xd - 2*%d”~3)*(b*x*log(e~(b*x + a) + 1) + dilog(-e~(b*x +
a)))/b"4 - 3/2x(b"2xc”2*d - 2*d"3)*(b*x*xlog(-e~(b*x + a) + 1) + dilog(e~(
bxx + a)))/b"4

3.9.8 Giac [F]

/(c + dz)3csch®(a + br) dr = / (dz + ¢)® csch (bz + a)® da

r

Lintegrate((d*x+c)“3*csch(b*x+a)“3,x, algorithm="giac")

| —

Lintegrate((d*x + c¢)~3*csch(b*x + a)~3, x)

3.9.9 Mupad [F(-1)]

Timed out.
(c+dzx)®
sinh (a + bx)®

/(c + dz)3csch®(a + bz) doz = /

int((c + d*x)~3/sinh(a + b*x)~3,x)

N

\int((c + d*x)"3/sinh(a + b*x)"3, x)

3.9.  [(c+dz)3csch®(a + bz)dx
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3.10 [(c+ dx)*csch®(a + bx) dx

3.10.1 Optimalresult . . . . . . .. . ... 96!
3.10.2 Mathematica [B] (verified) . . . . . . . . ... L Lo oo 97
3.10.3 Rubi [C] (verified) . . . . . . ... . . .. 97
3.10.4 Maple [B] (verified) . . . . ... .. . ... [10T]
3.10.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 107
3.10.6 Sympy [F] . . . . . . 102
3.10.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1031
3.10.8 Giac [F] . . . o . o 104
3.10.9 Mupad [F(-1)] . . . . o o 104

3.10.1 Optimal result

Integrand size = 16, antiderivative size = 154

/ (e + drY?esch®(a + be) diz = (¢ + dz)?arctanh (e ") _ d’arctanh(cosh(a + b))

b b3
_d(c+ dz)csch(a + bz)
b2
_ (c+dz)* coth(a + bx)csch(a + bx)
2b

d(c + dz) PolyLog (2, —e®*t7)
+ B

d(c + dz) PolyLog (2, e*™7)
_ 2

d? PolyLog (3, —e****)  d? PolyLog (3, e*7)
B b? - b’

p
output ‘ (d*x+c) "2*arctanh(exp(b*x+a)) /b-d~2*arctanh(cosh(b*x+a)) /b~ 3-d* (d*x+c) *csc

N\

h(b*x+a) /b~2-1/2* (d*x+c) "2*coth (b*x+a) *csch(b*x+a) /b+d* (d*x+c) *polylog(2, -
exp (bxx+a)) /b~2-d* (d*x+c) *polylog (2, exp(b*x+a)) /b~2-d"2*polylog(3,-exp (b*x
+a)) /b~3+d"2xpolylog(3,exp(b*x+a)) /b3

/|

3.10.  [(c+dz)%csch®(a + bx)dz



)
input | Integrate[(c + d*x)~2+Csch[a + b*x]"3,x]

output
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3.10.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 420 vs. 2(154) = 308.

Time = 6.24 (sec) , antiderivative size = 420, normalized size of antiderivative = 2.73

d(c + dz)csch(a) N (—c* — 2cdz — d*z?) csch® (% + %)
b? 8b

/(c + dz)?csch®(a + br) dz = —

N —b%c*log (1 — e2*t7) + 2d? log (1 — e*™*) — 2b%cdz log (1 — e*™%) — b2d2z? log (1 — e*™%) + b2c? log

N (—c* — 2cdz — d?z?) sech® (& + %)
8b
N csch (%) esch(% 4+ %) (cdsinh (%) + d?zsinh (%))
2b2
N sech(%) sech(% + %m) (cdsinh (%z) + d%x sinh (%))
2b2

-((d*(c + d*x)*Cschl[al)/b~2) + ((-c™2 - 2*c*d*x - d~2*x"2)*Cschl[a/2 + (b*x
)/2]172)/(8xb) + (-(b~2%c"2*Log[l - E~(a + b*x)]) + 2*d~2xLog[1l - E~(a + b*
x)] - 2*b~2xc*d*xxLog[l - E~(a + b*x)] - b~2*d"2xx"2*Log[1 - E"(a + b*x)]

+ b"2xc"2xLog[1 + E"(a + b*x)] - 2xd"2xLogl[l + E"(a + b*x)] + 2%b~2xckd*x*
Logl[l + E7(a + b*x)] + b~2*%d"2*x"2+Log[l + E~(a + b*x)] + 2%bxd*(c + d*x)=*
PolyLog[2, -E~(a + b*x)] - 2%b*d*(c + d*x)*PolyLog[2, E~(a + b*x)] - 2*d~2
*PolyLog[3, -E"(a + b*x)] + 2*d"2*PolyLogl[3, E~(a + b*x)])/(2%b~3) + ((-c”
2 - 2%ckd*x - d"2*x"2)*Sechl[a/2 + (b*x)/2]°2)/(8*b) + (Csch[a/2]*Cschla/2

+ (b*x) /2] *(c*d*Sinh[(b*x) /2] + d~2*x*Sinh[(b*x)/2]))/(2*b~2) + (Sech[a/2]
*Sech[a/2 + (b*x)/2]*(c*d*Sinh[(b*x)/2] + d~2*x*Sinh[(b*x)/2]))/(2%b"2)

3.10.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.74 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.19,

number of steps used = 12, number of rules used — 11, Rumber of rules _ () 6eg Ryles
integrand size

used = {3042, 26, 4674, 26, 3042, 26, 4257, 4670, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.10.  [(c+dz)%csch®(a + bx)dz
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/(c + dz)%csch3(a + bx) dx
| 3042
/ —i(c+ dz)? csc(ia + ibx)3dx
| 26
—i /(c + dz)? csc(ia + ibx)3dx

l 4674

id(c + dzx)csch(a + bz)  i(c+ dz)? coth(a +
b2 - 2b

d? [ —icsch bz)d 1
—i(— J —icsch(a + br)dz +/—i(c+dm)2csch(a+bx)dx—

B2 2
l 26

/(c + da)2esch(a + bz)dz — id(c +dz)csch(a + bz)  i(c+ dz)? coth(a + bx)csc

b2 2b

. id? [ csch(a + bz)dz Ry
i 2 X
| 3042

id(c + dz)csch(a + bx)  i(c+ dx)? coth(a + bz
b2 B 2b

_Z,('L fZCSC(bZ2a+’L iL‘) T . 2i/i(c+d¢ﬂ)2 csc(ia-i—ib-’lz‘)d-’lf —

| 26
—z' (_ d? [csc(ia + ibz)dz 1

j h j 2 coth s
1 /(c + da)? csc(ia + ibz)dz — id(c + dz)esch(a + bz)  i(c + dz)® coth(a + ba)c

b2 2 b2 2b
| 4257
1 d? h(cosh ; h ) 2 coth :
it /(c+ dr)? esclia -+ iba)dz — id“arctanh(cosh(a + bz))  id(c+ dz)csch(a+bz)  i(c+ dz)” coth(a +b
2 b3 b2 2b
| 4670

, (1 <2id [(c+dz)log (1 —e*™®) dz  2id [(c+ dz)log (1 + e2t%?) dz N 2i(c + dz)%arctanh (e®+t7) > id”
_Z — p— _——
2 b b b

l 3011

3.10.  [(c+dz)%csch®(a + bx)dz
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. ;( d [ PolyLog(2,—e3+%®)dx (c+dz) PolyLog(2,—e2+5%) . ;( d [ PolyLog(2,e¢1%%)dz (c+dz) PolyLog(2,e21b2)
(1 ( 2id 5 — 5 2id > — 5
—if o[- +

2 b b
| 2720
(1 2id(dfe_a_bz PolyLobgz(2,—e“+bz)dea+bz _ (ctdz) PolyL;)g(?,—ea+bz)> 2id(dfe—a—bm PolyLIt))zg(Z,e““'bm)de“"‘bz _(
| 7143
. . ,( dPolyLog(3,—e?*b%) (c+dz) PolyLog(2,—e®*
[ id?arctanh(cosh(a + bz)) 1 [ 2i(c+ dz)%arctanh(e®+5%) 2Zd( b - b
b 2 b b
input LInt [(c + d¥x)~2%Cschla + b¥x]"3,x] J

e N

output | (-I)*(((-I)*d"2*ArcTanh[Cosh[a + b*x]])/b~3 - (I*d*(c + d*x)*Csch[a + bx*x]
)/b~2 - ((I/2)*(c + d*x)"2xCoth[a + b*x]*Cschl[a + b*x])/b + (((2*I)*(c + d
*xx) "2xArcTanh[E~(a + b*x)])/b - ((2*I)*d*(-(((c + d*x)*PolyLogl[2, -E~(a +
b*x)])/b) + (d*PolyLogl[3, -E~(a + b*x)]1)/b"2))/b + ((2*I)*d*(-(((c + d*x)*
PolyLog[2, E~(a + b*x)])/b) + (d*PolyLog[3, E~(a + b*x)])/b~2))/b)/2)

3.10.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a"2, 1]

rule 2720 | Int [u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

N\ J

3.10.  [(c+dz)%csch®(a + bx)dz
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rule 3011 Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl2, (-e)*(F~(cx(a + b*x)))°nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4257 Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

rule 4670 Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£f*fz*I)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)~(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£z*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e

+ f*xfzxx)], x], x1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4674 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_ )*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b~2)*(c + d*x) “m*Cot[e + f*x]*((b*Cscle + £*x])~(n - 2)/(£f*(n
- 1)), x] + (-Simp[b~2*d*m*(c + d*x)~(m - 1)*((b*Cscle + f*x])~(n - 2)/(£f~
2x(n - 1)*(n - 2))), x] + Simp[b~2*d"2*m*((m - 1)/(£72*%(n - 1)*(n - 2)))
Int[(c + d*x)"(m - 2)*(b*Cscle + £*x])"(n - 2), x], x] + Simp[b~2*((n - 2)/
(n - 1)) Intl(c + d*x) m*x(b*Cscl[e + f*x])~(n - 2), x]1, x]) /; FreeQ[{b, c
, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

rule 7143 | Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

3.10.  [(c+dz)%csch®(a + bx)dz



CHAPTER 3. LISTING OF INTEGRALS 101

3.10.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 443 vs. 2(147) = 294.

Time = 0.94 (sec) , antiderivative size = 444, normalized size of antiderivative = 2.88

method | result

isch ebzta (e2bot2ap 24249 e2b2+2apody+e257+20p 2 4b d2 32 +2 202120 {2 54 2beda+2 €202 2% cd+c2b—22 d? —2cd) d?In(1—e®
risc - b2 (e2bw+20 1) 263

inputLint((d*x+c)“2*csch(b*x+a)“3,x,method=_RETURNVERBDSE) J

e N

output | —exp (b*x+a) * (exp (2¥b*x+2%a) ¥*b*d~2*x~2+2%exp (2*b*x+2%a) ¥b*c*xd*x+exp (2*b*x+2
*a) ¥*bkCc~2+b*d " 2*x " 2+2*exp (2*b*x+2*a) *d " 2*x+2xb*cxd*x+2*exp (2*b*x+2%*a) *c*kd+
C”2%b-2*x*d~2-2*c*d) /b~ 2/ (exp (2*¥b*x+2*a) -1) "2+1/2/b~3*d"2*1n(1-exp (b*x+a) )
*a~2-1/2/b~3*%d"2*1n(exp (b*x+a)+1) *a~2+1/b~3%a"2*d~2+arctanh (exp (b*x+a))+1/
b*c~2*arctanh (exp (b*x+a))-2/b"3*d"2*arctanh (exp(b*x+a))-2/b"2*a*c*d*arctan
h(exp(b*x+a))-1/b*c*d*1n(1-exp (b*x+a))*x+d~2*polylog(3, exp(b*x+a))/b~3-d"2
*polylog(3,-exp(b*x+a))/b~3-1/b"2*c*d*1ln(1-exp(b*x+a))*a+1/b*c*d*1ln (exp (b*
x+a)+1)*x+1/b"2*cxd*1n (exp (b*x+a)+1) *a-1/2/b*d"2*1n(1-exp (b*x+a) ) *x~2-1/b"
2xd~2*polylog(2,exp (b*x+a) ) *x+1/2/b*d~2*1n (exp (b*x+a)+1) *x~2+1/b~2*d~2*pol
ylog(2,-exp(b*x+a))*x-1/b"2*c*d*polylog(2,exp (b*x+a))+1/b~2*c*xd*polylog(2,
-exp (b*x+a))

3.10.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2218 vs. 2(145) = 290.

Time = 0.29 (sec) , antiderivative size = 2218, normalized size of antiderivative = 14.40

/ (c + dz)*csch®(a + br) dz = Too large to display

inputLintegrate((d*x+c)“2*csch(b*x+a)“3,x, algorithm="fricas") J

3.10.  [(c+dz)%csch®(a + bx)dz



output

CHAPTER 3. LISTING OF INTEGRALS

102

-1/2% (2% (b~2*%d~2%x~2 + b~2%c~2 + 2%b*cxd + 2x(b~2%c*d + b*d~2)*x)*cosh(b*x

+ a)~3 + 6x(b"2+%d"2*x"2 + b"2*%c”2 + 2*xbkckxd + 2% (b"2*c*d + b*d~2)*x)*cosh
(b*xx + a)*sinh(b*x + a)~2 + 2% (b"2*%d"2*x"2 + b~2*%c™2 + 2¥b*cxd + 2x(b~2*c*
d + b*d"2)*x)*sinh(b*x + a)~3 + 2% (b"2*d"2*x"2 + b~2*%c"2 - 2bkckd + 2% (b~
2%c*d - b*d"2)*x)*cosh(b*x + a) + 2% ((b*d~2*x + b*c*d)*cosh(b*x + a)~4 + 4
* (b*d"2*x + bxc*d)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*d"2*x + b*c*d)*sinh(
b*x + a)”4 + b*d"2*x + bxcxd - 2x(b*d"2*x + b*c*d)*cosh(b*x + a)~2 - 2x(b*
d"2*x + b*cxd - 3*(b*d"2*x + b*c*d)*cosh(b*x + a)~2)*sinh(b*x + a)~2 + 4x*(
(b*d~2%x + bxc*d)*cosh(b*x + a)~3 - (b*d~2%x + bx*c*d)*cosh(b*x + a))*sinh(
bxx + a))*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2%((b*xd"2*x + bxc*d)*cosh
(b*x + a)~4 + 4x(b*d~2*x + b*cxd)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*d~2*x

+ b*c*d) *sinh(b*x + a)~4 + b*d~2*x + bkc*d - 2% (b*d"2*x + b*c*d)*cosh(b*x

+ a)”2 - 2% (b*d"2*x + bxcxd - 3*(b*d"2*x + b*c*d)*cosh(b*x + a)~2)*sinh(b
*x + a)~2 + 4*x((b*d"2*x + b*c*d)*cosh(b*x + a)~3 - (b*d"2*x + b*c*d)*cosh(
b*x + a))*sinh(b*x + a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b~2xd"2x
X"2 + 2%b"2%ckd*x + (b72%d"2*x"2 + 2%b"2*c*kd*x + b"2*xc”2 - 2*d"2) *cosh(b*x

+ a)”4 + 4% (b72*%d"2%x"2 + 2*¥b"2kckd*x + b"2*%c”2 - 2*d"2)*cosh(b*x + a)*si
nh(b*x + a)~3 + (b™2*%d"2%x"2 + 2*xb~2*ckd*x + b"2%c”2 - 2*%d"2)*sinh(b*x + a
)74 + bT2%c”2 - 2% (b72%d"2%x"2 + 2%b"2%ckd*x + b"2%c"2 - 2*xd"2)*cosh(b*x +

a)"2 - 2% (b~2%d"2*x"2 + 2%b~2xckd*x + b 2%c”2 - 3% (b"2%d"2*x"2 + 2%xb~2...

-

3.10.6 Sympy [F]

/(c + dzx)%csch®(a + bz) do = / (¢ + dz)? csch® (a + bz) dz

inputLintegrate((d*x+c)**2*csch(b*x+a)**3,x)

output

N

-/

Integral((c + d*x)**2xcsch(a + b*x)*x3, x)

_

3.10.  [(c+dz)%csch®(a + bx)dz
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3.10.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 393 vs. 2(145) = 290.

Time = 0.34 (sec) , antiderivative size = 393, normalized size of antiderivative = 2.55

/(c + dz)?csch®(a + bzx) dx

1 ,(log (e +1)  log (eCPm) —1) 2 (e(~bv=a) 4 g(=3br=3a))
= 5 C b - b + b(2 e(—2bz—2a) _ o(—4bz—4a) _ 1)
. (b:c log (e(bm+a) + 1) + Li, (_e(bm-l-a)))cd ~ (bx log (_e(bw-l-a) + 1) + Li, (e(bw-f-a)))cd
b2 b?

(bd?z%e®) + 2¢de®) + 2 (bed + d?)ze®)) ) 4+ (bd?z2e® — 2 cde® + 2 (bed — d?)ze)e™
b2e(dbzt+4a) _ 9 h2o(2bz+2a) + b2
N (b?z? log (e®+®) 4+ 1) + 2baLis (—els)) — 2 Liz(—e=+9)))d?

263
(v?z? log (—e®*t@) 4+ 1) + 2bzLis (e®*+)) — 2 Liz(et*+2))d?
263
d?log (e®**®) +1)  d?log (e=+®) — 1)
- b3 + b3
inputLintegrate((d*x+c)“2*csch(b*x+a)‘3,x, algorithm="maxima") J

output | 1/2*c~2*(log(e”(-b*x - a) + 1)/b - log(e~(-b*x - a) - 1)/b + 2*%(e”(-b*x -
a) + e~ (-3xb*x - 3%a))/(b*x(2%e~(-2%b*x - 2%a) - e~ (-4xbxx - 4*a) - 1))) +
(bxx*xlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 - (b*x*log(-e~ (b*
x + a) + 1) + dilog(e~(b*x + a)))*cxd/b~2 - ((bxd~2*x"2%e~(3%a) + 2%c*d*e”
(3%a) + 2x(b*c*d + d~2)*x*e”(3%a))*e” (3*b*x) + (b*d"2*x"2%e~a - 2*c*d*e”a
+ 2x(bxcxd - d72)*x*e”a)*e” (b*x))/ (b 2%e” (4xb*x + 4*a) - 2%b~2%e” (2xbxx +
2*¥a) + b72) + 1/2x(b~2xx"2*log(e”(b*x + a) + 1) + 2*b*xxdilog(-e” (b*x + a)
) - 2*polylog(3, -e~(b*x + a)))*d~2/b"3 - 1/2*(b~2*x"2*log(-e~(b*x + a) +
1) + 2+b*xxdilog(e”(b*x + a)) - 2xpolylog(3, e~ (b*x + a)))*d"2/b~3 - d~2x1
og(e~(b*x + a) + 1)/b"3 + d"2*log(e”(b*x + a) - 1)/b"3

3.10.  [(c+dz)%csch®(a + bx)dz
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3.10.8 Giac [F]

/(c + dz)?csch®(a + bx) dz = / (dz + ¢)® esch (bz + a)® dz

inputLintegrate((d*x+c)“2*csch(b*x+a)‘3,x, algorithm="giac")

output Lintegrate((d*x + c)”2xcsch(b*x + a)~3, x)

3.10.9 Mupad [F(-1)]

Timed out.
(c+dx)?

+ dzx)*csch®(a + bz) d :/—
/(c x)“csch’(a + bx) dz simh (@ ba)’

inputtint((c + d*x)~2/sinh(a + b*x)~3,x)

output Lint((c + d*x)~2/sinh(a + b*x)~3, x)

3.10.  [(c+dz)%csch®(a + bx)dz
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3.11 [(c+ dx)csch®(a + bx) dz

3.11.1 Optimalresult . . . . . . .. . ... 105
3.11.2 Mathematica [B] (verified) . . . . . . .. ... ... L Lo oL
3.11.3 Rubi [C] (verified) . . ... ... ... . .
3.11.4 Maple [B] (verified) . .. . ... ... . ... 109
3.11.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 109
3.11.6 Sympy [F] . . . . . 110
3.11.7 Maxima [F] . . . . . . 111
3.11.8 Giac [F] . . . o o 111
3.11.9 Mupad [F(-1)] . . . . o o 111

3.11.1 Optimal result

Integrand size = 14, antiderivative size = 92

d tanh a+bx
/ (¢ + dz)csch®(a + bx) dz = (et z)arcban ) - dCSChég;L )
_ (c+ dz) coth(a + bz)csch(a + bz)
2b
dPolyLog (2, —e*™*)  dPolyLog (2, e**)
202 2b?

output‘(d*x+c)*arctanh(exp(b*x+a))/b-1/2*d*csch(b*x+a)/b“2-1/2*(d*x+c)*coth(b*x+a
‘)*csch(b*x+a)/b+1/2*d*polylog(2,-exp(b*x+a))/b“2-1/2*d*polylog(2,exp(b*x+a
)/b72

3.11.  [(c+dz)csch®(a + bz) dz



inputLIntegrate[(c + dxx)*Csch[a + b*x]~3,x]

output
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3.11.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 271 vs. 2(92) = 184.

Time = 0.08 (sec) , antiderivative size = 271, normalized size of antiderivative = 2.95

dzesch®(2 4+ %) cesch’(i(a+bz))  dzlog (1 — ertte)
8b - 8b a 2b
dzlog (1+e*™*)  clog (cosh (1(a+ bz)))
2b 2b

clog (sinh (3(a +bz)))  dPolyLog (2, —e**t")
B 2b 22

dPolyLog (2,e%*%*)  dzsech’®(% + %)
N 2b - 8b
B csech®(1(a + bz)) N desch(%) csch(2 + %) sinh (%)

8b 4b2

N dsech (%) sech (% + %) sinh (%)
4b2

/(c + dzx)csch®(a + bx) dz = —

~—

-1/8x(d*x*Csch[a/2 + (b*x)/2]172)/b - (cxCsch[(a + b*x)/2]72)/(8%b) - (d*x*
Log[1 - E"(a + b*x)])/(2*%b) + (d*x*Logl[l + E~(a + b*x)])/(2%b) + (c*LoglCo
sh[(a + b*x)/2]]1)/(2%b) - (c*Log[Sinh[(a + b*x)/2]1]1)/(2%b) + (d*PolyLogl[2,

-E~(a + b*x)])/(2%b"2) - (d*PolyLogl[2, E~(a + b*x)])/(2*b~2) - (d*x*Sech[
a/2 + (bxx)/2]1°2)/(8%b) - (c*Sech[(a + b*x)/2]172)/(8*b) + (d*Csch[a/2]*Csc
h[a/2 + (b*x)/2]*Sinh[(b*x)/2])/(4%¥b~2) + (d*Sech[a/2]*Sech[a/2 + (b*x)/2]
*3inh [(b*x)/2])/(4%¥b~2)

3.11.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.42 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.17,
number of steps used = 10, number of rules used = 9 number of rules _ 0.643, Rules used

’ integrand size
= {3042, 26, 4673, 26, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)csch3(a + bx) dx

3.11.  [(c+dz)csch®(a + bz) dz
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l 3042

/ —i(c+ dz) csc(ia + ibx)3dx

| 26

—i /(c + dz) csc(ia + ibx)3dx

| 4673
1 ; h ] h h b
_; <2 / —i(c + dz)esch(a + ba)dz — idcsc 2(:24- bz)  i(c+ dz) cot (a2-|l—) bx)csch(a + a:))

l 26

__idesch(a +bx)  i(c + dz) coth(a + bz)csch(a + b:c))

—q (—;z /(c + dx)csch(a + bx)dx

2b2 2b
| 3042
; ; h b
. (—;z / i(c + d) csc(ia + iba)dz — zdcsch2(§2+ bz) i(c+dzx) coth(az—ll—) bx)csch(a + w)>

| 26
_; <; /(c + dz) csc(ia + ibx)dz — zdcschz(:Q+ bz) i(c+dz) coth(a2—ll-) bx)csch(a + bx)>

J’467O

(1(id[log(1—e*™®)dz id [log (14 e**®)dx 2i(c+ dz)arctanh(ea+"®) idesch(a+bz)  i(c+
2 b - b N b W

l 2715

, (1 (id [e7@ % ]og (1 — e¥t%) deatte i [ =070 Jog (1 4 €2+0%) de b2 N 2i(c+ dw)arctanh(e“bx))
_Z — — —
2 b2 b2 b

l 2838

2

(1 ( 2i(c+ dz)arctanh(e®**®)  idPolyLog (2, —e*™**)  idPolyLog (2,e*™®) idesch(a +bz)  i(c+
- b * b2 - b2 BT R

input‘ Int[(c + d*x)*Csch[a + b*x]~3,x]

3.11.  [(c+dz)csch®(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS 108

output‘(—I)*(((-1/2*I)*d*Csch[a + b*x])/b"2 - ((I/2)*(c + d*x)*Coth[a + b*x]*Csch
‘[a + b*x])/b + (((2*I)*(c + d*x)*ArcTanh[E~(a + b*x)])/b + (I*d*PolyLog[2,
‘ -E~(a + b*x)])/b~2 - (I*d*PolyLogl[2, E~(a + b*x)])/b~2)/2)

3.11.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQ[a, x] && EqQ[a~2, 1]

rule 2715 | Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*exn*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

rule 2838 Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4670 | Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(f*xfz*I)), x]
+ (-Simp[d*(m/(f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x1, x] + Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e

+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] &% IGtQ[m, O]

rule 4673 Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(m_)*((c_.) + (d_.)*(x_)), x_Symbol] :>

Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((bxCscle + f*x])~(n - 2)/(fx(n - 1))),
x] + (-Simp[b~2*d*((b*Cscle + f*x])"(n - 2)/(f"2%(n - 1)*(n - 2))), x] + S
imp[b~2*%((n - 2)/(n - 1)) Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2), x], xI)
/; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

3.11.  [(c+dz)csch®(a + bz) dz
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3.11.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(81) = 162.

Time = 0.77 (sec) , antiderivative size = 197, normalized size of antiderivative = 2.14

method | result

isch _ebx“'a (e%m"'zabdx+e2b““'+2abc+dxb+e2bz+2ad+cb—d) + c arctanh(ebz+a) _ dln(l—eb“‘“)x . dln(l—ebz+a)a _ dpoly
T1sC b2 (e2be+2a_1) 2 b 2b 2b2

inputLint((d*x+c)*csch(b*x+a)‘3,x,method=_RETURNVERBOSE) J

output | —exp (b*x+a) * (exp (2¥b*x+2+%a) ¥*b*d*x+exp (2¥b*x+2+%a) ¥*b*c+d*x*b+exp (2xb*x+2%a) *
d+c*b-d) /b~ 2/ (exp (2*¥b*x+2%a)-1) “2+1/b*c*arctanh (exp(b*x+a))-1/2/b*d*1n(1-e
xp (b*x+a) ) *x-1/2/0"2*d*1n (1-exp (b*x+a) ) *a-1/2*d*polylog(2,exp (b*x+a) ) /b~2+
1/2/b*d*1n(exp (b*x+a)+1)*x+1/2/b~2*d*1n(exp (b*x+a)+1) *a+1/2*d*polylog(2,-e
xp(b*x+a)) /b~2-1/b~2*d*a*arctanh (exp (b*x+a))

3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1026 vs. 2(79) = 158.

Time = 0.26 (sec) , antiderivative size = 1026, normalized size of antiderivative = 11.15

/ (c + dzx)csch®(a + bx) dz = Too large to display

e

inputLintegrate((d*x+c)*csch(b*x+a)‘3,x, algorithm="fricas")

-

3.11.  [(c+dz)csch®(a + bz) dz



output
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-1/2*% (2% (b*d*x + b*c + d)*cosh(b*x + a)~3 + 6x(b*d*x + b*c + d)*cosh(b*x +
a)*sinh(b*x + a)”~2 + 2*(b*d*x + b*c + d)*sinh(b*x + a)~3 + 2x(bxd*x + b*c
- d)*cosh(b*x + a) + (d*cosh(b*x + a)~4 + 4xdxcosh(b*x + a)*sinh(b*x + a)

~3 + d*sinh(b*x + a)~4 - 2*d*cosh(b*x + a)~2 + 2*(3*d*cosh(b*x + a)~2 - d)

*sinh(b*x + a)~2 + 4*(d*cosh(b*x + a)~3 - d*cosh(b*x + a))*sinh(b*x + a) +
d)*dilog(cosh(b*x + a) + sinh(b*x + a)) - (d*cosh(b*x + a)~4 + 4*d*cosh(b

*x + a)*sinh(b*x + a)~3 + d*sinh(b*x + a)~4 - 2xd*cosh(b*x + a)”~2 + 2x*(3*d

*cosh(b*x + a)~2 - d)*sinh(b*x + a)~2 + 4x(d*cosh(b*x + a)~3 - d*cosh(b*x

+ a))*sinh(b*x + a) + d)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - ((bxd*x +
bxc)*cosh(b*x + a)~4 + 4*x(b*d*x + b*c)*cosh(b*x + a)*sinh(b*x + a)~3 + (b

*d*x + bxc)*sinh(b*x + a)~4 + b*d*x - 2*(b*d*x + b*c)*cosh(b*x + a)~2 - 2%
(b*d*x - 3*(b*d*x + b*c)*cosh(b*x + a)~2 + bxc)*sinh(b*x + a)~2 + b*xc + 4%
((b*d*x + bxc)*cosh(b*x + a)~3 - (bxd*x + b*c)*cosh(b*x + a))*sinh(b*x + a

))*log(cosh(b*x + a) + sinh(b*x + a) + 1) + ((bxc - a*d)*cosh(b*x + a)~4 +
4% (b*c - a*d)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*c - a*d)*sinh(b*x + a)~4
- 2x(b*c - a*d)*cosh(b*x + a)~2 + 2x(3*(b*xc - axd)*cosh(b*x + a)~2 - b*c

+ a*d)*sinh(b*x + a)~2 + b*c - a*d + 4*x((b*xc - a*d)*cosh(b*x + a)~3 - (b*c
- axd)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*x + a) + sinh(b*x + a) -

1) + ((b*d*x + a*d)*cosh(b*x + a)~4 + 4*(bxd*x + axd)*cosh(b*x + a)*sinh(b

*x + a)”3 + (bkd*x + a*d)*sinh(b*x + a)~4 + bkd*x - 2k (b*d*x + a*d)*cos...

-

3.11.6 Sympy [F]

/(c + dzx)csch®(a + bx) dz = / (c + dz) csch® (a + bx) dz

inputLintegrate((d*x+c)*csch(b*x+a)**3,x)

-/

outputtlntegral((c + d*x)*csch(a + b*x)**3, x)

~—

3.11.  [(c+dz)csch®(a + bz) dz
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3.11.7 Maxima [F]

/(c + dx)csch®(a + bx) dz = / (dz + ¢) csch (bz + a)® dz

inputLintegrate((d*x+c)*csch(b*x+a)‘3,x, algorithm="maxima")

output

-d*(((b*xx*e~(3%a) + e~ (3%a))*e”(3xb*x) + (bxx*e~a - e~a)*e” (b*x))/(b"2*e” (
4%bxx + 4*a) - 2xb~2%e” (2%b*x + 2%a) + b~2) + 8*integrate(1/16*x/(e”(b*x +
a) + 1), x) + 8*integrate(1/16*x/(e"(b*x + a) - 1), x)) + 1/2xcx(log(e” (-
b*x - a) + 1)/b - log(e”(~b*x - a) - 1)/b + 2*(e”(~b*x - a) + e~ (-3xbxx -
3*a))/(bx(2xe” (-2*bxx - 2*a) - e~ (-4*bxx - 4*a) - 1)))

3.11.8 Giac [F]

/(c + dz)csch®(a + bz) dx = / (dz + ¢) csch (bz + a)® dz

input Lintegrate ((d*x+c)*csch(b*x+a) "3,x, algorithm="giac")

output Lintegrate((d*x + c)*csch(b*x + a)73, x)

3.11.9 Mupad [F(-1)]

Timed out.

c+dzx

+d h’(a + bz) d =/—d
/(c z)csch®(a + bx) dx simh (a 1+ ba)? x

inputLint((c + d*x)/sinh(a + b*x)"3,x)

outputtint((c + d*x)/sinh(a + b*x)"3, x)

3.11.  [(c+dz)csch®(a + bz) dz
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csch’(a+ba)

3.12 [5Gl gy

3.12.1 Optimalresult . . . ... ... ... ... ... ... . . . 1121
3.12.2 Mathematica [N/A] . . . . .. . . . 112
3.12.3 Rubi [N/A] .« © o oot oo 13
3.12.4 Maple [N/A] (verified) . . . . . . . ... 114
3.12.5 Fricas [N/A] . . . . o 114
3.12.6 Sympy [N/A] . . . o 115
3.12.7 Maxima [N/A] . . . . . 17151
3.12.8 Giac [N/A] . . . . . o 115
3.12.9 Mupad [N/A] . . . o 116

3.12.1 Optimal result

Integrand size = 12, antiderivative size = 12

/

csch®(a + br)

T

3
dr — Tnt (csch (a+ bzx)

T

)

output ‘ Unintegrable (csch(b*x+a) ~3/x,x)

3.12.2 Mathematica [N/A]

Not integrable

Time = 42.66 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/

csch®(a + bx)

X

ds— |

csch®(a + bx)
T

dz

input LIntegrate [Csch[a + b*x]~3/x,x]

output LIntegrate [Cschla + b*x]~3/x, x]

3.12.

3
f csch w(a+bz) dz
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3.12.3 Rubi [N/A]

Not integrable

Time = 0.20 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 0, number of rules _ 0.000, Rules used = {3042,
integrand size
26, 4680}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3
/csch (z—i—bm) iz

l 3042

/ _dcescia+ ibx)3dm

T
l 26

. . 3
L / osc(ia +b2)”
z
l 4680
/ csch’(a +be) ,
z
.
input LInt [Csch[a + b*x]~3/x,x] J
output ‘ $Aborted J

rule 26

rule 3042

3.12.3.1 Defintions of rubi rules used

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a"2, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

312, [ Schiaws) g,
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rule 4680 Int[csc[(e_.) + (£_.)*(x_)]1"(n_.)*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :>
Simp [If [MatchQ[f, (£f1_.)*(Complex[0, j_1)]1, If[MatchQ[e, (el_.) + Pi/2], Un
integrable[(c + d*x) m*Sech[I*(e - Pi/2) + Ixf*x]"n, x], (-I) n*Unintegrabl
e[(c + d*x)"m*Csch[(-I)*e - I*f*x]"n, x]], If[MatchQ[e, (el1_.) + Pi/2], Uni
ntegrable[(c + d*x) m*Sec[e - Pi/2 + f*x]"n, x], Unintegrable[(c + d*x) m*C
scle + fxx]°n, x]]1], x] /; FreeQ[{c, d, e, £, m, n}, x] && IntegerQ[n]

3.12.4 Maple [N/A] (verified)

Not integrable

Time = 0.10 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

3
/ csch (bj + a) d

N

input‘int(csch(b*x+a)“3/x,X)

A >

-

output Lint (csch(b*x+a)~3/x,x)

-/

3.12.5 Fricas [N/A]

Not integrable

Time = 0.24 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch®(a + bx) p

3
“ / csch (bz + a) s

T

inputLintegrate(csch(b*x+a)‘3/x,x, algorithm="fricas")

outputtintegral(csch(b*x + a)”3/x, x)

312, [ Schiaws) g,
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3.12.6 Sympy [N/A]
Not integrable
Time = 0.33 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

3 3
/csch (Z+bx) dp — / csch (;H—bx) d

input Lintegrate (csch(b*x+a)**3/x,x)

outputtlntegral(csch(a + b*x)**3/x, x)

3.12.7 Maxima [N/A]

Not integrable

Time = 0.33 (sec) , antiderivative size = 157, normalized size of antiderivative = 13.08

/ csch®(a + bx) dr — / csch (bz + a)® i

T T

input Lintegrate (csch(b*x+a) “3/x,x, algorithm="maxima")

Output‘-((b*x*e“(B*a) - e”(3%a))*e~ (3*b*x) + (b*x*e~a + e~a)*e” (b*x))/(b~2%x"2*e"
\ (4xb*x + 4x%a) - 2*%b"2xx"2%e” (2*¥b*x + 2%a) + b~2xx"2) - 8*integrate(1/16*(b
‘“2*x“2 - 2)/(b”™2*x"3*%e~ (b*x + a) + b™2*x"3), x) - 8xintegrate(1/16*(b~2*x~
12 - 2)/(b™2#x"3%e~ (b*x + a) - b 2%x"3), x)

3.12.8 Giac [N/A]

Not integrable

Time = 0.64 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ csch®(a + bx) dr — / csch (bz + a)® s

T T

inputLintegrate(csch(b*x+a)‘3/x,x, algorithm="giac")

—

output Lintegrate(csch(b*x + a)~3/x, x)

312, [ Schiaws) g,
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3.12.9 Mupad [N/A]

Not integrable

Time = 2.14 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

3
/csch (a+bzx) dx:/ 1 - dz
x zsinh (a + bx)

input Lint(i/(x*sinh(a + b*x)~3),x)

output Lint(l/(x*sinh(a + b*x)~3), x)

312, [ Schiaws) g,
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3.13 [ | —%5— + 32+/csch(z) | dz

csch?(z)
3.13.1 Optimalresult . . . . . . . . . . . . 117
3.13.2 Mathematica [A] (verified) . . . . . . . ... Lo 117
3.13.3 Rubi [A] (verified) . . . . . ... .. 118
3.13.4 Maple [F] . . . . . o o 118
3.13.5 Fricas [F(-2)] . . . . . o o 119
3.13.6 Sympy [F] . . . . . 119
3.13.7 Maxima [F] . . . . . ... 119
3.13.8 Giac [F] . . . .o 120
3.13.9 Mupad [F(-1)] . . . o o o 120

3.13.1 Optimal result

Integrand size = 20, antiderivative size = 24

/ ( T %x\/m> dr = — 4 N 2z cosh(z)

csch? (z) QCSCh%(CIJ) 34/csch(zx)

output‘—4/9/csch(x)‘(3/2)+2/3*x*cosh(x)/csch(x)‘(1/2)

3.13.2 Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71

/ ( T %xm> dp — 2(—2 4+ 3z coth(z))

csch? (x) 9csch? (x)

-

inputLIntegrate[x/Csch[x]‘(3/2) + (x*#Sqrt[Csch([x]]1)/3,x]

outputt(2*(—2 + 3*x*Coth[x]))/(9*Csch[x]~(3/2))

3.13. f( £ +§x\/m> dz

csch? (2)

~—
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3.13.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 450 Ryles used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

T 1
/<cschg(:c)+3m csch(a:)) dx

| 2009
2z cosh(z) 4

3+/csch(z) - 9csch3 (z)

input LInt [x/Csch([x]~(3/2) + (x*Sqrt[Csch[x]])/3,x]

output ‘ -4/(9%Csch[x]1~(3/2)) + (2*x*Cosh[x])/(3*Sqrt[Csch[x]])

3.13.3.1 Defintions of rubi rules used

ruka2009t;nt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.13.4 Maple [F]

/( d xW)dﬂt

csch (x)% 3

-

input Lint (x/csch(x)~(3/2)+1/3*x*csch(x) ~(1/2),x)

~—

output Lint (x/csch(x)~(3/2)+1/3*x*csch(x) ~(1/2) ,x)

3.13. f( £ +§x\/m> dz

csch? (2)
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3.13.5 Fricas [F(-2)]

Exception generated.

1
/ <L + gx\/ csch(m)) dr = Exception raised: TypeError

csch? (x)

inputLintegrate(x/csch(x)*(3/2)+1/3*x*csch(x)“(1/2),x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (has polynomial part)

3.13.6 Sympy [F]

- 1 i Cscfg - dz + [ z+/csch (z) dz
—+ gx\/csch(a:) dx = 3

csch? (x)

inputLintegrate(x/csch(x)**(3/2)+1/3*x*csch(x)**(1/2),x)

output‘ (Integral (3*x/csch(x)**(3/2), x) + Integral(x*sqrt(csch(x)), x))/3

3.13.7 Maxima [F]

/(L—F%x\/m) dmz/éx csch(m)—i—Ldm

csch? (z) csch (m)%

p
inputtintegrate(x/csch(x)‘(3/2)+1/3*x*csch(x)‘(1/2),x, algorithm="maxima")

e—

-

output Lintegrate(l/S*x*sqrt(csch(x)) + x/csch(x)7(3/2), x)

-/

3.13. f( £ +§x\/m> dz

csch? (2)



CHAPTER 3. LISTING OF INTEGRALS 120

3.13.8 Giac [F]

/ ( ac% + échsch(x)) dr = /%x csch (z) + T i

csch? (z) csch (x)%

inputtintegrate(x/csch(x)‘(3/2)+1/3*x*csch(x)‘(1/2),x, algorithm="giac")

outputLintegrate(l/S*x*sqrt(csch(x)) + x/csch(x)7(3/2), x)

3.13.9 Mupad [F(-1)]

Timed out.

1
1 z sinh(x
/ < 4 gm\/csch(m)> dx =/ 3 i + ad dx

()
sinh(z)

input | int ((x*(1/sinh(x))~(1/2))/3 + x/(1/sinh(x))"(3/2) %)

outputLint((x*(l/sinh(x))“(1/2))/3 + x/(1/sinh(x))~(3/2), x)

3.13. f( £ +§x\/m> dz

csch? (2)
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3.14 z 4
f csch%(x) 5,/csch(z)

3.14.1 Optimal result . . . . . . . . . ..
3.14.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo
3.14.3 Rubi [A] (verified) . . . . . . .. ..
3.144 Maple [F] . . . . . .
3.14.5 Fricas [F(-2)] . . . . . o o
3.14.6 Sympy [F] . . . . .
3.14.7 Maxima [F] . . . . . . .
3.14.8 Giac [F] . . . . . o
3.14.9 Mupad [F(-1)] . . . . o o

3.14.1 Optimal result

Integrand size = 20, antiderivative size = 24

4

2z cosh(z)

z 3z
/ (cschg (z) " 5\/csch(x)> = _25cschg(:v) "

5esch? (x)

output ‘ -4/25/csch(x)~(5/2)+2/5*x*cosh(x)/csch(x)~(3/2)

3.14.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.71

2(—2 + 5z coth(z))

z 3z
/ <csch3(:c) " 5\/csch(x)> de = 25csch? (z)

input [Integrate [x/Csch[x]~(5/2) + (3*x)/(5%Sqrt[Csch[x]]),x]

~—

-

output L(2* (-2 + 5*x*Coth[x]))/(25%Csch[x]~(5/2))

-/

3.14. g 4 Sz )dx
f (CSCh%(m) 5\/CSCh(z)
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3.14.3 Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 450 Ryles used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ( xﬁ + 5 ) dz
csch2(z) 5y/csch(z)
| 2009

2z cosh(z) 4
5esch2 (x) 25csch? (x)

input LInt [x/Csch[x]~(5/2) + (3%x)/(5*Sqrt[Csch[x]]),x]

output ‘ -4/(25%Csch[x]1~(5/2)) + (2*x*Cosh([x])/(5*Csch[x]~(3/2))

3.14.3.1 Defintions of rubi rules used

ruka2009t;nt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.14.4 Maple [F]

T 3z
/ (csch (.’L‘)% * 5\/CSCh (.’L')) d

input Lint (x/csch(x)~(5/2)+3/6xx/csch(x)~(1/2) ,x)

~—

outputLint(x/csch(x)‘(5/2)+3/5*x/csch(x)“(1/2),X)

3.14. g 4 Sz ) dz
f (CSCh%(m) 5\/ csch(z)
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3.14.5 Fricas [F(-2)]
Exception generated.
x
dr = Exception raised: TypeError
/ (csch2 5\/ csch(z > P P
input Lintegrate (x/csch(x)~(5/2)+3/5%x/csch(x)~(1/2) ,x, algorithm="fricas") J
output ‘ Exception raised: TypeError >> Error detected within library code: inte ‘
‘ grate: implementation incomplete (has polynomial part) ‘
3.14.6 Sympy [F]
__ 5z 3
/ x 3z f csch (x) dz + f +/csch (x) dz
csch2 5\ /csch(x 5
input tintegrate (x/csch(x)**(5/2)+3/5*x/csch(x)**(1/2),x) J
output L(Integral(S*x/csch(x) *x(5/2), x) + Integral(3*x/sqrt(csch(x)), x))/5 J
3.14.7 Maxima [F]
/ ad / ad dz
CSChg 5\/ CSCh 5 \/ CSCh CSCh (1; %
input Lintegrate (x/csch(x)~(5/2)+3/5%x/csch(x)~(1/2) ,x, algorithm="maxima") J
output Lintegrate (3/5%x/sqrt(csch(x)) + x/csch(x)~(5/2), x) J

3.14. g 4 Sz )dz
f (CSCh%(m) 5\/CSCh(z)
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3.14.8 Giac [F]
/ v / e dz
csch% 5\/ csch(z 5+/csch (z csch () 3
input tintegrate (x/csch(x)~(5/2)+3/5%x/csch(x)~(1/2) ,x, algorithm="giac") J
output Lintegrate(S/S*x/sqrt(csch(x)) + x/csch(x)7(5/2), x) J
3.14.9 Mupad [F(-1)]
Timed out.
/( NEAE 3xh )dm:/ =t e
csch?(z) 5/ esch(z) SVm@ (i)
input Lint((B*x)/(S*(l/sinh(x))“(1/2)) + x/(1/sinh(x))~(5/2) ,x) J
output Lint((B*x)/(S*(l/Sinh(X))“(1/2)) + x/(1/sinh(x))~(5/2), x) J

3.14. g 4 Sz )dz
f (CSCh%(m) 5\/CSCh(z)
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3.15 [ —%— — 2z+/csch(z) | dz

csch?(z)
3.15.1 Optimal result . . . . . . . . . . ... . e 125]
3.15.2 Mathematica [A] (verified) . . . . . .. . .. ... L 125
3.15.3 Rubi [A] (verified) . . . . ... . . . ... 1261
3.15.4 Maple [F] . . . . . . o 126
3.15.5 Fricas [F(-2)] . . . . . o o 127
3.15.6 Sympy [F] . . . . . o 127
3.15.7 Maxima [F] . . . . . . . 127
3.15.8 Giac [F] . . . . . o 128]
3.15.9 Mupad [F(-1)] . . . . . oo 128

3.15.1 Optimal result

Integrand size = 20, antiderivative size = 47

/ ( r Ew\/m) dp e — 4 n 2z cosh(z) 20 10z cosh(z)

5 + 3 -
csch? () 21 49csch? (r) Teschz(z) 63csch2(z) 21y/csch(z)

output ‘ -4/49/csch(x) ~(7/2)+2/T*x*cosh(x)/csch(x)~(5/2)+20/63/csch(x)~(3/2)-10/21*
‘x*cosh(x)/csch(x)~(1/2)

3.15.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96

/ (L — %x\/m> dx = \/csch(zx) (—ﬂ + 88 cosh(2z) — 1 cosh(4z)

csch? (z) 882 = 441 98

13 . 1 .
~ % sinh(2z) + 287 smh(4x))

input LIntegrate [x/Csch[x]~(7/2) - (5*x*Sqrt[Csch[x]])/21,x] J

output ‘ Sqrt [Csch[x]]1*(-167/882 + (88*Cosh[2*x])/441 - Cosh[4*x]/98 - (13*x*Sinh[2
*x])/42 + (x*Sinh[4%x])/28)

3.15. f( Z— — 2z csch(x)) dr

csch? (2)
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3.15.3 Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 450 Ryles used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

T 5
/ (csch;(a:) — 211‘@) dz
l 2009

20 3 4 2z cosh(z) 10z cosh(z)
63csch2(z) 49cschz(z) Teschs(z)  21y/csch(z)

inputLInt[x/Csch[x]‘(?/Q) - (5*x*Sqrt [Csch([x]])/21,x]

output ‘ -4/(49%Csch[x]~(7/2)) + (2*x*Cosh[x])/(7*Csch[x]~(5/2)) + 20/(63*Csch[x]~( ‘
Ls/z)) - (10*x*Cosh[x])/(21*Sqrt [Csch[x]1]1) J

3.15.3.1 Defintions of rubi rules used

-

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

3.15.4 Maple [F]

/( x _5@\/@) Iz

csch (x)% 21

inputLint(x/csch(x)*(7/2)—5/21*x*csch(x)A(1/2),X)

~—

i

-

output | int (x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2),%)

3.15. f( Z— — 2z csch(x)) dr

csch? (2)
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3.15.5 Fricas [F(-2)]

Exception generated.

/ (L — %x\/csch(x)) dzr = Exception raised: TypeError

csch? (x)

inputLintegrate(x/csch(x)‘(7/2)—5/21*x*csch(x)‘(1/2),x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (has polynomial part)

3.15.6 Sympy [F]

/ (L ° wJM) dz = _f (_cs‘jllgm(w)> dx; J 5z+/csch (z) dz

csch? (x) a1

input‘integrate(x/csch(x)**(7/2)—5/21*x*csch(x)**(1/2),X)

outputL-(Integral(-21*x/csch(x)**(7/2), x) + Integral(6*x*sqrt(csch(x)), x))/21

3.15.7 Maxima [F]

/<L - %xﬂcsch(x)) dz = /—25—1x csch (a:)+%dx

csch? (z) csch (z)

inputLintegrate(x/csch(x)‘(7/2)-5/21*x*csch(x)‘(1/2),x, algorithm="maxima")

output Lintegrate(—5/21*x*sqrt(csch(x)) + x/csch(x)~(7/2), x)

-/

3.15. f( Z— — 2z csch(x)) dr

csch? (2)
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3.15.8 Giac [F]

/< x7 —%x\/csch( )) dx=/—%1: csch(m)—l—%dx

csch2 () csch (z)

inputkintegrate(x/csch(x)‘(7/2)-5/21*x*csch(x)“(1/2),x, algorithm="giac")

output Lintegrate(-5/21*x*sqrt(csch(x)) + x/csch(x)~(7/2), x)

3.15.9 Mupad [F(-1)]

Timed out.

5z \/ Sln T
/( z _ix csch(z ) / h( x dz

csch? () 21 L \7?
sinh(z)

input‘int(x/(l/sinh(x))“(7/2) - (5*x*(1/sinh(x))~(1/2))/21,x)

output L-int((5*x*(1/sinh(x))"(1/2))/21 - x/(1/sinh(x))~(7/2), %)

3.15. f( Z— — 2z csch(x)) dr

csch?(z)
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3.16 | ”"—23+%x2 csch(z) | dx

csch?(z)
3.16.1 Optimalresult . . .. .. ... . ... ... .. e 129
3.16.2 Mathematica [A] (verified) . . . . . . . .. ... Lo 1291
3.16.3 Rubi [A] (verified) . . . . . ... ... 130
3.16.4 Maple [F] . . . . . . 131
3.16.5 Fricas [F(-2)] . . . . . . o o 131
3.16.6 Sympy [F] . . . . . . 131
3.16.7 Maxima [F] . . . . . ... .. 132
3.16.8 Giac [F] . . . . . . 132
3.16.9 Mupad [F(-1)] . . . . oo 132

3.16.1 Optimal result

Integrand size = 24, antiderivative size = 76

/ z? +1z2 csch(z) ) dz = — 8z 16cosh( ) + 222 cosh(z)
csch%(x) 3 90sch2 27\/ csch(z «/csch

- —z\/csch ) EllipticF (Z 5 2) \/isinh(zx)

output(—8/9*x/csch(x)‘(3/2)+16/27*cosh(x)/csch(x)‘(1/2)+2/3*x‘2*cosh(x)/csch(x)‘(
\1/2)—16/27*1*(sin(1/4*Pi+1/2*I*x)‘2)”(1/2)/sin(1/4*Pi+1/2*I*x)*EllipticF(c
‘os(1/4*Pi+1/2*I*x),2“(1/2))*csch(x)”(1/2)*(I*sinh(x))”(1/2)

———

3.16.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.88

/< xj +%x2\/m> dz

csch2 ()

4(3 + csch?(z)) <—12x + (8 + 922) coth(z) +

scsch(z) EllipticF (1 (7 —2iz),2)
\/isinh(z)

27(-1+3 cosh(2m))csch% (x)

3.16. f( + @:%/M) dzx

csch? (2)
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input ‘ Integrate[x~2/Csch[x]~(3/2) + (x72*Sqrt[Csch[x]])/3,x]

output‘/(4*(3 + Csch[x]"2)*(-12xx + (8 + 9*x~2)*Coth[x] + (8*Csch[x]*EllipticF[(Pi ‘
‘ - (2%I)#*x)/4, 2])/8qrt[I*Sinh[x]1]))/(27*(-1 + 3*Cosh[2*x])*Csch[x]~(7/2))

3.16.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.042, Rules used = {2009}
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z? 1,
—— + —x“+/csch(z) | dx
csch2(z) 3

| 2009
222 cosh(z) 8z 16cosh(z) 16, ~ <7r i >
- + — ——iy/tsinh(x)+/csch(z) EllipticF | — — —,2
3\/csch(z)  9eschz(z) 27y/esch(z) 27 v (2)/esch(z) Ellip 4 2

-

input | Int[x"2/Csch[x]1~(3/2) + (x~2*Sqrt[Csch[x]])/3,x]

output ‘ (-8*x)/(9xCsch[x]~(3/2)) + (16%Cosh[x])/(27*Sqrt[Csch[x]]) + (2*x~2*Cosh[x
‘ 1)/ (3*Sqrt [Csch[x]]) - ((16%I)/27)*Sqrt[Csch[x]1]*EllipticF[Pi/4 - (I/2)*x,
- 2]*Sqrt [I#Sinh[x]]

3.16. f( + %&/M) dzx

csch? (2)
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3.16.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.16.4 Maple [F]

z? z2\/csch (z) .
/ (csch (x)% N 3 ) ;

input Lint (x~2/csch(x)~(3/2)+1/3%x~2*csch(x)~(1/2) ,x)

output Lint (x~2/csch(x) ~(3/2)+1/3*x"~2*csch(x) ~(1/2) ,x)

3.16.5 Fricas [F(-2)]

Exception generated.

2 1
/ <$— + ngx/ csch(x)) dz = Exception raised: TypeError

csch? (z)

inputLintegrate(x“2/csch(x)‘(3/2)+1/3*x‘2*csch(x)‘(1/2),x, algorithm="fricas")

output‘Exception raised: TypeError >> Error detected within library code:

‘grate: implementation incomplete (has polynomial part)

3.16.6 Sympy [F]

csch2 (z)

22 1 [ =32 _dx + [ 2\/csch () da
/( e csch(x)) dx =

R — +
csch? () 3

input Lintegrate (x*%2/csch(x)**(3/2) +1/3*x**2*csch(x) **(1/2) ,x)

OUtPHtL(Integra1(3*x**2/csch(x)**(3/2), x) + Integral (x**2*sqrt(csch(x)), x))/3

3.16. f( 2 +§x2\/m> dx

csch? (2)
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3.16.7 Maxima [F]

2 1 2
/ a:—s + Za?\/csch(z) | dx = / csch (z) + S
csch2 () 3" csch (z)

I

inputtintegrate(x‘2/csch(x)‘(3/2)+1/3*x‘2*csch(x)‘(1/2),x, algorithm="maxima")

output Lintegrate(1/3*x"2*sqrt(csch(x)) + x72/csch(x)~(3/2), x)

3.16.8 Giac [F]

2 2
/ x—g + 1 csch dr = / csch (z x—g dz
cschz () 3" csch ()2

input Lintegrate (x~2/csch(x)~(3/2)+1/3*x"2*csch(x) ~(1/2) ,x, algorithm="giac")

output‘ integrate(1/3*x"2*sqrt(csch(x)) + x"2/csch(x)~(3/2), x)

3.16.9 Mupad [F(-1)]

Timed out.

2 1 z sinh(z
/ (a:—s + gccz\/csch(x)> dx =/ 3 o) + i dx

csch? (z 1 3/2
( ) (sinh(a:))

inputLint((x‘2*(1/sinh(x))A(1/2))/3 + x~2/(1/sinh(x)) "~ (3/2) ,x)

outputLint((x“2*(1/sinh(x))‘(1/2))/3 + x~2/(1/sinh(x)) "~ (3/2), x)

N _

3.16. f( + %ﬁ\/M) dzx

csch? (2)
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3
e+ fx)? cosh(c+dz
317 [l g
a+bcsch(c+dz)
3.17.1 Optimalresult . . .. ... . . . . .. ... . e 133
3.17.2 Mathematica [B| (warning: unable to verify) . . . . . . ... ... ... ... 134
3.17.3 Rubi [C] (verified) . . . . . . . . . . ..
3.17.4 Maple [F] . . . . . . 141
3.17.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 141
3.17.6 Sympy [F] . . . . . 142
3.17.7 Maxima [F] . . . . . . e 143]
3.17.8 Giac [F] . . . . . o T43]
3.17.9 Mupad [F(-1)] « o v oot e e 143
3.17.1 Optimal result
Integrand size = 26, antiderivative size = 448
(e + fz)3 cosh(c + dz) ble + fx)* 6f°cosh(c+dz) 3f(e+ fx)?cosh(c+ dx)
a + besch(c + dx) 4a?f ad* ad?
b(e + fx)3log (1 + b_“%)
B ad
b(e + fz)3log (1 + b+\;%>
a a’d
3bf(e + fz)? PolyLog (2 =3 “%)
o a2d?
3bf(e+ fz)? PolyLog (2 - C;d:b >
a?d?
ct+dx
6bf2(e + fx) PolyLog (3 — )
+ a2d?
6bf2(e + fz) PolyLog (3, —b+\;:%)
+ 2
a’d?
6b 3 PolyLog (4 ——”)
7 b—Va24b?
a a?d*
6bf2 PolyLog (4 —ﬂ)
’ o b+Va?+b?
B a?d*
6f2%(e + fz)sinh(c+dz) (e + fz)3sinh(c+ dx)
+ +
ad? ad
3.17. e+fx)3 cosh(ct+dzx) dz

a+bcsch(c+dz)
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N
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1/4xbx (f*xx+e) ~4/a~2/f-6*f~3*cosh(d*x+c) /a/d~4-3*f* (f*x+e) ~2*xcosh(d*x+c) /a/

d~2-b* (f*x+e) "3*1n(1+axexp(d*x+c)/(b-(a~2+b~2) " (1/2))) /a~2/d-b* (f*x+e) ~"3%1
n(1+a*exp(d*x+c)/(b+(a"2+b~2)~(1/2)))/a~2/d-3*bxf* (f*x+e) “2*polylog(2,-axe
xp(d*x+c) /(b-(a~2+b~2)~(1/2)))/a~2/d"2-3*b*f* (f*x+e) "2*polylog(2,-a*xexp (d*
x+c)/(b+(a”2+b~2)~(1/2))) /a~2/d"2+6xb*f 2% (f*x+e) *polylog(3,-a*exp(d*x+c)/
(b-(a~2+b~2)~(1/2))) /a~2/d"3+6xbxf 2% (f*x+e) *polylog(3,-a*exp (d*x+c)/(b+(a
~2+b~2)"(1/2)))/a"2/d"3-6%b*f " 3*polylog(4,-a*exp (d*x+c)/(b-(a~2+b~2)~(1/2)
))/a~2/d~4-6xbxf~3xpolylog(4,-a*exp (d*x+c)/(b+(a~2+b~2)~(1/2)))/a~2/d ~4+6%*

£2x (f*x+e) *sinh(d*x+c)/a/d~3+(f*x+e) “3*sinh (d*x+c) /a/d

3.17.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 1792 vs. 2(448) = 896.

Time = 20.20 (sec) , antiderivative size = 1792, normalized size of antiderivative = 4.00

3 h d
/ (e + fz)’ cosh(c + dx) dx = Too large to display

a + besch(c + dx)

Integrate[((e + f*x)~3*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

(exf~2%Cschc + d*x]*((4%b*x~3)/(-1 + E~(2%c)) - 2%bxx~3*Coth[c] - (6%a~2x*

b*(d"2*+x"2xLog[1 + ((b - Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2*d*x*PolyLog
[2, ((-b + Sqrt[a™2 + b~2])*E~(-c - d#*x))/al - 2#PolyLogl[3, ((-b + Sqrt[a~
2 + b"2])*E~(-c - d*x))/al))/(Sqrt[a"2 + b~2]*(-b + Sqrt[a~2 + b~2])*d"3)

- (6*%a~2xb*(d"2*x"2xLog[1 + ((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a]l - 2xd*
x*PolyLog[2, -(((b + Sqrt[a~2 + b~2])*E~(-c - d#*x))/a)] - 2%PolyLog[3, -((
(b + Sqrt[a”2 + b~2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a~2 +
b~2])*d"3) + (6*%b~2+(d"~2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2]
)] + 2*d*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2*PolyLogl
3, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2]1)]))/(Sqrt[a~2 + b~2]*d~3) - (6*b"~
2% (d"2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl
2, -((a*E"(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 2*PolyLogl[3, -((a*E~(c + d*
x))/(d + Sqrt[a™2 + 72]))]))/(Sqrt[a"2 + b~2]*d"3) + (6*a*Cosh[d*x]*(-2xd
*x*xCosh[c] + (2 + d72*xx"2)*Sinh[c]))/d"3 + (6*ax((2 + d"2*x~2)*Cosh[c] - 2
*d*x*Sinh[c])*Sinh[d*x])/d"3)*(b + a*Sinh[c + d*x]))/(2*a"2*(a + b*Cschlc

+ d*x])) + (£73%Cschlc + d*x]*((b*(x"4 - (2%a~2*(-1 + E~(2%c))*(d~3*x"3*Lo
gll + ((b - Sqrt[a™2 + b"2])*E~(-c - d*x))/a] - 3*d~2*x"2%PolyLog[2, ((-b

+ Sqrt[a™2 + b"2])*E~(-c - d*x))/a]l - 6xd*x*PolyLog[3, ((-b + Sgrt[a”2 + b
~2])*E~(-c - d*x))/a]l - 6*PolyLog[4, ((-b + Sgrt[a”2 + b"2])*E~(-c - d*x))
/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~4) - (2*a~2x(-1 + E~(2*...

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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3.17.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 2.45 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.01,

number of steps used = 21, number of rules used = 20, number of rules _ 0.769, Rules
integrand size

used = {6128, 6113, 3042, 3777, 26, 3042, 26, 3777, 3042, 3777, 26, 3042, 26, 3118, 6095,
2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fx)3 cosh(c + dx)
a + besch(c + dx)

l 6128

dz

(e + fz)3sinh(c + dz) cosh(c + dz)
asinh(c+dz) +b

l 6113

dxr

e 3 d
[(e+ fx)3cosh(c+ dz)dz bJ ( -li)-—l‘)fz)suf}(l)??j-cd;)m) dz

a a
l 3042

3
) e 4T | J(e+ fo)sin (ic-+ ide + §) da

a a
l 3777

o) HER | Crinbapere) I erspateri

a a

| 26

P apend) _ 31 (el mics b 52 o

a a

l 3042

_bf (e-ll)—iﬁ)sirfﬁ?ilj_cd‘;;lz) dx s (e+fz)? s(iinh(c-i-dm) . 3ff—i(e+fa:)jl sin(ict+idz)dz

a a

l 26

B b (etizlilfﬁ?ilj_fi;?w) dx . (e+fx)3 s(iinh(c—i—dx) 4 8if [(e+ fac)zdsin(ic—i-idx)dx

a a

l 3777

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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3if ( i(e+fw)2 cosh(c+dz) _ 2if [(e+fz) cosh(ctdz)dz )
d d

b f (e+fz)3 cosh(c+dzx) dr (e+fz)3 s(iinh(c+dx) n

b+a sinh(c+dz) + ]

’ a

| 3042
3if (i(e+fw)2 cosh(ctdz) _ 2if [(etfz) sin(ic+idw+%)dw
(e+fz)3 cosh(c+dzx) 5 . ] d
b f b+asinh(c+dz) dx  (etfz) s;lnh(c+dx) + d
- -

‘ a

| 3777

+fx)3 cosh(c+dx
_ b f t b—i—z)sir(l:l??c—f-cdx) ) dzx

+

a
- ( (et+fz)sinh(c+dz) if [ —isinh(ctdz)dz
3’Lf (i(e+fw)2 cosh(c+dzx) _22f< d d ) )
d

d

(e+fx)3 s‘iinh(c-l—dz) +

a

l26

bf (e+fz)? cosh(c+dz) dr

b+a sinh(c+dz)

i(e+fz)2 cosh(ctdz)
d

2f ( (e+fx) si;h(c+da:) IS Sinh%c+dz)dz) )
d

s (
(e+fzx)3 sliinh(c+da:) +

a
l 3042

+fz)3 cosh(c+d
b el ) 4o

+

a
. (e+fz)sinh(c+dz) f [ —isin(ictidz)dx
3if <i(e+fz)2 cosh(ct+dz) 21f< d - d ) )
d

d

(e+fx)3 sinh(c+dz)
€ T S(linc (l)+ d

a

l 26

bf (e+fz)3 cosh(c+dz) dx

b+a sinh(c+dx
- ( ) +
. i(e+fz)2 cosh(c+dx) 2if ( (etfe) Si;h(c+dz) + L Sin(i§+idﬂ?)dm)
(e o sinblerr) ’ i} ’
e+ fx)° sinh(c+dx
d + d
a
l 3118

d

. ( (e++f2) sinh(c+de) _ f cosh(c+dz)
3z'f<i<e+fz)2cosh(c+dz)_2’f( S S R >)
d

b f (e+fz)3 cosh(c+dzx) dr  (e+fz)? s(iinh(c+dz) n

b+asinh(c+dz) n d

a a

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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| 6095
e“t9® (et fz)? et 9% (et fz)? _ (etfx)* )
. (f eC+da:a+b_\/a2 +b2 dx + f eC+d:Ea+b+\/a2 +b2 d 4af +
i (e+fz)sinh(c+dx)  f cosh(ctdx)
3if (i(e+fz)2 cosh(etda) _ i ( LA Pl ) )
(e+fx)3 sinh(c+dzx) +
d d
a
| 2620
c+dx ct+dx ct+dx ct+d
3f [(e+fx)? log(ﬁ+l) dr  3f [(e+fx)? log(ﬁ—i—l) dzr  (et+fz)? log(b_"f‘/ﬁ-i-l) (e+fx)3 log(\/‘;‘;ﬁ
— od — ad + ad + ad

a
.o ( (e+fx)sinh(ct+dx) fcosh(ct+dx)
3if (i(e+fz)2 cosh(etdz) > ( d ) )

d
(e+fx)3 sinh(c+dzx) +
d d
a
| 3011
€ xT 0. O —ﬂ T € xT 2 0. O —ﬂ € xT (o] O —ﬂ T € xT 2
24 [(e+f=) PolyLog (2. 570 da (et f)? PolyLog (2 oo ) o[ 2 e P 8(2- 2y e ()’
d d
bl - ad - ad
(e+f2) sinh(ct+dz) _ f cosh(c+dz) a
. e+ fx) sinh(c+dx cosh(c+dx
3 i(e+f:v)2 cosh(c+dz) QZf( d - d2 )
if d - d
(e+fz)3 sinh(c+dzx) +
d d
a
l 7163

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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€ x 0. O, —7aec+dm 0. O, —7aec+dm T € x 0. {
2f<( +fx) PolyL g(;, - TH?) _ffP lyL g(3, = /7a2+b2)d ) ( e ) 2f(( +fz) PolyL
(e+fa:)2 PolyLog( 2,— —2¢
b—v/a2+b2
3f d - d = 3f
bl - ad -
.o ( (e+fx)sinh(ct+dx) fcosh(ctdx)
3if i(e+fz)2fiosh(c+dz)_2zf( d d 22 )
(e+fx)3 sinh(c+dzx) +
d d
a
| 2720
ct+dx —e—dx c+dzx ctda
o (e+fx) PolyL0g<3,—b_a\77ﬁ> _ffe PolyLog(S,—b_af/TW)de o
¢ d2 (e+fz)2 PolyLog (2,— Lﬂ)
3f 3 _ S b—Va“+b 3f
bl - ad -
. .( (e+fz)sinh(ct+dz) fcosh(ct+dzx)
3if i<e+fw>2fi°sh<6+dw>_2’f ( d = _ a2 )
(e+fz)3 sinh(c+dzx)
d + d
a
| 7143
x 0. Lo —ﬂ 0. O _ﬂ z o o .
of (e+fz) PolyL g<3, b_\/m) 7fP Ly L g(4, b_\/m) s o (e+fz) PolyL: g(u
d d? (e-kfa:)2 PolyLog(Z,—%) d
—Va
3f . - \ 3f
bf - ad -

X (e+fz) sinh(ct+dz)  f cosh(ct+dz)
. i(e+fz)2 cosh(c+dzx) sz( d - d2 )
3if F — 5

(e+fz)? sjlnh(c-l-dm) +

a

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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input‘Int[((e + f*x)"3*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

output | -((b*(-1/4%(e + f*x)~4/(axf) + ((e + f*x)~3*Log[l + (a*E~(c + d*x))/(b - S
grt[a~2 + b"2])])/(axd) + ((e + f*x)“3*Log[l + (a*E~(c + d*x))/(b + Sqrtla
"2 + b72])]1)/(a*d) - (B3*f*(-(((e + fx*x)~2*PolyLogl[2, -((a*E~(c + d*x))/(b
- Sgrt[a”2 + b72]))]1)/d) + (2*xf*(((e + f*x)*PolyLogl[3, -((a*E~(c + d*x))/(
b - Sqrt[a™2 + b~2]1))])/d - (£*PolyLogl[4, -((a*E~(c + d*x))/(b - Sart[a~2
+ b721))1)/d72))/d))/(axd) - (3*fx(-(((e + £*x) 2*PolyLog[2, -((a*E~(c + d
*x))/(b + Sqrt[a™2 + 172]1))]1)/d) + (2xf*(((e + f*x)*PolyLogl[3, -((a*xE~(c +
d*x))/(b + Sqrt[a”2 + b~2]))])/d - (f*PolyLogl[4, -((a*E~(c + d*x))/(b + S
art[a~2 + ©72]))1)/d"2))/d))/(axd)))/a) + (((e + f*x)~3*Sinh[c + d*x])/d +

((B*I)*£*((I*x(e + f*x) 2xCoshl[c + d*x])/d - ((2*I)*f*(-((f*Cosh[c + dx*x])
/d~2) + ((e + f*x)*Sinh[c + d*x])/d))/d))/d)/a

3.17.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1 + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol]l :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionO0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQm*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011| Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g+*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz




rule 3042

rule 3118

rule 3777

rule 6095

rule 6113

rule 6128

rule 7143
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Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f£*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(bxfx(m + 1)),
x] + (Int[(e + f*x)"m*(E"(c + d*x)/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x) " m*x(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[(Cosh[(c_.) + (d_.)*(x )1 (p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_)*(x)]1"(a_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]"(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQL
n, 0] && IGtQ[p, O]

Int[(((e_.) + (£_)*(x_))"(m_.)*(F_)[(Cc_.) + (A_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (@_)*(x_)1*(M_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H

yperbolicQ[F] && IntegersQ[m, n]

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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rule 7163 Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.17.4 Maple [F]

/ (fz + €)® cosh (dz + ¢) d
a+ b csch (dz + ¢)

input‘int((f*x+e)“3*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

-

outputLint((f*x+e)“3*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

| —

3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1976 vs. 2(420) = 840.

Time = 0.30 (sec) , antiderivative size = 1976, normalized size of antiderivative = 4.41

dx = Too large to display

(e + fz)3 cosh(c + dx)
/ a + besch(c + dx)

input Lintegrate ((fxx+e) "3*cosh(d*x+c)/(at+b*csch(d*x+c)),x, algorithm="fricas")

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz




output

input

output
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-1/4% (2%a*xd~3*f~3*x~3 + 2*a*d"3*e”3 + 6*axd"2xe"2xf + 12*axd*e*xf"2 + 12*xax
£73 + 6*(axd"3*exf"2 + axd"2*f"3)*x"2 - 2*x(a*d"3*f"3*%x"3 + a*xd"3*e”3 - 3*a
*d"2xe"2xf + BGkakdke*xf”2 - 6%axf~3 + 3x(axd"3ke*xf"2 - a*xd"2*f73)*x"2 + 3*(
a*d"3*e"2xf - 2xaxd"2xe*xf"2 + 2*a*d*f~3)*x)*cosh(d*x + c)”2 - 2*(a*d"3*£f"3
*x"3 + axd"3*e”3 - 3*a*d"2*e"2xf + 6kaxdxexf"2 - 6xaxf”~3 + 3x(axd”"3kexf~2
- axd"2*f73)*x72 + 3*(a*d"3xe”"2*f - 2ka*d"2ke*f~2 + 2xaxd*f~3)*x)*sinh(d*x
+ ¢c)72 + 6*x(axd"3xe"2xf + 2kaxd"2%e*f"2 + 2xaxd*f~3)*x — (b*d"4*f"3*x"4 +
4xbkd"4kexf"2xx"3 + 6G*b*xd"4*e " 2xf*x"2 + 4*bkd"4*ke"3*x + 8xb*cxd"3*%e”3 - 1
2xbxc 2%d"2xe 2%f + 8xb*c~3xdxe*f~2 - 2%bxc~4xf~3)*cosh(d*x + c) + 12x((b*
A"2+f73*%x"2 + 2kbxd"2%e*f"2xx + bkd"24e”2*f)*cosh(d*x + c) + (b*xd"2*f 3xx"
2 + 2%bxd"2%exf ~2%x + bxd"2%e”2*f)*sinh(d*x + c))*dilog((b*cosh(d*x + c) +
b*sinh(d*x + c) + (axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a”
2) - a)/a + 1) + 12x((b*d"2*f"3*x"2 + 2xbxd"2xexf~2*x + b*d"~2*e”2*f)*cosh(
d*x + c) + (b*d"2*f73%x"2 + 2*b*d"2%e*f 2*x + b*d"2*e"2xf)*sinh(d*x + c))*
dilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x +
c))xsqrt((a”2 + b72)/a"2) - a)/a + 1) + 4*x((bxd"3%e”3 - 3*bkc*xd 2xe”"2*f +
3*b*xc”2*%d*exf"2 - bkc"3*f"3)*cosh(d*x + c) + (b*d~3*e”3 — 3*bxckxd"2xe”2*f
+ 3*b*c"2xd*e*f~2 - b*c"3*f73)*sinh(d*x + c))*log(2*axcosh(d*x + c) + 2xa
*sinh(d*x + c) + 2%axsqrt((a”2 + b72)/a”2) + 2%b) + 4x((b*d"3%e”3 - 3*b*c*
d"2%e”2*%f + 3*bkc 24d*e*xf"2 - b*c 3*f"3)*cosh(d*x + c) + (b*d"3*e”3 - 3...

\

3.17.6 Sympy [F]

(e + fx)3 cosh(c + dz) s — / (e + fz)? cosh (¢ + dx)
a + besch(c + dx) B a + besch (¢ + dx)

integrate ((f*x+e)**3*cosh (d*x+c)/(atbxcsch(d*x+c)) ,x)

N

Integral((e + f*xx)**3*cosh(c + d*x)/(a + bxcsch(c + d*x)), x)

(e+fz)? cosh(c+dzx)
3.17. J‘ a+bcsch(c+dz) dz
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3.17.7 Maxima [F]

(e + fz)?cosh(c + dz) dp — / (fz + e)® cosh (dz + ¢) i
a + besch(c + dx) B besch (dz+c¢)+a

input | integrate ((f*x+e) “3*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="maxima")

N J

output | -1/2*e"3%(2*(d*x + c)*b/(a"2+d) - e~ (d*x + c)/(a*xd) + e~ (-d*x - c)/(axd) +
2xbxlog(-2*b*e” (-d*x - c) + axe”(-2kd*x - 2*c) - a)/(a"2*d)) - 1/4*(b*d"4
*f"3*%x"4*e"c + 4xbxd"4*e*f"2xx"3*%e”c + 6xbxd"4*e " 2xfxx"2*%e"c - 2*(a*d”"3*f"
3*x"3%e” (2%c) + 3*x(d"3*kexf"2 - d"2*%f"3)*a*x"2*%e” (2*c) + 3*x(d"3*e"2*%f - 2xd
“2xexf"2 + 2xd*f”3) *akx*ke” (2%c) - 3*x(d"2xe"2xf - 2kd*e*f"2 + 2xf"3)*axe” (2
*xc))*e” (d*x) + 2k (a*xd"3*f"3*x"3 + 3*x(d"3*xe*xf"2 + 4d"2*xf"3)*a*xx"2 + 3*(d"3*e
“2xf 4+ 2xd"2%exf”"2 + 2kd*f73)*ka*x + 3% (d"2*ke 2xf + 2xdxe*f”2 + 2+xf73)*a)*e
~(-d*x))*e~(-c)/(a~2+%d"4) + integrate(-2*(a*b*f~3*x"3 + 3*axb*e*xf~2xx"2 +

3*axb*xe " 2xfxx - (b"2*xf"3*x"3*%e”c + 3*b " 2*exf " 2xx"2%e"c + 3*b"2*e " 2*f*x*e”"C
)xe~(d*x))/(a~3%e” (2xd*x + 2%c) + 2%a”2*b*e”(d*x + c) - a~3), x)

3.17.8 Giac [F]

/ (e + fz)?cosh(c + dz) dp — / (fz + e)® cosh (dz + ¢) .
a + besch(c + dx) N besch (dz+c¢)+a

input‘integrate((f*x+e)“3*cosh(d*x+c)/(a+b*csch(d*x+c)),X, algorithm="giac")

-

outputtintegrate((f*x + e)"3*cosh(d*x + c)/(b*xcsch(d*x + ¢c) + a), x)

| —

3.17.9 Mupad [F(-1)]

Timed out.

/ (e + fz)3 cosh(c + dx) p / cosh(c+dz) (e + fz)° .

a + besch(c + dx) N a+ _sinh(f—l—d )

e hY

int ((cosh(c + d*x)*(e + f*x)~3)/(a + b/sinh(c + d*x)),x)

N J

input

outputtint((cosh(c + dxx)*(e + fxx)~3)/(a + b/sinh(c + d*x)), x) J

(e+fz)? cosh(c+dzx)
3.17. f a+bcsch(c+dz) dz
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3.18 f (e+ fac)2 cosh(c+dz) dx

3.18.1
3.18.2
3.18.3
3.18.4
3.18.5
3.18.6
3.18.7
3.18.8
3.18.9

a+bcsch(c+dz)

Optimal result . . . . . . . . . .. .
Mathematica [B] (verified) . . . . . . . ... ... Lo L
Rubi [C] (verified) . . . . . . . . . ..
Maple [F] . . . . o
Fricas [B] (verification not implemented) . . . . . . . ... ... ... .....

3.18.1 Optimal result

Integrand size = 26, antiderivative size = 330

(e + fx)? cosh(c + dx) dp — ble+ fx)>  2f(e+ fz)cosh(c + dx)
a + besch(c + dzx) ~ 3a2f ad?
aec+dw
- b(e + fz)%log (1 + b—W)

a?d

b 2log (1+ 2

(e + fz)*log ( braZro?
a’d

2bf (e + fz) PolyLog (2, —b_"%)

a?d?
%f(e + fz) PolyLog (2, 2= )
- a2d2

2bf? PolyLog (3,
+

aec+dz
b—vaZ+b2

a?d3
2 aec+dm
2bf POlyLOg <3, —m>
+ a?d3
2f%sinh(c + dz) (e + fz)?sinh(c + dz)
_|_
ad3 ad

3.18.

(e+fz)? cosh(c+dzx)
f a+bcsch(c+dz) dz
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output | 1/3%b* (f*x+e) ~3/a"~2/f-2*f* (f*xx+e)*cosh(d*x+c)/a/d"2-b* (f*x+e) "2*1n(1+a*exp
(d*x+c)/(b-(a~2+b"2)~(1/2))) /a~2/d-b* (f*x+e) ~2*1n (1+a*exp (d*x+c) / (b+(a~2+b
~2)7(1/2)))/a"2/d-2xb*f* (f*xx+e) *polylog(2,-a*exp(d*x+c)/(b-(a"2+b"2) " (1/2)
))/a~2/d"2-2%bxf* (f*x+e) *polylog(2,-a*exp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~2/
d~2+2%b*f~2*polylog(3,-a*exp(d*x+c)/(b-(a"2+b~2)~(1/2)))/a~2/d"3+2xb*f ~2*p
olylog(3,-a*exp(d*x+c)/(b+(a~2+b"2)~(1/2)))/a~2/d"3+2xf~2xsinh(d*x+c) /a/d"
3+ (f*x+e) “2*sinh(d*x+c)/a/d

3.18.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 937 vs. 2(330) = 660.

Time = 11.57 (sec) , antiderivative size = 937, normalized size of antiderivative = 2.84

(e + fx)?cosh(c + dz)
a + besch(c + dx)

b—va2+b2)e—c—dz
6a2b<d2m2 log<1+( S )e >—2d:cPolyLog<2,

VaZ 482 (~b+Va? 452 ) a8

(b+~/a2+b2)e_c_df'3>
f2esch(c + dz) | 22°- — 2ba3 coth(c) — -

_1+e2c

d(a + besch(c + dx))
efcsch(c + dz)(b + asinh(c + dx)) (—2(1 cosh(c + dx) — b<2c(c +dz) — (c+ dz)? + 2(c + dz) log (1 -

62CSCh(C+ d$) (blog(b+asinh(c+dz)) . sinh(c+dw)> (b+ asinh(c—l— d:c))

_|_

-

inputLIntegrate[((e + fxx)"2#Cosh[c + d*x])/(a + b*Csch[c + d*x]),x]

-/

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz
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output | (£72#Cschlc + d*x]*((4%b*x~3)/(-1 + E~(2*c)) - 2¥b*x~3*Coth[c] - (6%xa”2xb*
(a~2*x"2xLog[1 + ((b - Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*x*PolyLog[2
, ((-b + Sgrt[a~2 + b~2])*E~(-c - d#*x))/al] - 2*PolyLog[3, ((-b + Sqrt[a~2
+ b 2])*E~(-c - d*x))/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~3) -
(6xa~2xbx(d~2*x"2*Log[1 + ((b + Sqrt[a~2 + b~2])*E~(-c - d*x))/a] - 2*xd*x*
PolyLog[2, -(((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a)] - 2*PolyLogl[3, -(((b
+ Sqrt[a”2 + b™2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b
~2])*d"3) + (6%b~2x(d"2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])]
+ 2xd*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a™2 + b~2])] - 2xPolyLogl3,
(a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])]))/(Sqrt[a”2 + b~2]*d"3) - (6*b~2x
(d~2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*xd*x*PolyLogl[2,
-((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))] - 2*PolyLogl[3, -((a*E~(c + d*x)
)/ (b + Sqrt[a”2 + b°2]1))]1))/(Sqrt[a~2 + b~2]*d"3) + (6*a*Cosh[d*x]*(-2xd*x
*Cosh[c] + (2 + d72*x"2)*Sinh[c]))/d"3 + (6*ax((2 + d~2*x"2)*Cosh[c] - 2*d
*x*Sinh[c])*Sinh[d*x])/d"3)*(b + axSinh[c + d*x]))/(6*a"2x(a + b*Cschlc +
d*x])) - (e"2xCschlc + d*x]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c + d
*x]/a)*(b + a*Sinh[c + d*x]))/(d*(a + b*Csch[c + d*x])) + (exf*Csch[c + d*
x]*(b + axSinh[c + d*x])=*(-2*a*xCosh[c + d*x] - bx(2xcx(c + d*x) - (c + d*x
)72 + 2x(c + d*x)*Logl[l + (a*xE"(c + d*x))/(b - Sqrt[a™2 + b72])] + 2x(c +
d*x)*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] - 2xc*Logl[a - 2*bxE...

3.18.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.74 (sec) , antiderivative size = 334, normalized size of antiderivative = 1.01,

number of steps used = 16, number of rules used = 15, dumber of rules _ () 577 Ryjjes ysed
integrand size

= {6128, 6113, 3042, 3777, 26, 3042, 26, 3777, 3042, 3117, 6095, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fx)? cosh(c + dx)
a + besch(c + dx)

l 6128

dzr

(e + fz)?sinh(c + dz) cosh(c + dx)
asinh(c+ dzx) + b

l 6113

dzx

X 2 C ¥
J(e+ fz)*cosh(c + dz)dx ° J (et—{a)sirf}??ilj-;()i Lda

a a

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz
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l 3042
2
b ey de | J(e+ f2)?sin (ic+ido + §) do
a a
J,3777

B s

a a

| 26

(e+fz)?sinh(c+dz)  2f [(e+fz)sinh(ctdz)dz b f (e+fz)? cosh(c+dz) dz
d d —

b+asinh(c+dz)
a a
| 3042
_bf (e—giz)szlrfﬁ?ilj_c(;‘)ix) dx . (e+fx)? s(iinh(c—l—dx) . 2ff—i(e+fx215in(ic+idx)dx
a a

l 26

b / (eﬁiiﬁﬁ?ﬁ%ﬁ‘f@ dx N (etf2)? sinh(ctds) | 20 J(e+fz) sin(icida)de
a a
| 3777
(e—|—fz)2 cosh(c+dz) 24inh d 2if i(e+fz) cosh(c+dz) _if [ cosh(ctdz)dz
B b f b-rasinh(ctdz) dzx N (et+fz) s;n (ctdz) + ( d _ 4 )
a a
| 3042
( )2 ( ) Qif<i(€+f2) czsh(c+dz) _iffSin(iC';id-’v-i—%)d:c)
e+ fx)“ cosh(ct+dzx 2 ginh(ctd
_ b [ rasmh(etds) 0T N (etfz) sin (c+da) | _
a a
| au17
(e+fz)? cosh(c+dzx) 2 ginh(ctd 2if i(e+fz) cosh(c+dz) _ if sinh(c+dz)
3 b f b-+a sinh(c+dz) dr  (etf=z) Sclln (c+dzx) i ( 7 _ 2 )
a a

l 6095

€C+dz(e+f$)2 ec+dz(e+f:1:)2 _ (e+fa:)3>
b(f ec+dza+b_\/a2+b2 dx + f ec+dza+b+\/a2+b2 d 3af

a
2f ( i(et+fz) c;sh(c-ﬁ-dz) _if sinl;(Qc-ﬁ-dz) )

2 .
(e+fz) s(linh(c—i-dx) +

a

l 2620

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz
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ec+da:a ec+da:a aec+da: uec-ﬁ-dm
2f [(e+fx) log(b_\/ﬁ-i-l) dz 2f [(e+fx) log<m+l)da} (e+fw)2log<m+l) (e—i—fac)ﬂog(m
- ad - ad + ad + ad

a
2f ( i(et+fx) c;)sh(c-ﬁ-dz) _if sinl;(20+d:v) )

(e+fzx)? sjlnh(c—i-dx) +

d
a
| 3011
+dx ct+dx ct+dz c+
PolyL: 2,—L>d PolyL <2,—‘167> PolyL (2,—“57>d PolyL (2,—L
2t f [ Poly 0g< db_m w_(e+fa:) oly ogd vy 2 f [ PolyLog db"'m z_(e+fw) oly’ ogd o
bl — ad - ad

a
. o[ i(et+fx) cosh(c+dx) if sinh(ctdx)
(e+fx)? sinh(c+dzx) + 2Zf( d - a2 )
d d
a
| 2720
- —c—dzP IyL — aec+d2 d ct+dx PolyL — aec"'dz . —c—d:vP Iy L — aec+dw d ct+dx
2f fle oly og(22 P 7a2+b2> e B (e+fz) Poly. og(dQ b fQ-Hﬂ) 2f fle oly. 03(22 I T2+b2) e B
d d
bl - ad B ad
a
. o (i(e+fz) cosh(c+dz) if sinh(c+dz)
(e+fx)? sinh(c+dx) + 2"f< d - a2 )
d d

a
| 7143

+dx c+dx c+dx c+dx

1 _ _ae® 1 _ _ae 1 _ _ae 1 __ae
of f PolyLog (3, 2b— a2+b27) B (e+fx) Po yLog(Z, T2 ) of f PolyLog (3, 2b+ 724_172) B (e+ fx) PolyLog (2, bt vaZ 152 )
d d d d
bl - ad - ad

2f ( i(et+fx) c;sh(c-ﬁ-dw) _if sinl;(20+d:v) )
d

(e+fzx)? s(iinh(c—i-dx) +

a

-

input LInt[((e + f*x)~2%Cosh[c + d*x])/(a + bxCsch[c + d*x]),x]

| —

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz
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output | - ((bx(-1/3*(e + f*x)~3/(a*f) + ((e + f*x) 2*Logl[l + (a*xE~(c + d*x))/(b - S
grt[a”2 + b2])1)/(axd) + ((e + f*xx)~"2xLogl[l + (a*E~(c + d*x))/(b + Sqrtla
"2 + b72])]1)/(a*xd) - (2*f*(-(((e + f*x)*PolyLog[2, -((a*xE~(c + d*x))/(b -
Sqrt[a”2 + b"2]1))]1)/d) + (£*PolyLogl3, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b
~21))1)/d72))/(axd) - (2xfx(-(((e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b +
Sqrt[a”2 + b72]))]1)/d) + (£*PolyLogl3, -((a*E~(c + d*x))/(b + Sqrt[a”™2 +
b°2]1))1)/d"2))/(axd)))/a) + (((e + f*x)~2*Sinh[c + d*x])/d + ((2*I)*£*x((I*
(e + f*x)*Cosh[c + d*x])/d - (I*f*Sinh[c + d*x])/d~2))/d)/a

N

3.18.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxf*g*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionO0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*x(a +
b*x)))"nl/ (bxc*nxLog[F1)), x] + Simplgx(n/ (bxc*nxLoglF]))  Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz




rule 3117

rule 3777

rule 6095

rule 6113

rule 6128

rule 7143
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Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £*x]/£f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

-

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E~(c + d*x)))
, Xx] + Int[(e + £f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[(Cosh[(c_.) + (d_D*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +

(d_)*(x)]1"(m_.))/((a.) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b  Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQL
n, 0] && IGtQ[p, O]

Int[(((e_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Csch[(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, 4, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Int [PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C@d_.) + (e_.)*(x_)), x_S
ymbol]l :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*d, axel

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz




input

output

input

output
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3.18.4 Maple [F]

/ (fx + e)2 cosh (dz + ¢) d

a+ b csch (dz + c)

Lint((f*x+e)“2*cosh(d*x+c)/(a+b*csch(d*X+C)),X)

|

p
int ((f*x+e) “2*cosh(d*x+c)/ (a+b*csch(d*x+c)),x)

J

3.18.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1265 vs. 2(308) = 616.

Time = 0.29 (sec) , antiderivative size = 1265, normalized size of antiderivative = 3.83

/ (e + fz)? cosh(c + dx)

dz = Too 1 to displ
a + besch(c + dx) v 00 farge to dispiay

integrate ((f*x+e) “2*cosh(d*x+c)/(a+b*csch(d*x+c)) ,x, algorithm="fricas")

-1/6%(3%axd~2+%f"2%x~2 + 3kaxd"2%e”2 + 6*axdkexf + Gkaxf~2 — 3k (axd 2xf "2*x
2 + axd"2*e”2 - 2%axdke*xf + 2%axf~2 + 2x(a*d"2ke*f - a*d*f~2)*x)*cosh(d*x
+ ¢c)72 - 3*(a*xd"2*f72xx"2 + axd"2*e”2 - 2*axd¥exf + 2xaxf~2 + 2k (a*xd"2*e*
f - a*d*f~2)*x)*sinh(d*x + c)~2 + 6*(a*xd™2*exf + axd*xf~2)*x — 2*(b*d"3*f"2
*¥x73 + 3%b*d"3*ke*xf*x"2 + 3*b*d"3*%e"2*%x + 6*bkckd 2*%e"2 - 6*bkxc 2kxdxexf + 2
*bxc”"3*%f~2) *cosh(d*x + c) + 12*%((b*d*f~2*x + bxd*e*f)*cosh(d*x + c) + (bxd
*f~2%x + bxd*e*f)*sinh(d*x + c))*dilog((b*cosh(d*x + c) + b*sinh(d*x + c)
+ (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) +
12x ((b*d*f~24x + bxdxe*f)*cosh(d*x + c) + (b*d*f~2*x + bxd*e*xf)*sinh(d*x +
c))*dilog((b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x + c) + axsinh(
d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 6x((bxd"2%e"2 - 2*b*cxdxexf
+ b*xc”2*%f72)*cosh(d*x + c) + (b*d"2*e”2 - 2xbkckd*e*f + bxc 2*xf~2)*sinh(d*
x + c))*log(2*a*cosh(d*x + c) + 2*axsinh(d*x + c) + 2xa*sqrt((a™2 + b~2)/a
~2) + 2xb) + 6x((b*d"2%e”2 - 2xbxckxdxexf + bkc 2*f~2)*cosh(d*x + c) + (b*d
“2%e”2 - 2xb*ckd*exf + bxc~2+f"2)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2
xa*sinh(d*x + c) - 2*axsqrt((a”2 + b~2)/a"2) + 2xb) + 6x((b*xd"2*xf " 2*x"2 +
2%bxd"2*exf*x + 2kbkckdxe*xf - bkxc 2*xf~2)*cosh(d*x + c) + (b*d~2*f"2*x"2 +
2%b*d"2xexf*x + 2xbkckd*exf - b*c 2xf72)*sinh(d*x + c))*log(-(b*cosh(d*x +
c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~

2)/a"2) - a)/a) + 6x((bxd~2*xf~2%x"2 + 2*xbxd " 2xexf*x + 2%bkckd*exf - bx*c...

(e+fz)? cosh(c+dzx)
3.18. J‘ a+bcsch(c+dz) dz



CHAPTER 3. LISTING OF INTEGRALS 152

3.18.6 Sympy [F]

/ (e + fz)?cosh(c + dz) i — / (e + fx)? cosh (c + dz) i
a + besch(c + dx) B a + besch (¢ + dzx)

inputLintegrate((f*x+e)**2*cosh(d*x+c)/(a+b*csch(d*X+C)),X) J

output‘Integral((e + fxx)**2%cosh(c + d*x)/(a + bx*csch(c + d*x)), x) ‘

3.18.7 Maxima [F]

(e + fx)?cosh(c + dz) dp — / (fz + €)* cosh (dz + ¢)
a + besch(c + dx) B besch (dz+c¢)+a

input Lintegrate ((f*x+e) ~2xcosh(d*x+c)/(a+bxcsch(d*x+c)),x, algorithm="maxima") J

output | -1/2*e”2*(2*(d*x + c)*b/(a"2+d) - e~ (d*x + c)/(a*d) + e~ (-d*x - c)/(axd) +
2xbx1log(-2*b*e” (-d*x - c) + axe”(-2kd*x - 2*c) - a)/(a"2*d)) - 1/6*(2*bxd
“3*xf"2xx"3%e”"c + 6*b*d"3ke*f*x"2%xe"c - 3x(axd"2xf"2*x"2%e” (2%c) + 2x(d"2*e
*f — dxf~2)*axxke” (2%c) - 2*(d*xexf - f~2)*akxe” (2*c))*e”(d*x) + 3*x(axd~2*xf"~
2%x72 + 2% (d"2xexf + d*xf~2)*a*x + 2*(d*exf + f~2)*a)*e” (-d*x))*e”(-c)/(a"2
*d~3) + integrate(-2*(axb*f~2*x~2 + 2kaxb¥exf*x - (b~2*f 2%x"2%e"c + 2%b~2
xexfirxke~c)*e” (d*x))/(a"3*e” (2xd*x + 2%c) + 2*a"~2*bxe~(d*x + c) - a~3), x)

3.18.8 Giac [F]

(e + fx)? cosh(c + dz) (fz + e)? cosh (dz + )
dz = dz
a + besch(c + dx) besch (dx +¢) +a
inputLintegrate((f*x+e)“2*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="giac") J

-

output Lintegrate((f*x + e)"2*cosh(d*x + c)/(bxcsch(d*x + c) + a), x)

~—

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz
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3.18.9 Mupad [F(-1)]

Timed out.

/ (e + fx)? cosh(c + dz) dp — / cosh(c+dz) (e + fz)° i

a + besch(c + dx) a+ sinh(g—f-d )

-

input Lint((cosh(c + d*x)*(e + f*x)~2)/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)*(e + f*x)~2)/(a + b/sinh(c + d*x)), x)

(e+fz)? cosh(c+dzx)
3.18. f a+bcsch(c+dz) dz




CHAPTER 3. LISTING OF INTEGRALS 154

3.19 f (e+fz) cosh(c+dx)

a+bcsch(c+dx)
3.19.1 Optimalresult . . . . . . . . . . . . 154
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3.19.6 Sympy [F] . . . . . o 160
3.19.7 Maxima [F] . . . . . . . 1601
3.19.8 Giac [F] . . . . . . 161
3.19.9 Mupad [F(-1)] . . . . o oo 161

3.19.1 Optimal result

Integrand size = 24, antiderivative size = 212

(e + fx)cosh(c + dx) dp — ble + fz)?  fcosh(c+dx) b(e + fz)log (1 + bﬁ%)

a + besch(c + dx) Y f ad? a’d
b(e + fz)log (1 + lﬁ%) bf PolyLog (2, —ﬁ%)
B a?d B a2d?
PolvLog (2. — —aet® .
bf PolyLog ( 2, b a2 102 (e + fx)sinh(c + dx)
o 272 +
a’d ad

e B

1/2xb* (fxx+e) "2/a~2/f-f*cosh(d*x+c) /a/d"2-b* (f*x+e) *1n (1+axexp (d*x+c) / (b-(
‘a‘2+b‘2)‘(1/2)))/a‘2/d—b*(f*x+e)*1n(1+a*exp(d*x+c)/(b+(a‘2+b‘2)‘(1/2)))/a‘
‘2/d—b*f*polylog(2,-a*exp(d*x+c)/(b—(a‘2+b‘2)‘(1/2)))/a“2/d‘2—b*f*polylog(2
L,—a*exp(d*x+c)/(b+(a“2+b‘2)“(1/2)))/a‘2/d‘2+(f*x+e)*sinh(d*x+c)/a/d

output

~

3.19.2 Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.25

(e + fz) cosh(c + dx)
a + besch(c + dx)

csch(c + dx)(b + asinh(c + dz)) <2de(b log(b + asinh(c + dz)) — asinh(c + dz)) + f <2a cosh(c + dx)

dr =

3.19. f (e+fz) cosh(c+dz)

a+bcsch(c+dz) dz



input

output
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‘Integrate[((e + fxx)*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

-1/2*(Cschc + d*x]*(b + a*Sinh[c + d*x])*(2*d*e*x(b*Log[b + a*Sinh[c + d#*x
J1 - a*Sinh[c + d*x]) + fx(2*%a*Cosh[c + d*x] + b*(2*c*(c + d*x) - (c + d*x
)72 + 2x(c + d*x)*Logl[l + (a*E~(c + d*x))/(b - Sqrt[a™2 + b~2])] + 2*(c +
d*x)*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] - 2*c*Logla - 2*b*E~(c
+ dxx) - a*E~(2x(c + d*x))] + 2*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a~2
+ b~2])] + 2#PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]) - 2*ax
d*x*Sinh[c + d*x])))/(a"2*d"2*(a + b*Csch[c + d*x]))

3.19.3 Rubi [A] (verified)

Time = 1.04 (sec) , antiderivative size = 209, normalized size of antiderivative = 0.99,

number of steps used = 13, number of rules used = 12, number of rules _ 0.500, Rules
integrand size

used = {6128, 6113, 3042, 3777, 26, 3042, 26, 3118, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (e + fz) cosh(c + dx) i

a + besch(c + dx)
| 6128
/ (e + fz)sinh(c + dz) cosh(c + dz)
- dx
asinh(c+dz)+b
| 6113
e+ fz) cosh(c+dz
J(e+ fz)cosh(c +dz)dx bJ W‘lw
a a
| 3042
_bf%dm N [(e+ fz)sin (ic +idz + §) dz
a a
| 3777

_b f (e;:gfs)liis(lé(:zj)z) dx (e+fx) siarllh(c—i-dx) _aif [ i sinél(c-i-dac)d:c

a a

| 26

(e+fx) si;h(c+dx) . ffsinhsic-l—dz)dx ~ bf (e;;ffs)lﬁ%s(};(:ﬁ)z) dz

a a

3.19. f (e+fz) cosh(c+dz)

a+bcsch(c+dz) dz
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l 3042

b+a sinh(c+dz)
a a

| 26

B b f (e+fx) cosh(c+dx) dz (e+fz) si(;lh(c+d:v) + if [ sin(i§+idm)dm

bf (e+fx) cosh(ctdx) dz (e+fx) si;h(c_{_dgg) _ff—d singc—i—idz)dﬂc
- -

b+asinh(c+dz) +
a a
| 3118
inh(c+d h(c+d (e+fz) cosh(c+dz)
(etfz) Sl; (ctdr) _ fcos d(20+ @) _ b f b+asinh(c+dr) d
a a
| 6095
(e+fz) sinh(c+dzx) f cosh(c+dz) b (f ecta (e fir) dz + f e°+d2 (e4 f1) do — (e+fx)? )
d - a2 . ectdzgtb—/a24b2 ectdzgtbi/a24b2 2af
a a
| 2620
(e+fz)sinh(c+dx)  fcosh(ctdzx)
d & _
f[lo ctdzg +1l)dz f[flo &4—1 C:lm (e+fz)lo ﬂ—i—l (e+fz)lo ﬂ—i—l
S\ o= vaz162 8\ o+ VaZroZ 8\ o= VaZtoz S\ VaZroZ4o (e+fx)?
- ad - ad + ad + ad " 2af
a
| 2715
(et fz)sinh(c+dx)  fcosh(ctdx)
d & _
a
ffe e 9 log ( bfc-:;?sz +1) dectdz ffec 9 log (71;:6%2?1;2 +1) dectdz (e+fz)log ( bi“e%;dfﬂ +1) (e+fz)log (7‘:;:;
bl - ad? - ad? + ad + ad
a
| 2838
(et fz)sinh(c+dx)  fcosh(ctdx)
d & _
aec-ﬁ-dm aec+dz aec+dm aec+da:
f PolyLog (2,— b—W) N f PolyLog <2,—m> N (e+fz) log(b_m—kl) N (e+fz) log(m-i-l)  (etfa)?
ad? ad? ad ad 2af

-

input LInt[((e + f*xx)*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

|

3.19. f (e+fz) cosh(c+dz)

a+bcsch(c+dz) dz



output

rule 26

rule 2620

rule 2715

rule 2838

rule 3042

rule 3118

rule 3777
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-((b*x(-1/2x(e + fx*x)"2/(a*xf) + ((e + f*x)*Logl[l + (a*xE~(c + d*x))/(b - Sqr
t[a”2 + b72])])/(a*d) + ((e + f*x)*Log[l + (a*xE~(c + d*x))/(b + Sqrt[a”2 +
b~2]1)1)/(axd) + (£*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))1)/
(a*d~2) + (f*PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))])/(a*d"2)
))/a) + (-((fxCosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c + d*x])/d)/a

3.19.3.1 Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*gknxLog[F]))*Log[1l + b*((F~(gx(e + f*x)))"n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Logl[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

3.19. f (e+fz) cosh(c+dz)

a+bcsch(c+dz) dz




rule 6095

rule 6113

rule 6128

input
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Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[-(e + £xx)"(m + 1)/(b*f*(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b2, 2] + b*E~(c + d*x)))
, xJ] + Int[(e + £f*x)"m*x(E~(c + d*x)/(a + Rt[a"2 + b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[(Cosh[(c_.) + (d_D*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +
(d_)*(x_)]1"(n_.))/((a)) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symboll :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[
n, 0] & IGtQLp, O]

Int[((Ce_.) + (£_)*(x))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

3.19.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 482 vs. 2(198) = 396.

Time = 1.17 (sec) , antiderivative size = 483, normalized size of antiderivative = 2.28

method | result

d Cdo bfln —aederc-‘r\/ a2+b2—b z bfln aedz+c+\/m+b I
isch bfz2  bex | (dwf+de—f)ed=te (dxf+de+f)e—de—c —b+\a2+b2
Tisc 22~ aZ + 2a d? - 2a d? - da? -

e

Lint ((f*x+e)*cosh(d*x+c) / (a+b*csch(d*x+c) ) ,x,method=_RETURNVERBOSE)

-

(e+fz) cosh(c+dz)
3.19. f a+bcsch(c+dz) dz
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output | 1/2/a"~2xbxf*x"2-1/a"2*bkexx+1/2* (d*f*x+d*e-f) /a/d"2xexp (d*x+c)-1/2* (d*f*x+
dxe+f) /a/d"2xexp (-d*x-c)-1/d/a”~2xb*f*1n((-a*exp (d*x+c)+(a~2+b~2) " (1/2)-b)/
(-b+(a"2+b"2) " (1/2))) *x-1/d/a~2*b*f*1n( (a*xexp (d*x+c)+(a~2+b~2) ~(1/2)+b) /(b
+(a"2+b"2)"(1/2)) ) *x-1/d"2/a"2+b*f*dilog((-a*exp (d*x+c)+(a~2+b~2) " (1/2)-b)
/(-b+(a~2+b~2)~(1/2)))-1/d"2/a"2*b*xf*dilog((a*exp (d*x+c)+(a~2+b~2)~(1/2)+b
)/ (b+(a~2+b"2)~(1/2)))-1/d/a"2*bxe*1n (exp (2*d*x+2*c) *a+2*exp (d*x+c) *b-a) +2
/d/a”2xbxf*ckx+1/d"2/a"2xbxf*c"2-1/d"2/a"~2xb*f*1n ((-a*exp (d*x+c)+(a~2+b~2)
~(1/2)-b)/(-b+(a"2+b~2)~(1/2))) *c-1/d"2/a~2*b*f*1n((a*exp(d*x+c)+(a~2+b"2)
~(1/2)+b) / (b+(a~2+b~2) " (1/2) ) ) *c+1/d"2/a~2*bxc*f*1n (exp (2*d*x+2%c) *a+2*exp
(d*x+c)*b-a)-2/d"2/a"2xbxcxf*1n(exp(d*x+c))+2/d/a"2*b*ex1ln (exp (d*x+c))

3.19.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 692 vs. 2(196) = 392.

Time = 0.29 (sec) , antiderivative size = 692, normalized size of antiderivative = 3.26

/ (e + fx) cosh(c + dz)
dz =
a + besch(c + dx)

adfz + ade — (adfz + ade — af) cosh (dz + ¢)* — (adfz + ade — af) sinh (dz + ¢)* + af — (bd®fz? +

p
inputLintegrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="fricas")

| —

(e+fz) cosh(c+dz)
3.19. f a+bcsch(c+dz) dz



output
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-1/2x(a*d*f*x + a*dxe - (a*xd*fxx + a*xd*e - axf)*cosh(d*x + c)”2 - (axd*f*x
+ akxd¥e - axf)*sinh(d*x + c)72 + axf - (b*xd"2*f*x"2 + 2%b*d"2*%e*x + 4xbxc
*dxe - 2xbxc”2xf)*cosh(d*x + c) + 2% (b*f*cosh(d*x + c) + b*f*sinh(d*x + c)
)*dilog((b*cosh(d*x + c) + b*sinh(d#*x + c) + (a*xcosh(d*x + c) + axsinh(d*x
+ c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) + 2k(bxf*cosh(d*x + c) + b*fxsinh
(d*x + c))*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a
*sinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 2*((b*d*e - bxcxf)*cos
h(d*x + c) + (bxd*e - bxcxf)*sinh(d*x + c))*log(2*axcosh(d*x + c) + 2xa*si
nh(d*x + c) + 2*a*sqrt((a”2 + b~2)/a~2) + 2xb) + 2*((b*dxe - b*c*f)*cosh(d
*x + c) + (b*dxe - bxc*f)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2*a*sinh(
d#x + c) - 2*a*sqrt((a”2 + b~2)/a"2) + 2%b) + 2*%((bkd*f*x + bkc*f)*cosh(d*
X + c) + (bxd*f*x + b*ckxf)*sinh(d*x + c))*log(-(b*cosh(d*x + c) + bxsinh(d
*x + c) + (axcosh(d*x + c) + ax*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a
) + 2x((b*d*f*x + b*ckf)*cosh(d*x + c) + (bxd*f*x + b*c*f)*sinh(d*x + c))*
log(-(b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x +
c))*sqrt((a”2 + b"2)/a"2) - a)/a) - (b*d"2*f*x"2 + 2xb*d"2*kexx + 4*xbxcxd*e
- 2xb*c”2*xf + 2% (axd*f*x + ak*dke - a*f)*cosh(d*x + c))*sinh(d*x + c))/(a"
2xd"2xcosh(d*x + c) + a~2*d"2*sinh(d*x + c))

N

3.19.6 Sympy [F]

dz

/ (e + fz) cosh(c + dx) dr — (e + fz) cosh (c + dz)
a + besch(c + dx) v a + besch (¢ + dx)

inputLintegrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

e

outputLIntegral((e + fxx)*cosh(c + d*x)/(a + b*csch(c + d*x)), x)

~—

3.19.7 Maxima [F]

/ (e + fz) cosh(c + dx) / (fz + €) cosh (dz + ¢)
dr = dx
a + besch(c + dx) besch (dz+c¢)+a

input  integrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="maxima")

3.19. f (e+fz) cosh(c+dz) dx

a+bcsch(c+dz)



output
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-1/2*%e*x (2% (d*x + c)*b/(a"2*d) - e~ (d*x + c)/(a*xd) + e~ (-d*x - c)/(axd) + 2
*bxlog(-2*%b*e~ (~d*x - c) + axe” (-2xd*x - 2xc) - a)/(a"2xd)) - 1/2xfx((b*d~
2xx"2xe"c - (a*xdxx*e”(2xc) - axe” (2*xc))*e”(d*x) + (a*xd*x + a)*e”(-d*x))*e”
(-c)/(a"2*d"2) - integrate(4*(b~2xx*e~(d*x + c) - axb*x)/(a"3*e”(2xd*x + 2
*Cc) + 2*%a~2%bxe~(d*x + c) - a~3), x))

3.19.8 Giac [F]

/ (e + fz) cosh(c + dx) / (fz + €) cosh (dz + ¢)
dr = dz
a + besch(c + dx) besch (dz+c¢)+a

inputLintegrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*X+C)),X, algorithm="giac")

outputtintegrate((f*x + e)*cosh(d*x + c)/(b*csch(d*x + ¢c) + a), x)

3.19.9 Mupad [F(-1)]

Timed out.

/ (e + fz) cosh(c + dx) dr — / cosh(c+dz) (e+ fx) i

a + besch(c + dx) a+ sinh(g+d )

inputtint((cosh(c + d*x)*(e + f*x))/(a + b/sinh(c + d*x)),x)

output Lint((cosh(c + d*x)*(e + f*x))/(a + b/sinh(c + d*x)), x)

3.19. f (e+fz) cosh(c+dz)

a+bcsch(c+dz) dz



CHAPTER 3. LISTING OF INTEGRALS 162

3.20 f cosh(c+dx) dx

a+bcsch(c+dx)
3.20.1 Optimalresult . . .. . ... . ... . . 162
3.20.2 Mathematica [A] (verified) . . . . . . ... ... oo 162
3.20.3 Rubi [A] (verified) . . . . . ... .. 163
3.20.4 Maple [A] (verified) . ... ... ... .. 165
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 165
3.20.6 Sympy [F] . . . . . o 166
3.20.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1661
3.20.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 167
3.20.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... .... 167

3.20.1 Optimal result

Integrand size = 19, antiderivative size = 34

/ cosh(c + dx) dp — _ blog(b+ asinh(c + dz)) 4 sinh(c + dz)
a+besch(c+dr) a’d ad

output L—b*ln (b+a*sinh(d*x+c))/a~2/d+sinh(d*x+c)/a/d

3.20.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88

/ cosh(c + dx) —blog(b + asinh(c + dz)) + asinh(c + dx)
dz =
a + besch(c + dx) a’d

-

B
input LIntegrate [Cosh[c + d*x]/(a + b*Cschlc + d*x]),x] J

output L(—(b*Log [b + axSinh[c + d*x]]) + axSinh[c + d*x])/(a"2xd)

-/

__cosh(ctdz)
3.20. f a+bcsch(ctdz)
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3.20.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.88, number

of steps used = 12, number of rules used = 11, Bumber of rules _ 579 Ryles used =
integrand size

{3042, 4360, 26, 26, 3042, 26, 3312, 26, 27, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh(c + dx) i
a + besch(c + dx)

l 3042

/ cos(ic + idzx)
a + ibesc(ic + zd:v)

l 4360

dx

/ isinh(c + dz) cosh(c + dz)
iasinh(c + dz) + b

| 26

_ / __icosh(c + dz) sinh(c + dz)
' b+ asinh(c + dz)

| 26

/ sinh(c + dx) cosh(c + dz)
asinh(c+dz) +b

dx

dr

l,3042

/ isin(ic + idz) cos(ic + idzx)
- —— dz
b — iasin(ic + idzx)

| 26

. / cos(ic + idz) sin(ic + idx)
’ b — iasin(ic + idx)

l 3312

fbijiﬁZf;ﬂﬂadnhﬁr+dm»

ad

| 26

inh(c+dz .
f b—l—sa SlIEh—(’_C-FC)l.’L') d(a’ Slnh(c + dm))

ad

cosh(c+dz)
320. [ a+bcsch(c+dx) dz



input

output

rule 26

rule 27

rule 49

rule 2009

rule 3042
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| 27

/ biilé’lﬁf(ifﬁ@ d(asinh(c + dz))

a?d

| 49
J/ (1 — WM) d(asinh(c + dz))

a?d

l'2009

asinh(c + dz) — blog(asinh(c + dz) + b)
a’d

tInt [Cosh[c + d*x]/(a + b*Csch[c + d*x]),x]

[(—(b*Log[b + a*Sinh[c + d*x]]) + a*Sinh[c + d*x])/(a"2*d)

—

3.20.3.1 Defintions of rubi rules used

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

{Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

e—

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

__cosh(ctdz)
3.20. f a+bcsch(ctdz)
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rule 3312 Int[cos[(e_.) + (f_.)*(x_)I1*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((
c_.) + (d_.)*sinf[(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Simp[1/(b*f) Su
bst[Int[(a + x) " m*x(c + (d/b)*x)"n, x], x, b*xSin[e + f*x]], x] /; FreeQ[{a,
b, ¢, d, e, £, m, n}, x]

rule 4360 Int[(cos[(e_.) + (£_.)*(x_)1*(g_.))"(p_.)*(cscl(e_.) + (£_.)*(x_)I*(b_.) +
(a_))"(m_.), x_Symbol] :> Int[(g*Cos[e + f*x]) p*((b + a*Sin[e + f*x])“m/Si
nle + f*x]1°m), x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

3.20.4 Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.44

method result size
bln(a+b csch(dz+c)) 1 _ bln(csch(dz+-c))
derivativedivides | — a? a CS(;WHC) o? 49
bln(a+b csch(dz+e)) 1 _ bln(csch(dz+c))
—_ a2 a csch(dz+c) a2
default < 49
dx+c
. dz+c —dz—c bln e2da:+2c+2be7_1
risch b 4 &£77° e 4 26 _ ( s ) 89
a 2ad 2ad da da
input | int (cosh(d*x+c)/ (a+bkesch(d+x+c)) ,x, nethod=_RETURNVERBOSE) J

e

outputL—i/d*(1/a‘2*b*1n(a+b*csch(d*x+c))-1/a/csch(d*x+c)-1/a‘2*b*1n(csch(d*x+c)))

~—

3.20.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(34) = 68.

Time = 0.26 (sec) , antiderivative size = 132, normalized size of antiderivative = 3.88

/ cosh(c + dx)
a + besch(c + dx)

2 bdz cosh (dz + ¢) + a cosh (dz + ¢)® + asinh (dz + ¢)> — 2 (beosh (dz + ¢) + bsinh (dz + ¢)) log (

2 (a:
cosh(da

2 (a%d cosh (dz + ¢) + a%dsinh (dz + ¢))

inputLintegrate(cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="fricas") J

__cosh(ctdz)
3.20. f a+bcsch(ctdz)
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output‘ 1/2% (24bkd*x*cosh(d*x + c) + a*xcosh(d*x + ¢)”2 + a*sinh(d*x + c)~2 - 2*(b*
‘cosh(d*x + c) + b*sinh(d*x + c))*log(2*(a*sinh(d*x + c) + b)/(cosh(d*x + c
‘) - sinh(d*x + c))) + 2x(b*d*x + a*cosh(d*x + c))*sinh(d*x + c) - a)/(a"2%
‘d*cosh(d*x + c) + a"2xd*sinh(d*x + c¢))

3.20.6 Sympy [F]

/ cosh(c + dz) dr — / cosh (¢ + dx)
a+besch(c+dr) ) a+besch(c+ dx)

input Lintegrate (cosh(d*x+c)/(at+b*csch(d*x+c)) ,x)

output‘ Integral(cosh(c + d*x)/(a + b*csch(c + d*x)), x)

3.20.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(34) = 68.

Time = 0.20 (sec) , antiderivative size = 83, normalized size of antiderivative = 2.44

/ cosh(c + dz) dp — — (dr+c)b  eldate)  gl=do—0)

a + besch(c + dx) a’d + 2¢d  2ad
blog (—2be=%~9) 4 ge(2d2=29) _ g)
a’d

input

integrate(cosh(d*x+c)/(atb*csch(d*x+c)) ,x, algorithm="maxima")

N\

output‘—(d*x + c)*b/(a"2xd) + 1/2%e~(d*x + c)/(axd) - 1/2*e~(-d*x - c)/(a*xd) - b*
‘log(—Q*b*e“(—d*x - c) + axe”(-2%d*x - 2%c) - a)/(a"2xd)

__cosh(ctdz)
3.20. f a+bcsch(ctdz)
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3.20.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.76

eldote) _g(~dz—c)  2blog(|a(eldvte)—e(—do—c))49p))

/ cosh(c + dx) - e
dz =
a + besch(c + dx) 2d

input Lintegrate (cosh(d*x+c) /(atb*csch(d*x+c)) ,x, algorithm="giac")

output‘1/2*((e‘(d*x + ¢c) - e~ (-d*x - c))/a - 2*bxlog(abs(a*x(e”(d*x + c) - e~ (-d*x
‘ - c)) + 2%b))/a~2)/d

3.20.9 Mupad [B] (verification not implemented)

Time = 2.12 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.91

/ cosh(c + dz) bln (b+ asinh(c+ dz)) — asinh(c+ dx)
dz = —
a + besch(c + dx) a’d

input Lint(cosh(c + d*x)/(a + b/sinh(c + d*x)),x)

output L—(b*log(b + axsinh(c + d*x)) - a*sinh(c + d*x))/(a"2*d)

-/

__cosh(ctdz)
3.20. f a+bcsch(ctdz)
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cosh(c+dx)

3.21 f (e+fz)(a+bCSCh (c+dz)) dx

3.21.1 Optimalresult . . . . . ... . . ... .. e 168
3.21.2 Mathematica [N/A] . . . . . . . . . 168}
3.21.3 Rubi [N/A] . . o oot o oo 69
3.21.4 Maple [N/A] (verified) . . . . . . ... .. L 1701
3.21.5 Fricas [N/A] . . . . . 170
3.21.6 Sympy [N/A] . . . . 170
3.21.7 Maxima [N/A] . . . . . Il
3.21.8 Giac [N/A] . . . . . o Ival
3.21.9 Mupad [N/A] . . . . Ival

3.21.1 Optimal result

Integrand size = 26, antiderivative size = 26

cosh(c + dx)  Tn cosh(c + dz) sinh(c + dx) .
/ (e + fz)(a + besch(c + dz)) de =1 t((e + fz)(b+ asinh(c + dz))’ >

output ‘ Unintegrable (cosh(d*x+c)*sinh(d*x+c)/ (f*x+e)/(b+a*sinh(d*x+c)) ,x)

3.21.2 Mathematica [N/A]

Not integrable

Time = 45.95 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

dz

/ cosh(c + dx) cosh(c + dz)
(e + fz)(a + besch(c + dx)) (e + fz)(a + besch(c + dx))

e

input LIntegrate [Cosh[c + d*x]/((e + f*x)*(a + b*Cschlc + d*x])),x]

-

p
output LIntegrate [Cosh[c + d*x]/((e + f*x)*(a + b*Cschlc + d*x]1)), xI]

~—

cosh(c+dz)




input

output

rule 6125

rule 6128
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3.21.3 Rubi [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 0, number of rules _ 0.000, Rules used = {6128,
integrand size
6125}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh(c + dx)
(e + fz)(a + besch(c + dx))

l'6128

dz

sinh(c + dx) cosh(c + dz)
(e + fz)(asinh(c + dz) + b)

l'6125

dz

sinh(c + dz) cosh(c + dz)
(e + fz)(asinh(c + dz) + b)

LInt [Cosh[c + d*x]/((e + f*x)*(a + b*Cschl[c + d*x])),x]

~—

i

-

$Aborted

N\ J

3.21.3.1 Defintions of rubi rules used

Int[((Ce_.) + (£_)*(x_))"(m_)*(F_)[(c_.) + (d_D)*(x_)]1"(n_.)*(G) [(c_.) +

(d_D)*(x)17(p_.))/((al) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> U
nintegrable[((e + f*x) m*F[c + d*x] "n*G[c + d*x]"p)/(a + b*Sinh[c + d*x]),
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] & HyperbolicQ[F] && Hyperbolic
QLG]

Int[((Ce_.) + (£_)*(x))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, 4, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

cosh(c+dz)
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3.21.4 Maple [N/A] (verified)

Not integrable

Time = 0.20 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

/ cosh (dz + ¢) d
(fx+e)(a+bcsch(dz +c))

input Lint (cosh(d*x+c)/ (fxx+e) / (atb*csch(d*x+c)) ,x)

output Lint (cosh(d*x+c)/ (f*x+e) / (atb*csch(d*x+c)) ,x)

3.21.5 Fricas [N/A]

Not integrable

Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.31

cosh(c + dx) B cosh (dx + ¢) n
/ (e + fz)(a + besch(c + dx)) dz = / (fx +e)(besch (dz + ¢) + a) d

inputLintegrate(cosh(d*x+c)/(f*x+e)/(a+b*csch(d*x+c)),x, algorithm="fricas")

p
outputlintegral(cosh(d*x + c)/(axf*x + axe + (bxf*x + b*e)*csch(d*x + c)), x)

—

3.21.6 Sympy [N/A]
Not integrable

Time = 6.27 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

cosh(c + dx) B cosh (¢ + dzx) .
/ (e + fz)(a + besch(c + dz)) dz = / (a+besch (c+ dx)) (e + fx) d

inputLintegrate(cosh(d*x+c)/(f*x+e)/(a+b*csch(d*x+c)),x)

~—

outputLIntegral(cosh(c + d*x)/((a + b*csch(c + d*x))*(e + f*x)), x)

cosh(c+dz)
3.21. f (e+fx)(a+bCSCh(c+dw)) de
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3.21.7 Maxima [N/A]

Not integrable

Time = 0.39 (sec) , antiderivative size = 164, normalized size of antiderivative = 6.31

cosh(c + dx) B cosh (dz + ¢) i
/ (e + fz)(a + besch(c + dz)) do = / (fz +e)(besch (dz + ¢) + a) d

inputLintegrate(cosh(d*x+c)/(f*x+e)/(a+b*csch(d*x+c)),x, algorithm="maxima")

output‘—1/2*e‘(—c + d*e/f)*exp_integral_e(1l, (fxx + e)*d/f)/(axf) - 1/2*e”(c - d*
‘e/f)*exp_integral_e(i, -(fxx + e)xd/f)/(a*xf) - b*log(f*x + e)/(a"2xf) + 1/
‘2*integrate(—4*(b“2*e‘(d*x + c) - a*b)/(a”3xf*x + a~3xe - (a”3xf*xxe”(2*c)
‘ + a”3%exe” (2xc))*e” (2xd*x) - 2*(a”2*bxfxx*e"c + a"2*xbkxexe~c)*e”(d*x)), x)

3.21.8 Giac [N/A]

Not integrable

Time = 0.41 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

/ cosh(c + dzx) dp — / cosh (dz + ¢) B
(e + fz)(a + besch(c + dzx)) (fz +e)(besch (dz + ¢) + a)

p
inputLintegrate(cosh(d*x+c)/(f*x+e)/(a+b*csch(d*x+c)),x, algorithm="giac")

| —

outputLintegrate(cosh(d*x + ¢c)/((f*x + e)*(b*csch(d*x + c) + a)), x)

3.21.9 Mupad [N/A]

Not integrable

Time = 2.32 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.15

cosh(c + dx) B / cosh(c+ dx)

dz
(e + fz)(a + besch(c + dzx)) (e+ fz) (a + Sinh(ngdm))

lint(cosh(c + d*x)/((e + f*x)*(a + b/sinh(c + d*x))),x)

output Lint(cosh(c + d*x)/((e + f*x)*(a + b/sinh(c + d*x))), x)

cosh(c+dz)
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e+ fx)° cosh”(c+dz
3.22 [ letfo) cohleids) g,

a+bCSCh(c+d:c)
3.22.1 Optimalresult . . .. ... .. . ... .. e 173
3.22.2 Mathematica [B] (verified) . . . . . . . ... ... Lo 174
3.22.3 Rubi [C] (verified) . . ... ... ... . .. 175
3.22.4 Maple [F] . . . . . . 190
3.22.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 190
3.22.6 Sympy [F] . . . . . 191]
3.22.7 Maxima [F] . . . . . . . . 1921
3.22.8 Giac [F] . . . . . . 192
3.22.9 Mupad [F(-1)] . . . . oo 193
3.99. f (e4fx)3 cosh?(c+dzx) dz

a+bcsch(c+dz)
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3.22.1 Optimal result

Integrand size = 28, antiderivative size = 696

/ (e + fz)® cosh®(c + dx) d — 3efir 3f3z% (e+ fx)! N b’(e + fx)*

a + besch(c + dzx) *T a2 8ad? 8af 4a*f
_ 6bf*(e + fx) cosh(c +dz)  be+ fx)®cosh(c + dx)
a2d3 a’d
_3f° cosh?(c + dz) _ 3f(e+ fx)? cosh?(c + dx)
Sad4 4ad?
bva? + b2(e + fz)3log (1 + b_"%)
a3d
3 aec+dm
N /a2 +b2(e+f,'1;) log (1 + b—}—\/cm)
add
aectdz
3bv/a? + B f (e + f)* PolyLog (2, — 25 )
- add?
2 aec+dz
3bv/aZ + B2/ (e + )’ PolyLog (2, — 72 )
+ a3d?
9 aec+da:
6bva? + b%f*(e + fz) PolyLog (37 —b_\/m>
+ add?
6bv/a? + B2 f*(e + f) PolyLog (3, — ;2 )
- add?
aec+dz
6bv/a” + b f* PolyLog (4, —ﬁ>
B add*
3 aec+dm
6bv/a? + b? f° PolyLog (47 —m>
+ a3d*
6bf3sinh(c+ dz) = 3bf(e+ fx)%sinh(c+ dx)
+ 2d + a2d2
3f%(e + fz) cosh(c + dz) sinh(c + dz)
_|_
4ad3
N (e + fx)3 cosh(c + dx) sinh(c + dz)

2ad

(e4fx)3 cosh?(c+dzx)
3.22. f a+besch(c+dz) dz




output
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174

3/4*exf~2xx/a/d~2+3/8*f"3*x"2/a/d"2+1/8* (fxx+e) ~4/a/f+1/4%b" 2% (f*x+e) ~4/a”

3/f-6*xb*xf 2% (f*x+e) *cosh(d*x+c)/a~2/d"3-b* (f*x+e) “3*cosh(d*x+c) /a~2/d-3/8x%
f£~3%cosh(d*x+c) "2/a/d"~4-3/4xf* (f*x+e) “2*cosh (d*x+c) ~2/a/d"~2+6%b*f~3*sinh(d
*x+c) /a”2/d"4+3*b*f* (f¥x+e) "2*sinh (d*x+c) /a~2/d"2+3/4*f 2% (f*x+e) *cosh(d*x
+c)*sinh (d*x+c)/a/d"3+1/2* (£*xx+e) “3*cosh (d*x+c) *sinh (d*x+c) /a/d-b* (f*x+e)~
3x1n(1+axexp (d*x+c)/(b-(a~2+b~2)~(1/2)))*(a~2+b~2) " (1/2) /a~3/d+b* (f*x+e) "3
*1n (1+a*exp (d*x+c) / (b+(a~2+b~2) ~(1/2))) *(a~2+b"2) ~(1/2) /a~3/d-3*bxf* (f¥x+e
) “2xpolylog(2,-axexp(d*x+c)/(b-(a~2+b~2)~(1/2)))*(a~2+b~2)~(1/2) /a~3/d"2+3
*b*f* (fxx+e) "2xpolylog(2, -axexp (d*x+c)/(b+(a~2+b~2)~(1/2)))*(a"2+b~2) " (1/2
)/a~3/d"2+6xb*f 2% (f*x+e) *polylog(3,-a*exp(d*x+c)/(b-(a~2+b~2)~(1/2)))*(a”
2+b72)"(1/2) /a”~3/d"3-6xbxf 2% (f*x+e) *polylog(3,-a*exp(d*x+c)/(b+(a~2+b"2)"
(1/2)))*(a~2+b"2) " (1/2) /a~3/d"3-6*b*f~3*polylog(4,-axexp (d*x+c)/(b-(a~2+b~
2)°(1/2)))*(a"2+b"2) " (1/2) /a~3/d"4+6+b*xf ~3*polylog(4,-a*exp (d*x+c) /(b+(a~2
+b72)7(1/2)))*(a"2+b"2)"(1/2)/a~3/d"4

3.22.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 2218 vs. 2(696) = 1392.

Time = 9.94 (sec) , antiderivative size = 2218, normalized size of antiderivative = 3.19

dz = Result too large to show

/ (e + fz)? cosh®(c + dx)
a + besch(c + dx)

p
input  Integrate[((e + f*x)“3*Cosh[c + d*x]~2)/(a + b*Csch[c + d*x]),x]

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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output| (e~3*(c/d + x - (2*bxArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a~2 - b~2]11)/(
Sqrt[-a"2 - b~2]*d))*Cschlc + d*x]*(b + a*Sinh[c + d*x]))/(4*a*(a + b*Csch
[c + d*x])) + (3xe”2*f*Cschlc + d*x]*(x"2 - (2*bx(d*x*(Log[l + (a*E~(c + d
*x))/(b - Sqrt[a”2 + b"2])] - Logl[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]
)1) + PolyLogl[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - PolyLogl[2, -((a
*E~(c + d*x))/(b + Sqrt[a”2 + ©72]))]1))/(Sqrt[a”2 + b~2]*d~2))*(b + a*Sinh
[c + d*x]))/(8xa*x(a + bxCsch[c + d*x])) + (e*xf~2xCschlc + d*x]*(x~3 - (3*b
*(d"2*x"2*Log[1 + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~2*x"2*Logl[l +

(a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLog[2, (a*E~(c + d*x))
/(-b + Sqrt[a~2 + b~2])] - 2*d*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a"
2 + b~2]1))] - 2*PolyLog[3, (a*E~(c + d*x))/(-b + Sqrt[a~2 + b~2])] + 2*Pol
yLog[3, -((a*xE~(c + d*x))/(b + Sqrt[a~2 + b~2]))]1))/(Sqrt[a”2 + b~2]*d"3))
*(b + a*Sinh[c + d*x]))/(4*ax(a + b*Csch[c + d*x])) + (£73%Cschlc + d*x]*(
x4 - (4#bx(d~3*x"3#Log[l + (a*E"(c + d*x))/(b - Sqrt[a™2 + b72])] - d"3*x
~3xLog[1l + (a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])] + 3*d~2*x"2*PolyLog[2, (
a*E~(c + d*x))/(-b + Sqrt[a~2 + b~2])] - 3*d~2xx"2%PolyLog[2, -((a*E~(c +
d*x))/(b + Sqrt[a”2 + b~2]))] - 6*d*x*PolyLog[3, (a*E~(c + d*x))/(-b + Sqr
t[a™2 + b~2])] + 6*d*x*PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))
] + 6*%PolyLog[4, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b"2])] - 6*PolyLogl4, -(
(a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))1))/(Sqrt[a”2 + b~2]1*d"4))*(b + a...

3.22.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 3.56 (sec) , antiderivative size = 641, normalized size of antiderivative = 0.92,

number of steps used = 31, number of rules used = 30, humber of rules _ 1 477 Ryjes
integrand size

used = {6128, 6113, 3042, 3792, 17, 3042, 3791, 17, 6099, 17, 3042, 26, 3777, 3042, 3777,
26, 3042, 26, 3777, 3042, 3117, 3803, 25, 2694, 27, 2620, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fz)3 cosh?(c + dx)
a + besch(c + dx)
| 6128

/ (e + fz)3sinh(c + dz) cosh?(c + dz)
asinh(c+dz) +b

dzx

dxr

l 6113

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3 2
[(e+ fx)3 cosh?(c + dz)dx B bJ (eti?siiis(}; Jr(ccl:)dx) dz
a a

l 3042

e+ fx)3 cosh?(c+dz
b R m | [(e+ fa)’sin (ic+ide+ 3)* do

a a

l 3792

32 f(e+fa:)2fio2$h2(c+dz)dm + % f(e + f:c)3d:1: _ 3f(e+fac)242<;sh2(c+d:c) + (e+fz)? sinh(c;;idz) cosh(c+dzx)

a
(e4fx)3 cosh?(c+dzx)
b f b+a sifl(;ls(c—i-dx) dx

a

| 17

3f2 [(e+fx) cosh?(c+dx)dx _ 3f(e+f=z)? cosh?(c+dz) + (e+fz)? sinh(c+dzx) cosh(c+dzx) + (et+fz)*
2d2 4d? 2d 8f

a
(e+fz)3 cosh?(c+dz)
b[ b:t:zsifx(;ls(c—f-dm) dx

a
l 3042

b+a sinh(c+dx
- ( ) +

352 [(e+fx)sin (ic+idﬁ+%)2dm _ 3f(e+f=z)? cosh?(c+dz) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (et+fx)*
2d? 4d? 2d 8f

bf (e+fx)3 cosh?(c+dzx) dz

a

l 3791

2( 1 do— f cosh? (c+dz) |, (e+fz)sinh(c+dz) cosh(c+dx)
3f (2 J(etfo)dz 4d2 + 2d ) 3f(e+fx)2 cosh?(c+dx) (e+fz)3 sinh(c+dzx) cosh(c+dz) (e+fx)*
2d? - 442 + 2d + 3 f

a
b[ (etﬁ);gﬁs(}ﬁgz)dx) dzx

a

| 17
3f2 _f cosh2(c+dm) + (e+ fz) sinh(c+dzx) cosh(c+dzx) + (e-H‘a:)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (e+fx)*
42 2d 8f

2d?

a
+f)* cosh?(c+d;
b f e bf}-a;)sif:l)is(c—}-(;m) ) dx

a
l 6099

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz



CHAPTER 3. LISTING OF INTEGRALS 177

2 : 2
3f2 (_ f cos}ld(;+dz) + (e+fz) smh(cggm) cosh(c+dz) + (e+fz)

4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f

a

e+ fx 3
(a®+b°) [ m(sinilji(c).*_,m)dw b [(et+fz)3dz |, [(e+fx)?sinh(ct+dz)dz
a? - a? + a

a

| 17

3f2 (_ f cos}fd(;-f—dx) + (et+fz) sinh(c-}z—(tlix) cosh(c+dz) + (e+f:c)2

4f ) _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dx) cosh(c+dzx) + (e+fx)*
2d2 442 2d 8f
3 a
(0245°) J o s oz 4 + J(e+f)® sinh(ct+dz)dz _ ble+fz)*
a? a 4a2f
a
| 3042

2 : 2
3f2 (_ f cos}ld(;+dz) + (e+fz) smh(cggz) cosh(c+dz) + (e+fz)

4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f

a

etfz)® , o
(a+0?) [ b—ia(sin(ic)-kidx)dz + J —i(e+fz)3 sin(ict+idz)dz  be+fz)*
a? a 4a2f

a

| 26

h2(c+d +fx) sinh(c+da) cosh(c+d +fx)2
3f2 (_fcos 4d(zc x)+(e fz) sin (czdx)cos (c w)+(e 4}}:0) )

3f(e+fz)? cosh?(c+dzx) (e+fx)3 sinh(c+dx) cosh(c+dzx) (e+fx)*
pTR - 12 + 2d + > 5f
a
3
(a?+8%) [ #ﬁ?—&-w@dw i f(et+fz)3sin(ictidr)de  blet+fz)*
a? a 4a2f
a
| 3777

3f2 (_ f cosh2(c+dw) + (e+fz) sinh(cggz) cosh(c+dz) + (e+fz)2

442 4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

242 8f

a

. 3 . 2

+fz)3 . [ i(e+f=z)° cosh(c+dz) 3if [(e+fz)* cosh(ctdz)dz

(a®+6%) [ b—icfiinj(tizc)+idz) dz . 2( d d _ blet+fx)t
a? a 4a2f

b

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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l 3042

3f2 (_ f COSI:le(Z(:+dm) + (e+fx) sinh(c-}z—gm) cosh(c+dzx) + (e+f:l:)2

4f ) 3f(e+fx)? cosh?(ct+dx) | (e+fz)3sinh(ctdz)cosh(ctdz) |, (e+fz)*
- 12 + 2d +

2d? 8f
a
o ; (i(e+fz)3 cosh(etds) 33 [(etfa)? sin(ic+idm+g)dm>
e+ fx -
(@*+8%) | s—rsinGeran @ ¢ ¢ _ bletfa)t
a? a 4a?f

a
l 3777

3f2 (_ f coslfd(Qc-}—da:) + (e+fz) sinh(c-}z—ga:) cosh(c+dzx) + (e+fa:)2

4f ) 3f(e+fx)? cosh?(c+dzx) (e+fx)3 sinh(c+dzx) cosh(c+dzx) (e+fx)*
- 12 + 2d +

2d? 8f

a
[ (et fz)?sinh(c+dx) 2if [ —i(e+fx)sinh(c+dz)dz
3if a - g

i(e+fw)3 cosh(ctdz)
? d d

+fx)3
(a®+b?) [ b—i;Zin(izc)-i—id:c)dx . _ blet+fz)t
a? a 4a?f

a

| 26
3f2 (_ f cosh? (2c+da:) + (e+fzx) sinh(c-!z—;iz) cosh(c+dz) + (e-H‘a:)2

4d 4f ) 3f(e+fx)? cosh?(c+dx) | (e+fx)3sinh(ctdz)cosh(ctdz) |, (e+fz)*
B 4d? + 2d +

242 8f

a
. ( (e+fz)?sinh(c+dz) 2f [(e+fz)sinh(c+dz)dz
3if d - 7

i i(e+fx)3 cosh(ctdz)

(e+f2)® ¢ ¢

(a2+b2) f b—iaZin(imc+id:c) dz _ _ b(e+fx)4
a? a 4a?f

a

l 3042

3f2 (_ f coslfd(2(3+dz) + (e+fz) sinh(cggz) cosh(c+dz) + (e+fz)2

4f ) 3f(e+fx)? cosh?(c+dx) (e+fx)3 sinh(c+dz) cosh(c+dzx) (e+fx)*
— 4d? + 2d +

2d2 8f

a
3if ( (e+fz)2 sinh(c+dz) 2f [ —i(e+fz) sin(ic+idz)dz>
d d

i i(e+fa:)3 Zosh(c+da:) _ -

(etfa)®

(a2+b2) f b—iaesin(fc-kidm) dz _ _ b(e+fx)4
a? a 4a2f

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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| 26
3f2 _f cosh2(c+dm) + (e+ fz) sinh(c+dx) cosh(c+dzx) + (e+f:t)2
4d2 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)*
id? 2d 8f

2d?

a
sif ( (e+fx)? s(iinh(c+dz) L 26 [(etf=) Zin(ic-f—idm)dac )

i(e+fz)3 cosh(ctdz)
¢ d d

(e+fa)3
(a®+b?) [ b—iaZin(izc-q-z‘dw)dx . _ blet+fx)t
a? a 4a’f

a
l 3777

3f2 _f cosh2(c+d:z:) + (e+ fz) sinh(c+dzx) cosh(c+dzx) + (e-H‘a:)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dzx) cosh(c+dzx) + (e+fx)*
4d2 2d 8f

2d?

a

3if ( (e+fz)2 s(iinh(c+dz) +

2if<i(e+fw) c;)sh(c-ﬁ-dz) i cosh((ic+dz)da:> )
d

i(e+fz)3 cosh(ct+dz)
d

(e+fz)®
b (a®+b?) [ b—iaZin(fc-H‘d:c)dx _ _ b(etfa
a? a 4a2 f

l 3042

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a
2if (i(e+fz) cgsh(c+dz) B if [ sin(ic-ﬁl—lidz-ﬁ-%)dz)
) +f2)2 sinh(c+d
3if (e+fz) s;ln (c a:)+ -
i i(e+fw)3 cosh(ct+dz)
d d
2 p2 (et+rfz)3
b (@*+6%) | r—rwsinerian @ _ b
a? a

l 3117

3f2 _f cosh2(0+dx) + (e+fz) sinh(ct+dz) cosh(c+dz) + (e+f:c)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dzx) + (e+fx)3 sinh(c+dx) cosh(c+dzx) + (e+fx)*
iP 2d 8F

2d?

d

.. (i(et+fz) cosh(ct+dz) if sinh(c+dz)
| (et £z)? sinh(ctdz) 2”‘( d - 2 ) \
3if = +

i(e+fz)3 cosh(ct+dz)
d

(e+f2)?
b (a'2+b2) f b—iasin(ict+idzx) dz _ b(6+fz')4 _
a? 4a2f a

l 3803

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
@ i(e+fz) ( ) _ if sinh(
5 . 2f i(e+fz) cosh(ct+dz) if sinh(c+
3if((e+fz) sallnh(c+dz) + ( d 2 d2
i(e+fa:)3 cosh(ct+dz)
d d
2,12\ [ _ ect9% (e £2)3
b 2(a?+0) [ 2T D) 40— zbectdn 08 _ b(etfr)t
a? 4a2f a
a
| 25
3f2 _ fcoshz(c+dx) + (e+fz) sinh(ct+dz) cosh(c+dz) + (e+f:c)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dx) cosh(c+dzx) + (e+fx)*
24 id 2d 8F
a
2if(i(eJrfz) cosh(ctdz)  if sinh(c-
3if (e-ﬁ-fm)2 s;nh(c-kda:) + d 7 d2
i(e+fz)3 cosh(ct+dz)
d d
ct+dx 3
22 e (etfz)
b _2(0‘ +b )f _62(c+dm)a+a_2bec+dm dz _ b(e+fz)4 _
a? 4a?f a
a
| 2694
3f2 _ fcosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f _ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
202 id 2d 87
3if (e+fz)2 sdinh(c-H
ec+dx(e+fz)3 ec+da’(e+fz)3 1 3 h d
L, af_z(ec"rdza-ﬁ-b— a2+b2) dx af_z(ec+d$a+b+ a2+b2) dx i| iletrfz) fios (ctdz)
2(0’ +b ) a24b2 - a2 42
bl — _ bletfo)t

a? 4a2f

| 27

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz




CHAPTER 3. LISTING OF INTEGRALS 182

3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
3if (e+fz)2 scilnh(c+dz) +2if(7
af 9% (et fa)3 do af 192 (e f2)3 d i i(etfz)® ZOSh(C"'d”)_
2(a2+b2) U ectdz g by /a2 b2 _ ectdza4b—/a2+b2
2va2+b2 2V/a2+b2
b| — _ bletfx)t
a? 4a2f a
a
| 2620
3f2 _f coshz(c+dx) + (e+fz) sinh(ct+dz) cosh(c+dz) + (e+f:c)2
4d? 2d 4f _ 3f(e+f=)? cosh®(c+dx) + (e+fx)3 sinh(c+dx) cosh(c+dzx) + (e+fx)*
2d2 4d2 2d 8f
a
3 aetdT 2 ectdx 3 aectdT 2 ectdz
a(<e+fm> l°g(7¢dm+b“> RR l°g<7bd+m“) dz) a((e+fz) log<7bzm+l) 3 f(etsa) l°g<7d—m
2 2 —
2(a®+b%) 2v/a2 b2 2v/a2 42
b - a2
a
| 3011

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f

a +d +d.

C X C X

2f [(e+fx) PolyL (2,—“67* d +fz)?2 PolyL (2,—‘167*
, erds af [ (e+fz) Poly Ogd R/ Ty ) z ~ (e+fz)“ Poly ogd /) ) 3
. (e+fx) log(m-kl)_ . (e+fz)° lo
ad ad
232
2(a?+b?) 2Va2 152 N
b - (12
l 7163

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3f2 _f cosh2(c+dz) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a +d +d

PolyL ,_M> " PolyL (y_ﬂ)d

of (e+fz) Poly’ og(S ot a2 02 _f] olyLog( 3 i adi02 )%
d d (e+fz)2 PolyLog (2,—
3f a - d

31 ( aec+dw )
a (s roe Jorrpray _
ad ad
2,12
2(a?+b?) 2va2+b2
bl —
l 2720

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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2 : 2
3f2 (_ f cos}ld(;+dz) + (e+fz) smh(cggz) cosh(c+dz) + (e+fz)

4f ) _ 3f(etfz)? cosh?(c+dzx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
4d2 2d

2d2 8f
a +d +d.
_ __aefTaT r ,—c—dx _ __aefToT ct+dx

of (e+fzx) PolyLog(S, 7b+\/m> _fj e PolyLog(S,2 7b+\/m)de {

¢ d (e+f2)

3f a —
3 aectdT
| et 10&(7\/m+b+1>_
ad ad
2 2
2(a?+b?) 2va2+b2
b
| 7143
3 2
3.92. f (e+fz)? cosh®(c+dzx) dz

a+bcsch(c+dz)
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3f2 _f cosh2(c+da:) + (e+ fz) sinh(c+dz) cosh(c+dzx) + (e+fz)2
442 2d 4f __ 3f(e+f=)? cosh?(c+dx) + (e+fx)3 sinh(c+dz) cosh(c+dzx) + (e+fx)*
id? 2d 87

2d?

a
aec+dz aec+d:v )

+fz) PolyL (3,—7> PolyL (4,—7
2f((e fz) PolyLog bi/a? 152 f PolyLog 2b+ o
d d

(e+fz)2 PolyLog (2,— a
b
3f a - d

3 aectdT )
1 —2c 41
(s tos( 2T )
ad

ad

2,32
2((1 +b ) W)

input‘Int[((e + f*x)"3*Cosh[c + d*x]~2)/(a + b*Cschl[c + d*x]),x]

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz



output

CHAPTER 3. LISTING OF INTEGRALS

187

((e + f*x)~4/(8%f) - (3*f*(e + f*x) 2xCosh[c + d*x]~2)/(4%d"2) + ((e + f*x
)"3*%Cosh[c + d*x]*Sinh[c + d*x])/(2%d) + (3*f~2*x((e + f*x)~2/(4xf) - (£f*Co
shlc + d*x]~2)/(4*%d"2) + ((e + f*x)*Cosh[c + d*x]*Sinh[c + d*x])/(2*d)))/(
2%d"2))/a - (bx(-1/4*(b*(e + f*x)~4)/(a"2*f) - (2*x(a"2 + b~2)*(-1/2*(a*x(((
e + f*xx)~3%Log[l + (a*E~(c + d*x))/(b - Sqrt[a2 + b~2])])/(axd) - (3*f*x(-
(((e + f*x)~2*%PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b72]))]1)/d) + (
2+%fx(((e + f*x)*PolyLogl[3, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))1)/d -

(£*xPolyLogl[4, -((a*E~(c + d*x))/(b - Sqrt[a~2 + 72]))]1)/d~2))/d))/(a*xd)))
/Sqrt[a~2 + b~2] + (a*(((e + f*x) 3*Logl[l + (a*E~(c + d*x))/(b + Sqrt[a~2
+ b721)1)/(axd) - (3*f*x(-(((e + £*x) 2*PolyLogl[2, -((a*E~(c + d*x))/(b + S
grt[a~2 + °2]1))1)/d) + (2%fx(((e + f*x)*PolyLogl[3, -((a*E~(c + d*x))/(b +
Sqrt[a”2 + b"2]1))]1)/d - (£*PolyLogl[4, -((a*xE~(c + d*x))/(b + Sqrt[a”™2 + b
~2]1))1)/d"2))/d))/(axd)))/(2+Sqrt[a”2 + b72])))/a"2 - (I*((Ix(e + f*x)"3*C
osh[c + d*x])/d - ((3*I)*f*x(((e + f*x)"2*Sinh[c + d*x])/d + ((2*I)*£f*((I*(
e + fxx)*Cosh[c + d*x])/d - (I*f*Sinh[c + d*x])/d~2))/d))/d))/a))/a

3.22.3.1 Defintions of rubi rules used

rule 17‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1

)/ (ox(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26

rule 27

rule 2620

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a"2, 1]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(FL)~((g_.)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*x(e + f*x

)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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rule 2694 Int [((F_)~(u_)*((f_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + gx)"m*x(F"u/(b - q + 2*%c*F~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

rule 2720 | Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]
Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Log[1 + (e_.)*((F_)~((c_.)*((a_.) + (b_)*_)NN"(a_)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(c*(a +
b*x)))"n]/ (b*c*n*Log[F1)), x] + Simp[g*(m/(b*c*xn*Log[F1))  Int[(f + gx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3777 Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQl[{c, 4, e, £}, x] && GtQ[m, O]

rule 3791 Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((bxSin[e + f*x])~n/(£72*%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x

I*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~2+*((n - 1)/n) Int[(c + d*

x)*(b*Sin[e + f*x])~(n - 2), x], x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n,
1]

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz




rule 3792

rule 3803

rule 6099

rule 6113

rule 6128

rule 7143
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Int[((c_.) + (@_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x])~n/(£°2%n"2)), x] + (-Sim
plbo*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%x((n - 1)/n) Int[(c + d#*x) "m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m¥((m - 1)/(£f72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])

/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Int[((c_.) + (A_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + fxfz*x)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + I*bxE~(2x((-I)*e + fxfzx*x)))), x], x] /;
FreeQ[{a, b, c, d, e, f, fz}, x] && NeQ[a~2 - b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n )*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-a/b”2 Int[(e + f*x) m*Cos
hic + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]~(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b72)/b"2 Int[(e + f*x) m*(Coshlc
+ d*x]~(n - 2)/(a + bxSinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_)*(x_ )1 (p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +
(d_D)*(x)]1"(_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]~(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + bxSin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQlp, 0]

Int[((Ce_.) + (£_)*(x))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/(C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}3 X] && EqQ[b*d, a*e]

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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rule 7163 Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (b*c*p*Log[F1)), x] - Simp[f*(m/(b*c*p*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, 0]

3.22.4 Maple [F]

/ (fz + €)® cosh (dz + ¢)® i
a+ b csch (dz + ¢)

input ‘ int ((£*x+e) "3*cosh(d*x+c) ~2/ (a+b*csch(d*x+c)) ,x)

-

output Lint ((f*x+e) "3*cosh(d*x+c) "2/ (atb*csch(d*x+c)) ,x)

3.22.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3847 vs. 2(638) = 1276.

Time = 0.35 (sec) , antiderivative size = 3847, normalized size of antiderivative = 5.53

dx = Too large to display

/ (e + fz)3 cosh®(c + dx)
a + besch(c + dx)

p
input Lintegrate ((f*x+e) ~3*cosh(d*x+c) "2/ (at+b*csch(d*x+c)) ,x, algorithm="fricas")

| —

-/

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz




output

input

output
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-1/32% (4%a~2*xd"3*xf"3*x"3 + 4*a"2*%d"3*e"3 + 6*xa~2xd"2*e”"2*f + 6*a”2*d*exf"2
+ 3*%a"2+%f"3 - (4*%a~2xd"3*xf"3*%x"3 + 4*a"2*%d"3*e"3 - 6*xa~2xd"2%e " 2*f + 6*a”
2%d*e*xf"2 - 3%a"2xf"3 + 6% (2*%a"2+%d"3*exf"2 - a"2xd"2*f"3)*x"2 + 6% (2*xa~2xd
“3xe"2xf — 2%a"2kd"2%e*f”2 + a"2xd*f~3)*x)*cosh(d*x + c)"4 - (4*xa~2xd"3*f"
3*x"3 + 4*a”2*d"3*%e"3 - 6*xa~2*xd"2*e"2xf + 6*a"2xd*e*f"2 - 3*xa~2*%f"3 + 6%(2
*a " 2xd"3kexf"2 — a"2%d"2*%f73)*x"2 + 6x(2*xa"2xd"3ke " 2*f - 2*a”2xd"2xexf"2 +
a~2xd*f~3)*x) *sinh(d*x + c)~4 + 16*(a*b*d~3*f"3*%x"3 + a*xb*d~3*e”~3 - 3*a*b
*d"2%e 2xf + 6xaxbkdxexf”2 — 6*axb*xf~3 + 3*(axbkd"3kxexf"2 - a*b*xd"2*f"3)*x
~2 + 3*x(axbxd~3*e”2*f - 2%axbxd~2%exf~2 + 2%axbxd*f~3)*x)*cosh(d*x + c)~3
+ 4% (4*xa*xbxd"3*f"3*x"3 + 4*axbxd"3*e”3 - 12*axb*d~2ke 2*f + 24*xaxb*dxe*xf”2
- 24xaxb*xf~3 + 12%(a*bkd~3*e*f~2 - a*b*d 2*xf"3)*x"2 + 12%(a*b*xd 3xe"2%f -
2%a*xb*xd"2xexf~2 + 2kaxbkd*f~3)*x - (4*a~2*%d"3*f"3*x"3 + 4*a"2*d"3*e"3 - 6
*a"2%d"2xe"2*%f + 6xa~2*d*e*xf"2 - 3*%a"2%f"3 + 6*%(2*a"2xd"3*ke*xf"2 - a~2*d"2x*
£73)*x72 + 6% (2*xa~2xd"3*ke " 2*f — 2*a"2*d"2*exf"2 + a~2*xd*f~3)*x)*cosh(d*x +
c))*sinh(d*x + c)~3 + 6*%(2*%a~2*xd"3*e*xf~2 + a~2*d"2xf"3)*x"2 - 4x((a"2 + 2
*b72) *d"4A*xf"3*x"4 + 4%(a”2 + 2*¥b72)*d"4*xexf"2*x"3 + 6*(a”2 + 2*%b"2)*d"4x*e”
2%f*x72 + 4x(a”2 + 2*¥b"2)*d"4*e"3*x)*cosh(d*x + c)"2 - 2% (2%(a”2 + 2*¥b~2)*
d"4*xf"3*%x"4 + 8x(a”2 + 2xb"2)*d"4*e*f"2*%x"3 + 12x(a”2 + 2*b"2) *d"4*e " 2*f*x
2 + 8%(a”2 + 2xb"2)*d"4*e"3*x + 3*(4*a”~2xd"3*f"3*x"3 + 4*a~2*%d"3*e”"3 - 6%

a~2xd"2xe"2%f + 6xa”2*dxexf~2 - 3*%a"2xf~3 + 6% (2%xa~2*%d"3kexf"2 - a~2*xd”...

3.22.6 Sympy [F]

/ (e + fx)? cosh®(c + dx) e — / (e + fz)? cosh? (¢ + dx) e

a + besch(c + dx) a + besch (¢ + dx)

integrate ((f*x+e)**3*cosh (d*x+c) **2/ (a+b*csch(d*x+c)) ,x)

\

Integral((e + f*x)**3*cosh(c + d*x)**2/(a + bxcsch(c + d*x)), x)

N

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz
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3.22.7 Maxima [F]

/ (e + fx)3 cosh?(c + dx) dp — / (fz + e)® cosh (dz + ¢)? i
a + besch(c + dx) N besch (dz+c¢) +a

input‘integrate((f*x+e)“3*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="maxima")

output | -1/8xe~3% ((4xbxe~ (-d*x - c) - a)*e”(2*d*x + 2%c)/(a"2xd) - 4*(a~2 + 2xb~2)
*(d*x + c)/(a”3*d) + (4*b*e~(-d*x - c) + akxe” (-2*d*x - 2%c))/(a"2xd) + 8x*(
a~2xb + b~3)*log((a*xe~(-d*x - c) - b - sqrt(a”2 + b~2))/(a*e”(-d*x - c) -
b + sqrt(a”2 + b72)))/(sqrt(a”2 + b"2)*a"3*d)) + 1/32%(4*(a"2xd"4*f"3*xe” (2
*C) + 2xb72xd"4*xf"3*%e” (2%c))*x"4 + 16*(a~2xd"4d*xe*xf"2%e” (2%c) + 2*xb"2xd"4x*e
*f"2xe” (2%c) ) *x"3 + 24%(a”2*%d"4xe"2xfxe” (2*c) + 2%b"2*%d"4*e"2xfxe” (2*c) ) *x
"2 + (4xa”2*%d"3*f"3*x"3*%e” (4*c) + 6% (2+%d"3ke*f~2 - dT2*xf"3)*a”"2*x"2*e” (4*c
) + 6x(2xd"3%e”2*xf - 2+%d"2*xexf"2 + d*f"3)*a"2*xke” (4d*kc) - 3x(2*xd"2%e " 2*xf -
2xdxe*xf~2 + £~3)*a"2%e” (4%c))*e” (2xd*x) - 16%(axb*d~3*f 3*x~3*%e~(3%c) + 3
* (4" 3*%exf"2 — d72*f73)*xa*xbxx"2xe” (3%c) + 3*(d"3*e”"2%f - 2*%d"2*exf"2 + 2*xd*
£73) xa*bxx*e” (3*xc) - 3*x(d"2*e”2*f - 2kd*exf~2 + 2xf~3)*axb*e”(3*c))*e” (d*x
) - 16*(a*b*d~3*f " 3*x"3*e"c + 3*x(d"3*exf"2 + d~2*f"3)*a*bxx"2%e"c + 3*(d"3
*e " 2*%f + 2*%d"2%e*xf"2 + 2*d*f~3)*axb*xke”c + 3*%(d"2xe"2*f + 2kdxexf"2 + 2*f
~3)*axbxe~c)*e” (-d*x) - (4%a"2*%d"3*f"3*x"3 + 6% (2*d"3*e*f"2 + d"2*xf"3)*a"2
*X72 + 6x(2xd"3ke " 2*f + 2+%d"2%exf"2 + d*xf~3)*ka”"2%x + 3*%(2*%d"2*e"2xf + 2kdx*
exf~2 + £73)*a"2)*e” (-2*d*x))*e”~ (-2*c)/(a"3*d"4) - integrate(2*((a~2%b*f~3
*e”c + b73*f " 3xe”c)*x"3 + 3x(a"2*bxe*xf "2xe”"c + b~ 3*kexf"2*e"c)*x"2 + 3*(a”2
*bkxe"2xfxe"c + b~ 3xe 2*xfre"c)*x)*ke” (d*x)/(a4*e” (2kd*x + 2*c) + 2*xa~3*bke”
(d*x + ¢c) - a~4), x)

3.22.8 Giac [F]

/ (e + fx)? cosh®(c + dx) dp — / (fz + €)® cosh (dz + ¢)® I
a + besch(c + dx) B besch (dz+c¢) +a

input

integrate ((f*x+e) “3*cosh(d*x+c) ~2/(at+b*csch(d*x+c)) ,x, algorithm="giac")

N

-

output integrate((f*x + e)~3*cosh(d*x + c)~2/(b*csch(d*x + c) + a), x)

N\

(e4fx)3 cosh?(c+dzx)
3.22. f a+bcsch(c+dz) dz




CHAPTER 3. LISTING OF INTEGRALS 193

3.22.9 Mupad [F(-1)]

Timed out.

3
dz

/ (e + fx) cosh®(c + dx) dp — / cosh(c +dz)® (e + f z)

a + besch(c + dx) a+ m

-

input Lint((cosh(c + dxx)"2%(e + £*x)~3)/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)"2%(e + f*x)~3)/(a + b/sinh(c + d*x)), x)

(e4fx)3 cosh?(c+dzx)
3.22. f a+besch(c+dz) dz
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3.23 f (e+fz)? cosh?(c+dx) dx
a+bcsch(c+dz)

3.23.1 Optimal result . . . . . . .. . . ... . e 194
3.23.2 Mathematica [B] (verified) . . . . . . ... .. ... Lo
3.23.3 Rubi [C] (verified) . . . . . .. . . ... 196
3.234 Maple [F] . . . . . . 2061
3.23.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 207
3.23.6 Sympy [F] . . . . . 207l
3.23.7 Maxima [F] . . . . . . . . . 208}
3.23.8 Giac [F] . . . . . o
3.23.9 Mupad [F(-1)] . . . . o

3.23.1 Optimal result

Integrand size = 28, antiderivative size = 510

(e+ fx)*cosh®(c+dx) , — fx  (e+fx)®  b*(e+fz)* 2bf*cosh(c+ dz)

+

a + besch(c + dx) T dad? 6af 3adf a’d3

_ ble+ fz)*cosh(c+dx)  f(e+ fx)cosh®(c+ da)

a2d 2ad?
bWa? + b2(e + fz)’log <1 + b_"%)
B a’d
bva? + b2 (e + fz)*log (1 + w%)
add
2bv/a? + b?f(e + fz) PolyLog (2, - bf%)
add?
2/ + B f(e + f2) PolyLog (2, ;25
a3d?
2+/a? + B f? PolyLog (3, 2
add?
2bv/a? + b2 f2 PolyLog (3, —%)

add3

+

+

+

4 2bf(e + fz)sinh(c + dx) n f? cosh(c + dzx) sinh(c + dx)

a’d? 4ad3
(e + fx)? cosh(c + dz) sinh(c + dz)
+ 2ad

3.23.

(e4fx)? cosh?(c+dzx)
f a+besch(c+dz) dz
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output | 1/4*f~2+x/a/d"2+1/6* (fxx+e) ~3/a/f+1/3*%b"2x (f*x+e) “3/a~3/f-2*b*xf " 2*cosh (d*x
+c)/a~2/d"3-b* (f*x+e) "2*xcosh (d*x+c) /a~2/d-1/2*f* (f*x+e) *cosh (d*x+c) ~2/a/d~
2+2*bxf* (f*x+e) *sinh (d*x+c)/a~2/d"2+1/4*f~2*cosh (d*x+c) *sinh (d*x+c) /a/d "3+
1/2x(£*x+e) “2*cosh(d*x+c) *sinh (d*x+c) /a/d-b* (f*x+e) “2*1n(1+a*exp (d*x+c) /(b
-(a"2+b"2)"(1/2)))*(a~2+b"2) " (1/2) /a~3/d+b* (f *x+e) ~2*1n (1+a*exp (d*x+c) / (b+
(a"2+b~2)"(1/2)))*(a"2+b"2) " (1/2) /a~3/d-2*b*f* (f*x+e) *polylog(2,-a*exp (d*x
+c)/(b-(a"2+b~2)"(1/2)))*(a~2+b~2) " (1/2) /a"~3/d"2+2*b*f* (f*x+e) *polylog(2,-
axexp (d*x+c) / (b+(a~2+b~2) " (1/2)))*(a"~2+b"2) ~(1/2) /a~3/d~2+2xbxf ~2xpolylog(
3,-axexp(d*x+c)/(b-(a"2+b~2)~(1/2)))*(a"2+b~2) ~(1/2) /a~3/d~3-2*b*f ~2*polyl
og(3,-axexp(d*x+c)/(b+(a~2+b~2)~(1/2)))*(a"2+b~2)~(1/2)/a~3/d"3

3.23.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 1216 vs. 2(510) = 1020.

Time = 4.93 (sec) , antiderivative size = 1216, normalized size of antiderivative = 2.38

/ (e + fx)? cosh®(c + dx) p
a + besch(c + dx)

a— an. 1 c T
2ba.rctan<bt _hff_(b;d ))> 2b (daf: (log (1+,
csch(c + dz)(b+ asinh(c + dx)) | 6a%e?*| $+ o — = + 6a’ef | 2?2 — ————

-

input LIntegrate[((e + fxx)~"2*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x] J

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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output| (Csch[c + d*x]*(b + a*Sinh[c + d*x])*(6*xa~2*xe"2%x(c/d + x - (2xbxArcTan[(a
- bxTanh[(c + d*x)/2])/Sqrt[-a"2 - b"2]]1)/(Sqrt[-a~2 - b~2]*d)) + 6*a”2xe*
fx(x"2 - (2xbx(d*x*(Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] - Logl[1
+ (a*E"(c + d*x))/(b + Sqrt[a”2 + b~2])]) + PolyLogl[2, (a*E~(c + d*x))/(-
b + Sqrt[a”2 + b"2])] - PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])
)1))/(Sqrt[a~2 + b"2]*d~2)) + 2xa~2*xf 2% (x"3 - (3*b*x(d~2*x"2xLogl[l + (a*E”
(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~2*x"2xLog[1 + (a*E~(c + d*x))/(b + S
grtl[a”2 + b~2])] + 2*d*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])
] - 2*%d*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 2*PolyLog
[3, (a*E~(c + d*x))/(-b + Sgrt[a”2 + b~2])] + 2+PolyLogl[3, -((a*E~(c + d*x
))/ (b + Sqrt[a~2 + ©72]))1))/(Sqrt[a~2 + b~2]*d~3)) + £ 2*x(2x(a~2 + 4*b~2)
*x"3 - (6%b*(3*a”2 + 4xb~2)*(d"2*x"2xLog[1 + (a*E~(c + d*x))/(b - Sqrt[a~2
+ b2])] - d"2*x"2*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a™2 + b~2])] + 2xd*x
*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a™2 + b~2])] - 2*d*x*PolyLog[2, -((
a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 2*PolyLog[3, (a*E~(c + d*x))/(-b
+ Sqrt[a™2 + b~2])] + 2%PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b~2])
)1))/(Sqrt[a~2 + b~2]*d"3) - (24*a*xbxCosh[d*x]*((2 + d~2*x~2)*Cosh[c] - 2%
d*x*Sinh[c]))/d~3 + (3*a~2*Cosh[2*d*x]*(-2*d*x*Cosh[2*c] + (1 + 2%d~2%x"2)
*Sinh[2*c]))/d"3 - (24*axb*(-2*d*x*Cosh[c] + (2 + d~2*x~2)*Sinh[c])*Sinh[d
*x])/d"3 + (3*a”2*((1 + 2xd~2*x"2)*Cosh[2*c] - 2*d*x*Sinh[2*c])*Sinh[2*...

3.23.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 2.83 (sec) , antiderivative size = 484, normalized size of antiderivative = 0.95,

number of steps used = 28, number of rules used — 27, humber of rules _ ( 964 Ryles
integrand size

used = {6128, 6113, 3042, 3792, 17, 3042, 3115, 24, 6099, 17, 3042, 26, 3777, 3042, 3777,
26, 3042, 26, 3118, 3803, 25, 2694, 27, 2620, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fz)? cosh?(c + dx)
a + besch(c + dx)
| 6128

/ (e + fz)?sinh(c + dz) cosh?(c + dz)
asinh(c+dz) +b

dzx

dxr

l 6113

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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2 2
[(e+ fx)?cosh?(c + dz)dx B bJ (eti?siif(}; Jr(ccl:)dx) dz
a a

l 3042

e+ fx)? cosh?(c+dz
b RS | [(e+ fa)’sin (ic+ide+ 3)* do

a a

l3m2

fzfcos};l(zc+da:)dm + %f(e + f$)2d$ _ fle+fx) g;thQ(c—}-dm) + (e+fx)? sinh(c;—ddac) cosh(c+dz)

a
(e4fx)? cosh?(c+dzx)
b f b+a sifl(;ls(c—i-dx) dx

a

| 17

f? [ cosh?(c+dz)dz _ fe+f=) cosh?(c+dx) + (e+fx)? sinh(c+dz) cosh(c+dzx) + (et+fx)3
2d? 2d? 2d 6f

a
(e+fz)? cosh®(c+dz)
b[ b:t:zsi:x(;ls(c—f-da:) dx

a
l 3042

b+a sinh(c+dx
a( ) +

f2 [sin (iC+id$+%)2d$ _ f(e+f=) cosh?(c+dz) + (e+fx)? sinh(c+dz) cosh(c+dzx) + (et+fx)3
2d? 242 2d 6f

bf (e+fx)? cosh?(c+dzx) dz

a

l 3115

f2 ([ 12dz +sinh(c+dx)220$h(c+dw) >

f(e+fx) cosh?(c+dzx) (e+fzx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2 + 2d +

2d? 6f

a
(e+fx)? cosh?(c+dzx)
b f b+a sifl(;ls(c—i-dx) dx

a

l 24

inh(c+dz) cosh(c+dx)
z(sm C CEZCOS C T +%)

_ fletfzx) ;(()iszh2 (c+dz) + f + (e+fx)? sinh(c;-ddm) cosh(c+dz) + (e+fz)?

2d? 6f

a
(e+fx)? cosh?(c+dzx)
b f b+asinh(c+dz) dx

a
l 6099

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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f2 (sinh(c+d:c)2<:osh(c+dw) +%>

_ fletfz) (2:352h2 (c+dz) + + (e+fx)? sinh(c;:idx) cosh(c+dz) + (e+fz)?

2d2 6f

a2 a2 a

a
b((al+w>fb+£§iﬁim» _ bf(erfo)ds | f@+fxﬁsmh@+dwdx>

a

| 17

f2 (sinh(c+dw)2;osh(c+dw) +%>

_ fletfz) (2:?;2}12 (ct+dz) + + (e+fx)? smh(c—i:idx) cosh(c+dz) + (e+fx)3

2d2
a
o[ @) f,M(ﬁi}{dez) 4 [(etfa)?sinh(ctda)de _ be+fa)?
a 3aZf
a
| 3042
f(e+fz) cosh?(c+dzx) ? <Sinh(c+dw)220$h(c+dz) +%> (e+fz)? sinh(c+dzx) cosh(c+dzx) (e+fz)3
- 2d2 + 242 + 2d + _
a
b (a2+b2) f#% n [ —i(e+fz)?sin(ict+idz)dz  b(e+fz)3
a? a T 3a2f
a

| 26

2 ( sinh(c+dz) cosh(c+dzx)
7( % +3)

f(e+fz) cosh?®(c+dz) (e+fz)? sinh(ctdx) cosh(ctdz) | (etfz)®
_e:c(z:czlchx_i_ +exsmczdxcosc x+e6fac

2d2
a
2
b ( (a?+b?) [ #{Z&_ldz) . i [(e+fz)? sin(ict+idz)dx . b(e+fz)3>
a? a 3a?f
a
| 3777

2 ( sinh(c+dz) cosh(c+dzx)
7( % +3)

_ f(et+fzx) (22?152h2 (c+dz) + + (e+fzx)? sinh(c;:ida:) cosh(c+dz) + (e+fz)?

2d? 6f

a
. 2 AP
+fz)2 - i(etfz)“ cosh(c+dx) _ 2if [(et+fz)cosh(ctdz)dz
(a®+b?) [ b—ia(Zin{:c)-i—idw) do* ( d d b(e+fx)?

a2 - a T 7 3a2f

a
l 3042

(e4fx)? cosh?(c+dzx)
323. a+bcsch(ctde) dz
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2 ( sinh(c+dz) cosh(c+dz)
(S C 1‘2()05 C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2d2 + + 2d +

2d? 6f
a
- (e+fx)2 i(i(e+f:v)2 (;OSh(CJFd:D) _2if J(e+f=) sind(ic+id:v+g)d:v>
b (0*+6%) [ 5= sin(iotida) 9% _ _ blet+fz)3
a? a 3a2f
a
l 3777

f2 (sinh(c+dm)2;osh(c+dm) +%)
2d?

f(e+fz) cosh? (c+dx) (e+fz)? sinh(c+dz) cosh(c+dx) | (e+fx)*
_ € T (;(l)is2 C ui + + € X sin. C2d(E COS. C XL + € T

6f

a
. .( (et fz)sinh(ct+dz) if [ —isinh(ct+dz)dz
i (i(e+fz)2 cosh(c+dz) _21f( d - d )
d

) _ blet+f=z)3

e+ fx 2 d
b (a®+0%) [ bficl(sin{ic)+idz) dz _
a? a 3a2f
a
| 26
inh(c+dz) cosh(ctde)
_ f(etfz) cosh?®(c+da) + f2<sm B +%) + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fz)3
2d2 2d2 2d 6f
.. ( (et fz)sinh(c+dz) f [sinh(ctdz)dz
(e+5z)2 i(i(eﬂx)? cosh(c+dz) _2“‘( d < - ¢ ) )
et+fz
b (a2+b2) f b—ia sin(ict+idz) dz _ _ b(e+fz)3
a? a 3a?f
a
| 3042
inh(c+dax) cosh(c+dx)
_ f(e+fz) cosh?(ctdz) + f2<sm T B +%) + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fx)3
2d2 2d2 2d 6f _
.. ( (et+fz)sinh(c+dz) f [ —isin(ictidz)dz
(et fa)? i(i(e+fm)2 cosh(c+dz) M ( d - d ))
e+fx
b (a2+b2) f b—ia sin(ict+idz) dzx _ _ b(e+fx)3
a? a 3a2f

26

—

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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2 ( sinh(c+dz) cosh(c+dz)
(S C 1‘2()05 C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- 2d2 + + 2d +

2d2 6f

2if( (e+fz) si;h(ci—dz) 4 if [ sin(idc+idx)dz )

i i(e+fm)2 cosh(ctdz)
d
dz _ blet+f=)3

(etfa)? d
b (a2+b2) f b—iazin(iaz:-ﬁ-idz)
a? a 3a2f
a
| 3118
inh(c+dx) cosh(ct+dz)
_ f(e+fz) cosh?(ctdz) + f2<s 2 +%> + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+f=z)3
2d2 2d2 2d 6f
4 (( ) sinh( ) ( ))
) 2 f e+ fx)sinh(c+dx)  f cosh(ctdz
. z(e+fz)2 cosh(c+dz) d d2
242 (e+fz)? d Z( d B d
(a®+0°) [ b—iasin(ictids) *F _ blet+fz)®
a? 3a2f a
a
| 3803
inh(c+dz) cosh(c+dzx)
_ fletfx) cosh?(c+dzx) + f2<s 2d ° +%) + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (e+fx)?
2d2 2d2 2d 6f _
a4 ( ) ( ) ( )
. e+ fx) sinh(c+dzx f cosh(c+dx
d 2 i(e+fw)2 cosh(ctdz) 2Zf( d - a2 )
2(at7) [ it , ; a
_62(c+dz)a+a_2bec+dz _ b(e~|—f:13) _
a? 3a2f a
a

| 25

f2 ( sinh(c+dz)2;osh(c+dz) +%)

f(e+fz) cosh?(c+dz) (e+fz)? sinh(c+dz) cosh(ctdz) | (e+fz)®
_em;(()iszcm+ +em51n02dmcoscx+ez

2d2 6f

a

c+dz( ot )2 i i(e+fz)2 (‘:iosh(c—f—dz) _ S
2,12 e e+fz
2(a?+v?) [ _2(ctdm) g1 _opectda dx b(e+fx)3

> — —

a 3a2f a

%f ( (et+fz) si;h(c+dz) _f cosl;(Qc-ﬁ-d:v) ) )

a

l 2694

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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f2 (sinh(c+d:c)2<:osh(c+dw) +%>

_ fletfz) (2:352h2 (c+dz) + + (e+fx)? sinh(c;:idx) cosh(c+dz) + (e+fz)?

2d2 6f
+d 2 a+d 2
e (e+fa) eI (et )
. af— 2(e’3+dza+b— 2+b2) dz  a[— 2(ec+d“’a+b+ a2+b2) dx ) 2if( (e+fz) sinh(c+ds
2(a®+b%) 22152 @2+ b2 i(i(e+fz) fiosh(ﬂ-dz)_ d .
b| — _ bletfz)®
a? 3a2f a

| 27

inh(c+dz) cosh(c+dz)
z(sm C EZCOS C T +%)

f(e+fz) cosh? (c+dx) (e+fz)? sinh(c+dz) cosh(c+dx) | (e+fx)*
€ T (231()182 C XL + + € x sin. C2dIE COS. C XL + € xT

2d? 6f
c+dz(e+fz)2 c+da:(e+fz)2 .
RS\ P S L SR i S . e+ fx) sinh(c+dzx cosh
2(a2+b2) SRl T PN M T N M | ietfa)? cosh(ctda) 21f<( frisqhictan) - Leotl
2va2+b2 2v/a2+b2 t d - d
b| — _ bletfz)®
a? 3a?f a
a
| 2620
2 ( sinh(c+dz) cosh(c+dzx)
__ f(e+f=) cosh?(c+dzx) + f ( 2d +%) + (e+fx)? sinh(c+dzx) cosh(c+dzx) + (et+fx)3
2d2 2d2 2d 6f
a
ct+dx ectdz
((e+f11) log( 2+b7+b +1> 2f [(e+fx) log(b+ *2_”) +1> ) ((e—‘rfw)? log<7b_ae :—24_1772 +1) 2f [(e+fz) log(g +2f—b b
@ @ ad ad
2 2
2(a2+b?) 2Vt 2v/a2 102

bl —

l 3011

(e4fx)? cosh?(c+dzx)
323. a+bcsch(ctde) dz
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inh(c+dz) cosh(c+dax)
_ f(e+fz) cosh?(ctdz) + f? (S . 3 (chdz +%> + (e+f=)? sinh(c+dzx) cosh(c+dx) + (e+fx)3
2d2 2d2 2d 6f
a +d. +d.
_ gectdm _ gectdz
s y f [ PolyLog (2, d7b+\/m) dz ~ (e+fz) PolyLog (;, 7[)-}—\/@) N
(€+fm)210g(\/ae2772+1) (e+fx)? 103(%
@ ada +oo4b - ad @ Z; =
2(a2452) e — _
b - (12
| 2720
sinh(c+dz) cosh(c+dz)
__ f(e+f=) cosh?(c+dzx) + f? ( 2d +%> + (e+fx)? sinh(c+dz) cosh(c+dzx) + (e+fx)3
2d2 2d2 2d 6f
a +d +d
—e—ds et N yctda __aectds
rde of fle PolyLog (2,2 b:e P )de ~ (e+fx) PolyLog (2, bfe a2+b2)
(e+fm)2 10%(%4’1) d (e+fz
@ ad - ad @
2(a2452) — _
b - a2
| 7143
3.93 f (e4fx)? cosh?(c+dzx) dz

a+bcsch(c+dz)
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2 ( sinh(c+dz) cosh(c+dz)
(S C 1‘2()05 C T +%>

f(e+fzx) cosh?(c+dzx) f (e+fx)? sinh(c+dzx) cosh(c+dzx) (e+fz)?
- festzloqpiras) 4 + : :

2d2 6f

a
ct+dx c+dx

PolyL 3,— —ae ) + PolyL (2,— ae )

s PotvLos varyge) SOV e

d

2f - d:
2 aetde ) 2 ( aeCtdz
1 1 + 1 —_—
a(ﬁﬁm %(v#+ﬂ+fF a @ h)ong 2ttt
ad ad a

2,312 _
2(a +b ) P CY

a2

input Int[((e + f*x) 2xCosh[c + d*x]~2)/(a + b*Csch[c + d*x]),x]

output | ((e + f*x)~3/(6%f) - (f*x(e + f*x)*Cosh[c + d*x]~2)/(2*xd"2) + ((e + f*x) 2%
Cosh[c + d*x]*Sinh[c + d*x])/(2xd) + (£72x(x/2 + (Cosh[c + d*x]*Sinh[c + d
*xx])/(2%d)))/(2xd"2)) /a - (b*(-1/3%(bx(e + f*x)~3)/(a"2%f) - (2*(a”2 + b2
Yx(-1/2x(ax(((e + f*x)"2+Log[l + (a*E"(c + d*x))/(b - Sqrt[a™2 + b~2])]1)/(
axd) - (2xf*x(-(((e + f*x)*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a™2 + b~2
1))1)/d) + (£*¥PolyLogl[3, -((a*E~(c + d*x))/(b - Sqrt[a"2 + b~2]))]1)/d"2))/
(axd)))/Sqrt[a~2 + b~2] + (a*x(((e + f*xx) 2xLogl[l + (a*E~(c + d*x))/(b + Sq
rt[a”2 + 72]1)]1)/(axd) - (2*fx(-(((e + f*x)*PolyLogl[2, -((a*E~(c + d*x))/(
b + Sqrt[a”2 + b~2]1))]1)/d) + (fxPolyLog[3, -((a*E~(c + d*x))/(b + Sqrtl[a~2
+ 1721))1)/d72))/(axd)))/(2+Sqrt[a~2 + b~2])))/a"2 - (I*((Ix(e + f*xx) 2xC
osh[c + d*x])/d - ((2*I)*f*x(-((f*Cosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c +
d*x])/d))/d))/a))/a

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz




rule 17

rule 24

rule 25

rule 26

rule 27

rule 2620

rule 2694

rule 2720
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3.23.3.1 Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [(C(FL)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((F_)~(u )*((£_.) + (g_.)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Simp[2*(c/q) Int
[(f + gkx)"m*x(F"u/(b - q + 2*cxF~u)), x], x] - Simp[2*(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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rule 3011 Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))~n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl2, (-e)*(F~(cx(a + b*x)))°nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3115 Int [((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((bxSin[c + d*x])"(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[
2xn]

rule 3118 Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777 Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + fxx], x], x] /; FreeQl[{c, d, e, £}, x] && GtQ[m, O]

rule 3792 | Int[((c_.) + (A_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x])"n/(£72#%n"2)), x] + (-Sim
plo*x(c + d*x) m*Cos[e + f*x]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%x((n - 1)/n) Int[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*x((m - 1)/(£f72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

rule 3803 | Int[((c_.) + (d_.)*(x_)) " (m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(£_.)*(x_)1), x_Symbol] :> Simp[2 1Int[(c + d*x) m*(E~((-I)*e + f*xfz*x)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + I*b*xE~(2x((-I)*e + fxfzx*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz




rule 6099

rule 6113

rule 6128

rule 7143

input

output
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Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n )*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-a/b~2 Int[(e + f*x) m*Cos
hic + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]"(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b™2)/b"2 Int[(e + f*x) m*(Cosh[c
+ d*x]~(n - 2)/(a + bxSinh[c + d*x])), x], x]) /; FreeQ[{a, b, ¢, 4, e, £},

x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1 " (p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +

(@_)*(x)1"(_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[

n, 0] && IGtQ[p, O]

Int[(((e_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

/Int[PolyLog[n_, (c_)*x((a_.) + (b_)*_ D" (p_.)1/0@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}: X] && EqQ[b*d, a*e]

3.23.4 Maple [F]

/ (fz +e)? cosh (dz + ¢)? i
a+ b csch (dz + ¢)

Lint((f*x+e)“2*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x)

tint((f*x+e)‘2*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x)

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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3.23.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2410 vs. 2(466) = 932.

Time = 0.31 (sec) , antiderivative size = 2410, normalized size of antiderivative = 4.73

/ (e + fx)? cosh®(c + dx)
a + besch(c + dx)

dx = Too large to display

inputLintegrate((f*x+e)‘2*cosh(d*x+c)‘2/(a+b*csch(d*x+c)),x, algorithm="fricas")

output | -1/48* (6*xa~2*xd"2*f"2*xx"2 + 6*%a~2*xd"2*%e”"2 + 6*a " 2kdxexf - 3*(2xa~2*xd"2*f 2%
X"2 + 2%a”2xd"2%e”2 - 2xa~2*dkexf + a”2*%f"2 + 2% (2*%a"2xd"2*e*f - a~2*d*f"2
Y*x)*cosh(d*x + c)~4 - 3% (2*%a~2xd"2*xf"2%x"2 + 2%a~2*%d"2*e"2 - 2*a”~2kd*exf
+ a”2%f"2 + 2% (2%a"2xd"2xexf — a~2*d*f"2)*x)*sinh(d*x + c)”4 + 3*a"2*%f"2 +
24* (axb*d~2+f"2%x"2 + axb*d~2%e”~2 - 2xaxbxdkexf + 2%axb*xf~2 + 2x(axbxd~2*
exf — axbxd*f~2)*x)*cosh(d*x + c)~3 + 12%(2ka*xbxd~2%f~2%x~2 + 2%axb*d~2%e"
2 - 4xaxbxdxexf + 4xaxbxf~2 + 4x(axb*d 2%exf - axbkd*f~2)*x - (2xa ~2%xd"2*f
T2xxT2 + 2%a”2%d"2%e”2 - 2%a”2xdxexf + a"2%xf"2 + 2% (2%a"2*%d"2xexf - a~2*dx*
£72)*x)*cosh(d*x + c))*sinh(d*x + c)~3 - 8*x((a”2 + 2%b~2)*d~3*f~2*x~3 + 3%
(a™2 + 2xb~2) *d"3*ke*xf*x"2 + 3*(a”2 + 2*xb~2)*d"3*e”2*x)*cosh(d*x + c)~2 - 2
*(4*% (2”2 + 2*%b"2)*d"3*%f"2*%x"3 + 12*%(a"2 + 2*%b"2)*d"3ke*xf*x"2 + 12*%(a”2 + 2
*b"2) kd"3*%e"2%x + 9*x (2*a"2%d"2xf"2*x"2 + 2*a"2*%d"2*xe”2 - 2*a"2xdxe*f + a~2
*f72 + 2% (2*xa~2xd"2%e*f - a~2*xd*f~2)*x)*cosh(d*x + c)~2 - 36*(axbxd~2xf~2x*
X2 + a*b*xd"2*e”2 — 2¥axbkdkexf + 2xaxb*f~2 + 2% (axb*d"2xe*f - a*b*xd*xf~2)=*
x)*cosh(d*x + c))*sinh(d*x + c)~2 + 96*((a*xbxd*f~2*x + a*bkd*e*f)*cosh(d*x
+ )72 + 2% (a*bkd*f~2+x + axb*d*exf)*cosh(d*x + c)*sinh(d*x + c) + (axbxd
*f"2xx + axbkdxexf)*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh(d
*x + c) + bxsinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))x*sqrt((a”2
+ b72)/a"2) - a)/a + 1) - 96+ ((a*b*d*f~2*x + a*bxd*e*f)*cosh(d*x + c)~2 +
2% (a*xb*xd*f~2xx + axbkxdkxe*xf)*cosh(d*x + c)*sinh(d*x + c) + (a*b*xd*f~2xx .

3.23.6 Sympy [F]

dz

/ (e + fx)? cosh®(c + dx) i — / (e + fz)® cosh? (¢ + dx)
a + besch(c + dx) B a + besch (¢ + dx)

p
input

integrate ((f*x+e)**2xcosh (d*x+c) **2/ (a+b*csch(d*x+c)) ,x)

N

output‘ Integral((e + f*xx)**2*cosh(c + d*x)**2/(a + bxcsch(c + d*x)), x)

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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3.23.7 Maxima [F]

/ (e + fx)? cosh?(c + dx) dp — / (fz + e)? cosh (dz + ¢)? i
a + besch(c + dx) N besch (dz+c¢) +a

inputLintegrate((f*x+e)“2*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="maxima")

output | -1/8%e~2x ((4*¥bxe”~(-d*x - c) - a)*e~(2*d*x + 2%c)/(a"~2xd) - 4x(a~2 + 2%b"2)
*(d*x + c)/(a”3*d) + (4*b*e~(-d*x - c) + akxe” (-2*d*x - 2%c))/(a"2xd) + 8x*(
a~2xb + b~3)*log((a*xe~(-d*x - c) - b - sqrt(a”2 + b~2))/(a*e”(-d*x - c) -

b + sqrt(a”2 + b72)))/(sqrt(a”2 + b"2)*a~3*d)) + 1/48%(8*(a~2xd"~3*xf " 2xe” (2
*C) + 2xb72xd"3*f"2%e” (2%c) ) *x"3 + 24*x(a"2xd"3kexf*e” (2*c) + 2xb"2xd”"3kexf
*e~ (2%C) ) *x”"2 + 3k (2%a"2+%d"2*f"2*xx"2%e” (4*c) + 2% (2%d"2%e*xf - d*xf"2)*a"2*x
xe~ (4xc) — (2xd*xexf - £72)*a"2xe”(4*c))*e” (2xd*x) - 24+* (axb*xd~2*f ~2xx"2*e”
(3xc) + 2x(d"2xexf - dxf~2)*axbkx*e” (3*c) - 2x(d*exf - £~2)*axbxe” (3%c))*e
“(dxx) - 24x(axbxd"2+f"2%x"2%e"c + 2x(d"2xe*f + dxf~2)*axbkxxe~c + 2x(dkex
f + £72)*axbxe”c)*e” (-d*x) - 3% (2%a~2%d"2%f"2*x"2 + 2x(2*xd"2xe*f + dxf"2)*
a"2xx + (2*d*xexf + f~2)*a”2)*e” (-2xd*x))*e”(-2*c)/(a"3*%d"3) - integrate(2*
((a~2%b*xf~2%e"c + b~3*f"2%e"c)*x"2 + 2% (a”~2*b*exf*e”c + b~ 3kxexfre~c)*x)*e”
(d*x)/(a~4*e” (2*%d*x + 2%c) + 2*xa~3*b*e”(d*x + c) - a~4), x)

3.23.8 Giac [F]

dz

/ (e + fx)? cosh?(c + dx) dp — (fz + €)” cosh (dz + ¢)*
a + besch(c + dx) B besch (dx +c¢) +a

r

inputLintegrate((f*x+e)“2*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="giac")

| —

outputtintegrate((f*x + e)~2*cosh(d*x + c)~2/(b*xcsch(d*x + c) + a), x) J

(e4fx)? cosh?(c+dzx)
3.23. f a+bcsch(c+dz) dz
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3.23.9 Mupad [F(-1)]

Timed out.

2
dz

/ (e + fx)? cosh®(c + dx) dp — / cosh(c +dz)® (e + f z)

a + besch(c + dx) a+ m

-

input Lint((cosh(c + dxx)"2%(e + f*x)"2)/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)"2%(e + f*x)72)/(a + b/sinh(c + d*x)), x)

(e4fx)? cosh?(c+dzx)
3.23. f a+besch(c+dz) dz




output
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2

e+ fx) cosh”(c+dz
3.24  [lefpcoshicids) g,

a+bcsch(c+dz)
3.24.1 Optimalresult . . . . .. .. .. .. 210
3.24.2 Mathematica [A] (verified) . . . . . . . . ... L 2111
3.24.3 Rubi [C] (verified) . . . . . . . . . . . 2111
3.24.4 Maple [B] (verified) . . . . .. ... .. ... 218
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 218
3.24.6 Sympy [F] . . . . . e 219
3.24.7 Maxima [F] . . . . . . . e 2201
3.24.8 Giac [F] . . . . . . 220
3.24.9 Mupad [F(-1)] . . . . o 2200
3.24.1 Optimal result
Integrand size = 26, antiderivative size = 327

(e + fz) cosh®(c + dx) P b’ex N fz? N b*fz®  b(e+ fx)cosh(c + dx)
a + besch(c + dx) 2 a3 4a 2a3 a’d
_ feosh®(c+dx) bva® +b*(e + fz)log (1 + b—W)

a3d

4ad?

bva? + b%(e + fx)log <1—|— )

+ 3
a3d

bva? + b? f PolyLog (2, —
B a3d?

b\/ a2 + b2f POIYLOg <2, —m
+ add>?

bf sinh(c + dx) 4 (e + fz) cosh(c + dx) sinh(c + dz)
2ad

a?d?

1/2xe*x/a+b”2*e*x/a”~3+1/4xf*x"2/a+1/2*b"2*f*x"2/a"3-b* (f*x+e) *cosh(d*x+c)/
a~2/d-1/4xfxcosh(d*xx+c) ~2/a/d"2+b*f*sinh (d*x+c)/a~2/d"2+1/2* (f*x+e)*cosh(d
*x+c)*sinh (d*x+c) /a/d-b* (£*x+e) *1n(1+a*exp (d*x+c)/(b-(a~2+b~2) ~(1/2)))*(a”
2+b~2) " (1/2) /a~3/d+b*x (f*x+e) *1n(1+a*exp (d*x+c) / (b+(a~2+b~2) ~(1/2)))*(a~2+b
~2)~(1/2)/a"3/d-b*f*polylog(2,-a*exp (d*x+c)/(b-(a~2+b~2)~(1/2)))*(a"2+b~2)
~(1/2)/a~3/d"2+bxf*polylog(2,-axexp(d*x+c)/(b+(a"2+b~2)~(1/2)))*(a"2+b~2)"

(1/2)/a"3/d~2

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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3.24.2 Mathematica [A] (verified)

Time = 1.97 (sec) , antiderivative size = 610, normalized size of antiderivative = 1.87

/ (e + fz) cosh?(c + dx) s

a + besch(c + dx)
a—btanh( % (c+d=
2barctan b_ha(;_(b:d))> 2b<dac (log (1+ﬁ;
csch(c + dz)(b+ asinh(c + dx)) | 2a%¢| £ +z — e +a’f| z* — |

-

input LIntegrate[((e + fxx)*Cosh[c + d*x]~2)/(a + b*Csch[c + d*x]),x]

~—

output | (Csch[c + d*x]*(b + a*Sinh[c + d*x])*(2*xa"2*e*x(c/d + x - (2*b*ArcTan[(a -
bxTanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]]1)/(Sqrt[-a”2 - b~2]*d)) + a~2*f*(x"2
- (2%bx (d*x*(Log[1 + (a*xE~(c + d*x))/(b - Sqrt[a™2 + b~2])] - Logl[l + (ax*
E~(c + d*x))/(b + Sqrt[a~2 + b~2])]) + PolyLog[2, (a*E~(c + d*x))/(-b + Sq
rt[a”2 + b"2])] - PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b72]))]1))/(
Sqrt[a”2 + b"2]1*d"2)) + (2%e*((a”2 + 4*b~2)*(c + d*x) - (2xb*(3*a”2 + 4xb~
2)*ArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a"2 - b~2]])/Sqrt[-a~2 - b~2] -
4xaxb*xCosh[c + d*x] + a™2*Sinh[2*(c + d*x)]))/d + (£*((a"2 + 4*b~2)*(-c +
d*x)*(c + d*x) - 8*axbxd*x*Cosh[c + d*x] - a~2*Cosh[2x(c + d*x)] - (2xb*(3
*a"2 + 4xb~2)*(2xcxArcTanh[(b + a*E~(c + d*x))/Sqrt[a™2 + b~2]] + (c + d*x
)xLog[1l + (a*E~(c + d*x))/(b - Sgrt[a”2 + b72])] - (c + d*x)*Logl[l + (axE”
(c + d*x))/(b + Sgrt[a™2 + b2])] + PolyLogl[2, (a*E~(c + d*x))/(-b + Sqgrt[
a”2 + b~2])] - PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + 1~2]1))]1))/Sart
[a~2 + b~2] + 8*a*bxSinh[c + d*x] + 2*a~2*d*x*Sinh[2*(c + d*x)]))/d"2))/(8
*a~3x(a + bxCschl[c + d*x]))

3.24.3 Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.59 (sec) , antiderivative size = 324, normalized size of antiderivative = 0.99,

number of steps used = 20, number of rules used = 19, number of rules _ 0.731, Rules
integrand size

used = {6128, 6113, 3042, 3791, 17, 6099, 17, 3042, 26, 3777, 3042, 3117, 3803, 25, 2694,
27, 2620, 2715, 2838}

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fzx) cosh?(c + dx)
dx
a + besch(c + dx)
| 6128
(e + fz)sinh(c + dz) cosh?(c + dz) d
asinh(c+dz) +b v
| 6113
2
[(e+ fz) cosh?(c + dz)dx 3 bf (eﬁﬁ)sfr?ﬁl(lcfdz‘)h) dz
a a
| 3042
h2(c+d.
3 b[ (e:ﬁ)sicsﬁ(cﬁi:)x) dx N [(e+ fz)sin (ic + idz + %)2 dz
a a
| 3791

%f(e + fI)d.’L‘ . fcoslid(Qc—l—dx) + (e+fx) sinh(c—;jx) cosh(c+dz) ~ bf (e-giz)sfglsl}(ljicd;c)w) dz

a a

l 17

fcosh?(c+dz) | (et+fz)sinh(c+dx)cosh(ctdx) | (e+fx)? (e+fz) cosh? (c+dx)
_ COS4d26 XL _+_ e X ) sin Cde cosn(c L _+_ €4f:13 B bj' dm

b+asinh(c+dz)
a a
| 6099
f cosh?(c+dx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fx)?
T 4@t 2d T
a
b < (a®+%) [ b+a+hf(i+dz)d$ b [(e+fx)da 4 J(e+fz) sinh(c-l—dz)dw)
a? a? a

a

l 17

__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fx)?
1d2 2d af

a
b < (a®+b?) [ b+a+hf(i+dz)dx + J(e+fx)sinh(ctdz)de b(e+fa:)2>
a? a 2a2f

a

l 3042

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
4d? 2d af

a
b((a2+b2) J Wé&zdz) —i(e+fz) sin(ict+idz)dz . b(e+fz)2>

/
a? + a 2a2 f

a

| 26

f cosh?(c+dzx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fzx)?
—— qr T 2d +

4f
+f a
€ T
b (@®+b?) | —rasmirerian % _ ¢ [(e+fx)sin(ictidz)dr _ b(e+fx)?
a? a 2a? f
a
| 3777
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?

4d 2d ir

a
etfx . (i(etfx) cosh(ct+dx) if [ cosh(ctdz)d
b (a2+b2) f b—iasii(éc-ﬁ-idz) dz _ 1(7’ S CZS S — = dc x) _ b(e+fx)2
a? a 2a2 f
a
| 3042
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) (e—{—f:c)2

4d 2d ir

a
. Z_<i(e+fm) cosh(c+da) _if Jsin (ic+idz+g)dz>
(a2+b2) f b—iasein(if-kidm) dz i d _ b(6+f.'c)2
a? a 2a2f

a
| 3117
f cosh?(c+dx) (e+fz) smh(c—i—d:z:) cosh(c+dz) (e—i—j"ac)2
- 4d2 + +
a
. (i(e+fx) cosh(ct+dz) if sinh(c+dzx)
b ((12+b2) f b—iasei:(fiz+idz) dz _ b(€+f$)2 _ 1'( cds 2 a2 )
a? 2a2 f a
a
| 3803
_ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) (e—i—fac)2
4d2 2d f _
+d a
2.p2) [_ T (et f) (et fz) cosh(ctdz) _ if sinh(ctdx)
b 2((1, +b )f 2(c+dw)a+a 2bec+dzd b(e+fx)2 _ ’L<z SHE CZS SRR S dZC = )
a? 2a2 f a
a

| 25

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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f cosh?(c+dx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fzx)?
T q@ T 2d +

4f _
+d a
2 2 eC a:(e+fz) . i(etfa) h(c+dz) i sinh(ctdz)
_2(a +b )f —82(C+dw)a+a—2bec+dzdz _ b(6+f:1:)2 B Z<7’ et+fz Cgs ctdz) _ifs d2c z )
a? 2a2f 2
a
l 2694
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dzx) n (e+fz)?
4d? 2d i
+d a
- TP (et fz) _ 192 (e f)
2( 2+b2) af z(ec+dwa+b— a2+b2) dz  af 2(ec+d‘°a+b+ a2+b2) dx
a —
a24b2 Va2+b2 .(i(e+fz) cosh(ct+dz) _if sinh(c+dz))
bl — _ bletfz)? t s ¢
a? 222 f a
a

l 27

f cosh?(c+dzx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fzx)?
T ar T 2d +

4f

a

of —H W etfn) 0y H T erfn)

p(azip) | Lot T vazin " o dagy_JaeE
2v/a24b2 2v/a24p2 . (i(e+fx) cosh(c+dx) _ if sinh(ctdz)
bl — _ b(e+fx)? _ ? d a2
a? 2a2f a
a

| 2620

_f cosh?(c+dx) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fzx)?
1d2 2d if

a
ec+dma

) aec+dm 1 d 1 aec+dz ) ec+dma d
a((e+fz) Og(752+b27+b+1) ~ fr og(ib+ Terlﬂ +1> z . (e+fx) Og(b} /a2 152 +1) B ff Og(b7 /?12+b2 +1> £
a a a a
2 2 —
2(a®+0?) 2V a2 b2 2va24b2
b(e
b| - - -
a
| 2115

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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f cosh?(c+dx) (e+fz) sinh(c+dz) cosh(c+dz) (e+fzx)?
T q@ T 2d +

4f _
+dzx . c+dx c+dx ) c+dx
1 ae® ) —c—dwl ( e a )d ct+dx 1 ( ae —c—dwl ( e a
N °g(¢m+b+l fJe 8 oy VaZge2 )% [ et b_m“>_”e A
ad ad? ad ad?
2,32 _
2(a®+b%) 2V a2 b2 2/a2 b2
bl — pe
a
| 2838
__ fcosh?(c+dz) + (e+fz) sinh(c+dz) cosh(c+dz) + (e+fx)?
4d2 2d 4f _
PolyLog/( 2,— aectde ) 1 ( gectde 1) PolyL (2,— aectde ) 1 (ﬂ 1)
o fPoly og( b+v/a24b2 +(e+ﬂ) 8 \/a2+b2+b+ a fPolyLog b—1/a24b2 +(e+fw) 8 b—\/a2+b2+
ad? ad ad? ad
212 _
2(a®+0?) N ETS) 2V/aZ 452
{
bl —

input Int[((e + f*x)*Coshl[c + d*x]~2)/(a + b*Cschlc + d*x]),x]

p

output | ((e + f*x)~2/(4*f) - (f*Cosh[c + d*x]~2)/(4*d"2) + ((e + f*x)*Cosh[c + d*x
1xSinh[c + d*x]1)/(2*d))/a - (b*(-1/2%(bx(e + f*x)72)/(a”2*%f) - (2*(a”2 + b
~2)x(-1/2*(ax(((e + f*x)*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2]1)1)/(
axd) + (f*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a"2 + b~2]))]1)/(a*d"2)))/
Sqrt[a”2 + b™2] + (ax(((e + f*x)*Log[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b
~21)1)/(axd) + (fxPolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))1)/(a
*d~2)))/(2xSqrt[a”2 + b~2])))/a"2 - (I*((I*(e + f*x)*Cosh[c + d*x])/d - (I
*f*xSinh[c + d*x])/d"2))/a))/a

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz



rule 17

rule 25

rule 26

rule 27

rule 2620

rule 2694

rule 2715

rule 2838

rule 3042
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3.24.3.1 Defintions of rubi rules used

‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
‘nt [Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

Int [(C(FL)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Int [((F_)~(u )*((£_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)"(u) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4x*a*c, 2]}, Simp[2*(c/q) Int
[(f + g*x) " m*x(F"u/(b - q + 2*cxF~u)), x], x] - Simp[2x(c/q) Int[(f + g*x)
“m*(F~u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[
v, 2*u] && LinearQ[u, x] && NeQ[b~2 - 4+*a*c, 0] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N\

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz




rule 3117

rule 3777

rule 3791

rule 3803

rule 6099

rule 6113

rule 6128
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Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £*x]/£f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Int[((c_.) + (A_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp[d*((b*Sin[e + f*x])"n/(£72%*n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
1*((b*Sin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b"2*((n - 1)/n) Int[(c + d*
x)*(b*Sinfe + f*x])~(n - 2), x1, x1) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n,
1]

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(£_.)*(x_)]1), x_Symbol] :> Simp[2 Int[(c + d*x) m*(E~((-I)*e + f*xfz*xx)/((
-I)*b + 2*a*E~((-I)*e + fxfz*x) + I*b*xE~(2x((-I)*e + fxfzx*x)))), x], x] /;
FreeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(m_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol]l :> Simp[-a/b~2 1Int[(e + f*x) “m*Cos
hlc + d*x]~(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x] " (n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b™2)/b"2 Int[(e + f*x) m*(Cosh[c
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +
@_.)*x)1"(_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[
n, 0] & IGtQ[p, 0]

Int[((Ce_.) + (£_.)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (@_.)*(x_)]*(_.) + (a_)), x_Symbol] :> Int[(e + f#*x) m*Sinh[c + d*x]*(F
[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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3.24.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1011 vs. 2(297) = 594.

Time = 4.51 (sec) , antiderivative size = 1012, normalized size of antiderivative = 3.09

method | result size

risch Expression too large to display | 1012

input‘int((f*x+e)*cosh(d*x+c)‘2/(a+b*csch(d*x+c)),X,method=_RETURNVERBOSE)

output

1/4*f*x"2/a+1/2%e*x/a+1/2%b"2*%f*x"2/a"~3+b"2%e*x/a"~3+1/16* (2xd*f*x+2*d*e-f)
/a/d"2*xexp (2xd*x+2*c) -1/2*bx (d*xf*x+d*e—£f) /a~2/d " 2xexp (d*x+c) —1/2xb* (d*L*x+
d*e+f)/a~2/d"2*exp (~d*x-c)-1/16* (2*d*f*x+2xd*e+f) /a/d~2*exp (-2*d*x-2*c) +2/
d/a*b*e/(a”~2+b~2) ~(1/2) *arctanh (1/2* (2*a*exp (d*x+c)+2*b) / (a~2+b~2) ~(1/2) )+
2/d/a~3*b~3%e/(a~2+b~2) ~(1/2) *arctanh (1/2* (2xa*xexp (d*x+c)+2*b) / (a~2+b~2) ~(
1/2))-1/d/axbxf/(a~2+b~2) " (1/2) *1n((-a*exp (d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+(
a~2+b~2) " (1/2))) *x+1/d/a*b*f/(a~2+b~2) " (1/2) *1n((a*exp (d*x+c)+(a~2+b~2) ~ (1
/2)+b) / (b+(a~2+b"2) " (1/2))) *x-1/d"2/axb*xf/(a~2+b"2) " (1/2) *1n((-a*exp (d*x+c
)+(a”2+b72) " (1/2)-b) / (-b+(a~2+b~2) " (1/2)) ) *c+1/d"2/a*bxf/ (a~2+b~2) " (1/2) *1
n((axexp(d*x+c)+(a~2+b~2)~(1/2)+b)/ (b+(a~2+b~2) ~(1/2)) ) *c-1/d"2/axb*f/(a~2
+b72) " (1/2) *dilog((-a*exp (d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+(a"2+b~2) ~(1/2)) )+
1/d"2/axb*f/(a"2+b"2) " (1/2) *dilog((a*exp (d*x+c)+(a~2+b~2) " (1/2)+b)/(b+(a~2
+b72)7(1/2)))-1/d/a"3%b"3*f/(a"2+b~2) ~(1/2) *1n ((-a*exp (d*x+c)+(a"2+b"2) ~ (1
/2)-b)/(-b+(a~2+b~2) ~(1/2)) ) *x+1/d/a~3*%b"3%f/(a"2+b~2) " (1/2) *1n((a*exp (d*x
+c)+(a”2+b"2) " (1/2)+b) / (b+(a~2+b~2) ~(1/2) ) ) *x-1/d"2/a~3*b~3*f/(a"2+b"2) ~ (1
/2)*1n((-axexp(d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+(a~2+b~2) " (1/2)) ) *c+1/d"2/a"3
*b~3*f/(a"2+b~2) " (1/2) *1n((axexp(d*x+c)+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b"2) " (1
/2)))*c-1/d"2/a"~3%b~3*f/(a~2+b"2) " (1/2) *dilog((-a*exp (d*x+c)+(a~2+b~2) "~ (1/
2)-b)/(-b+(a~2+b~2)"(1/2)))+1/d"2/a"3*b"3*f/(a"2+b"2) ~(1/2) *dilog((a*exp(d

xx+c)+(a”2+b"2) ~(1/2)+b) / (b+(a~2+b~2)~(1/2)))-2/d"2/a*b*xf*c/(a~2+b"2) ~ (...

3.24.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1284 vs. 2(295) = 590.

Time = 0.30 (sec) , antiderivative size = 1284, normalized size of antiderivative = 3.93

/ (e + fx) cosh®(c + dx)

dz = Too large to displ
a + besch(c + dx) z oo large to display

input‘integrate((f*x+e)*cosh(d*x+c)”2/(a+b*csch(d*x+c)),x, algorithm="fricas")

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz




output
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-1/16%(2%a"~2xd*fxx - (2*a”~2xd*f*x + 2*xa~2*d*ke - a~2*f)*cosh(d*x + c)~4 - (
2xa " 2xd*fxx + 2%a”2xd*e — a~2*f)*sinh(d*x + c)~4 + 2¥a”2xd*e + 8x(axbxdxf*
X + axb*d*e - axbxf)*cosh(d*x + c)73 + 4*(2xa*b*d*xf*x + 2*a*bxdke - 2ka*bx
f - (2*%a~2xd*f*xx + 2¥a~2*d*e - a~2xf)*cosh(d*x + c))*sinh(d*x + ¢c)~3 + a2
*f - 4%x((a”2 + 2*b72)*d"2*f*x"2 + 2*(a”2 + 2¥b~2)*d"2*e*x)*cosh(d*x + c)~2
- 2% (2% (a”2 + 2*xb"2)*d"2*f*x"2 + 4x(a”2 + 2*b72)*d"2%exx + 3*(2ka " 2xd*f*x
+ 2*a~2*xdxe - a”"2xf)*cosh(d*x + c)~2 - 12+ (a*bxd*f*x + axbkdxe - a*bxf)=*c
osh(d*x + c))*sinh(d*x + c)~2 + 16*(axbxf*cosh(d*x + c)~2 + 2*axbxfxcosh(d
*x + c)*sinh(d*x + c) + axbxf*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a~2)*dilog
((b*cosh(d*x + c) + b*sinh(d*x + c) + (a*xcosh(d*x + c) + a*sinh(d*x + c))x*
sqrt((a”2 + b~2)/a"2) - a)/a + 1) - 16*(a*b*fxcosh(d*x + c)~2 + 2*axbxf*co
sh(d*x + c)*sinh(d*x + c) + axbxf*sinh(d*x + c)”~2)*sqrt((a”2 + b~2)/a"2)*d
ilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + axsinh(d*x +
c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) - 16*((a*b*d*e - a¥bkcxf)*cosh(d*x +
c)”"2 + 2x(a*bxd*e - axbkcxf)*cosh(d*x + c)*sinh(d*x + c) + (a*b*dxe - axb
xc*xf)*sinh(d*x + c)~2)*sqrt((a™2 + b~2)/a"2)*log(2*a*xcosh(d*x + c) + 2%ax*s
inh(d*x + c) + 2*axsqrt((a”2 + b~2)/a"2) + 2xb) + 16x((axb*d*e — axb*cxf)=*
cosh(d*x + c)~2 + 2%(a*b*d*e - axbxc*f)*cosh(d*x + c)*sinh(d*x + c) + (a*xb
*d*e — axbxckxf)*sinh(d*x + c) 2)*sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x +
c) + 2*%axsinh(d*x + c) - 2*a*sqrt((a”2 + b72)/a"2) + 2xb) + 16%((axb*dx...

3.24.6 Sympy [F]

(e + fz) cosh?(c + dx) dr — (e + fz) cosh? (¢ + dx)
a + besch(c + dx) v a + besch (¢ + dx)

inputLintegrate((f*x+e)*cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

outputtlntegral((e + fxx)*cosh(c + d*x)**2/(a + b*csch(c + d*x)), x)

(e4fx) cosh? (c+dzx)
3.24. J‘ a+bcsch(c+dz) dz




CHAPTER 3. LISTING OF INTEGRALS 220

3.24.7 Maxima [F]

/ (e + fz) cosh?(c + dx) dr — / (fz + €) cosh (dz + ¢)? d
a + besch(c + dx) B besch (dz+c¢)+a

.
input  integrate ((f*x+e)*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="maxima")

output -1/16*(32*(a~2*bxe~c + b~3xe”c)*integrate(x*e” (d*x)/(a~4xe” (2*d*x + 2xc) +
2%a”~3xbxe~(d*x + c) - a”4), x) - (4x(a~2xd"2*xe”~(2*c) + 2*xb~2xd"2%e” (2%c))
*x72 + (2%a"2xd*xx*e” (4*c) - a”2%e”(4*c))*e” (2*xd*xx) - 8*(axbxd*x*e~(3*c) -

a*b*e” (3*c))*e” (d*x) - 8*(a*b*d*x*e”c + axbxe”c)*e” (-d*x) - (2*a"2*d*x + a
~2)xe” (-2xdx*xx) ) ke~ (-2%c) /(a”3*%d"2) )*f - 1/8*e*x((4xb*e”(-d*x - c) - a)*e” (2
*d*x + 2xc)/(a"2*d) - 4*%(a”2 + 2*¥b"2)*x(d*x + c)/(a"3*%d) + (4xbxe”(-d*x - c
) + axe”(-2xdxx - 2xc))/(a”2xd) + 8*(a"2*b + b~3)*log((axe”(-d*x - c) - b

- sqrt(a”2 + b~2))/(a*e”(-d*x - c) - b + sqrt(a”2 + b~2)))/(sqrt(a”2 + b~2
Y*a~3*d))

3.24.8 Giac [F]

(e + fz) cosh?(c + dx) dp — / (fz + e) cosh (dz + ¢)? i
a + besch(c + dx) N besch (dz+c¢)+a

inputLintegrate((f*x+e)*cosh(d*x+c)“2/(a+b*csch(d*x+c)),x, algorithm="giac") J

output‘integrate((f*x + e)*cosh(d*x + c)~2/(bxcsch(d*x + c) + a), x) ‘

3.24.9 Mupad [F(-1)]

Timed out.

dx

/ (e + fz) cosh?(c + dx) d — / cosh(c+dz)? (e + f z)

a + besch(c + dx) B a+ sinh(tl:)—i—d )

e hY

input | int((cosh(c + d#*x)~2%(e + f*x))/(a + b/sinh(c + d*x)),x)

outputtint((cosh(c + d*x)"2%(e + f*x))/(a + b/sinh(c + d*x)), x) J

(e4fx) cosh? (c+dzx)
3.24. f a+bcsch(c+dz) dz
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3.95 f cosh?(c+dz) dx

a+bcsch(c+dz)
3.25.1 Optimalresult . . . . ... .. .. . . 221]
3.25.2 Mathematica [A] (verified) . . . . . . . ... L oL 22T
3.25.3 Rubi [C] (warning: unable to verify) . . . .. ... .. ... ... ......
3.25.4 Maple [A] (verified) . ... ... ... ... 225
3.25.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 220
3.25.6 Sympy [F] . . . . . o 227
3.25.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 2271
3.25.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 227
3.25.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 228

3.25.1 Optimal result

Integrand size = 21, antiderivative size = 95

a—btanh(%(c—i—dz))
/ cosh?(c + dz) _(a®+2V)z N 2bVa + bzarctanh< Va2 +5? )
a+besch(c+dx) 2a3 add
_ cosh(c + dz)(2b — asinh(c + dz))

2a%d

p
output ‘ 1/2%(a~2+2%b~2) *x/a~3-1/2*cosh (d*x+c) * (2*¥b-a*sinh (d*x+c) ) /a”~2/d+2*b*arctan
‘ h((a-bxtanh(1/2*d*x+1/2%c))/(a"2+b"2)~(1/2))*(a"2+b~2) " (1/2) /a~3/d

~

3.25.2 Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.15

/ cosh?(c + dr)

a + besch(c + dx)
2a%c + 4b%c + 2a*dzx + 4b?dx + 8bv/—a? — b? arctan (a_btyfla(é_(;rdm)) ) — 4abcosh(c + dz) + a®sinh(2(c -
- 4a3d

e

input tIntegrate [Cosh[c + d*x]~2/(a + b*Cschl[c + d*x]),x]

~—

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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output‘ (2%a~2%c + 4*%b"2xc + 2*%a~2xd*x + 4xb~2*d*x + 8%b*Sqrt[-a”2 - b~2]*ArcTan[(
‘a - bxTanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]] - 4*a*b*Cosh[c + d*x] + a~2xSin
‘h[2*(c + d*x)1)/(4%a~3*d)

3.25.3 Rubi [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 0.61 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.13,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size 0.667, Rules

used = {3042, 4360, 26, 26, 3042, 26, 3344, 26, 3042, 3214, 3042, 3139, 1083, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh?(c + dz) p
a + besch(c + dx)

l 3042

/ cos(ic + idz)?
a + ibcsc(ic + idx)

l’4360

dz

/ isinh(c + dz) cosh?(c + dz)
iasinh(c + dz) + b

| 26

; / K cosh?(c 4 dz) sinh(c + dz)
b+ asinh(c + dz)

| 26

/ sinh(c + dz) cosh?(c + dz)
asinh(c+dz) +b

dz

dx

l 3042

/ __isin(ic + idz) cos(ic + idx)?
b — iasin(ic + idx)

| 26

_; / cos(ic + idz)? sin(ic + idx)

b — iasin(ic + idzx) de

J,3344

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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2a2 2a2d

| 26

. ab—(a2+2b?) sinh(c+d
i(zf“ e @dximmh&%+dwx2b—asmh@>+dx»)

i (ab— (a?+42b?) sinh(c+dzx)
i (_ J i g)iasinh)(z—i-da(:(): 2 _icosh(c+ dz)(2b — asinh(c + dm)))

2a2 2a2d
| 3042
. ab+i(a?42b?) sin(ic+ide
il - if lg—m sin()ics+i(dz) Lz __ icosh(c + dz)(2b — asinh(c + dz))
2a? 2a%d
| 3214
; 2b(a2+b2) fmdx _ z(a242b?)
il a a _ icosh(c +dz)(2b — asinh(c + dz))
2a? 2a%d
| 3042
; _x(a2+2b2) n 2b(a2+b2) fmdw
L a a _ icosh(c + dz)(2b — asinh(c + dz))
¢ 2a? 2a%d
| 3139

(0232 1 . 1
z( z(a?+2b%) dib(a”+87) | —btanhQ(é(c+dz))+2atanh(%(c+dz))+bd(”anh(2(c+d$))))
- a ad

_ icosh(c+ dz)(2b — asinh(
2a? 2a2d

—il| =

l 1083

. 2 2 1 . 1 o
1: ( m(az +2b2) 8Zb(a +h ) f tanh2 (%(c-}—dw)) —4(a2+b2) d(2lb tanh( 2 (c-l—da:)) 2“") )
- a ad

_icosh(c+ dz)(2b — asinh(c + ¢
2a2 2a%d

il =

J 217

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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tanh(%(c-}—dm))
) 4b\/ a2+b2arct&nh <2\/m> x(a2+2b2)
t ad - a
. i cosh(c + dz)(2b — asinh(c + dz))
¢ 2a2 2a2%d

inputLInt[Cosh[c + d*x]~2/(a + b*Cschlc + d*x]),x]

OUtPUt‘(—I)*(((-1/2*I)*(—(((a“2 + 2¥b~2)*x)/a) + (4*b*Sqrt[a”2 + b~2]*ArcTanh[Tan
‘h[(c + dxx)/2]1/(2*Sqrt[a~2 + b"2]1)])/(axd)))/a"2 - ((I/2)*Cosh[c + d*xx]*(2
#b - a*Sinh[c + d*x]))/(a"2+d))

3.25.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 217 Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

ruk31083‘Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
‘nt[l/Simp[b“Q - 4xaxc - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
e

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3139 | Int[((a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
xe~2xx"2), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

cosh?(c+dx)
325 [ a+bcsch(c+dx) dz
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rule 3214  Int[((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)/((c_.) + (d_.)*sin[(e_.) + (f_.
)*(x_)]), x_Symbol] :> Simp[b*(x/d), x] - Simp[(b*c - a*d)/d Int[1/(c + d
xSin[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0]

rule 3344 Int[(cos[(e_.) + (£_.)*(x_)1*(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D" (m_.)*((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simpl[g*(g*
Cos[e + £xx])~(p - 1)*(a + b*Sin[e + f*x])~"(m + 1)*((b*c*x(m + p + 1) - a*xd*
p + bxdx(m + p)*Sin[e + £*x])/(b”"2*f*(m + p)*(m + p + 1))), x] + Simp[g~2*(
(p -1/ 2x(m + p)x(m + p + 1))) Int[(g*xCos[e + £*x])~(p - 2)*(a + b*Si
nle + £*x]) “m*Simp[b*(a*d*m + bxcx(m + p + 1)) + (axbxcx(m + p + 1) - dx(a”
2%p - b™2x(m + p)))*Sinl[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £, g,
m}, x] && NeQ[a~2 - b~2, 0] &% GtQ[p, 1] &% NeQ[m + p, 0] && NeQm + p + 1
, 0] && IntegerQ[2*m]

ruk34360‘Int[(cos[(e_.) + (£_)*(x_)1*(g_.))"(p_.)*(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
‘(a_))“(m_.), x_Symbol] :> Int[(g*Cos[e + f*x]) p*((b + axSin[e + f*x]) m/Si
‘n[e + f*x]"m), x] /; FreeQl{a, b, e, £, g, p}, x] && IntegerQ[m]

3.25.4 Maple [A] (verified)

Time = 4.00 (sec) , antiderivative size = 167, normalized size of antiderivative = 1.76

method result
VaZ b2 bln  edrte.q bVaZ b2 VaZ b2 bl
. h T z b2 e2dz+2c b edz+c be—dz—c e—2dz—2c a
T1sC 2a + a3 + 8da 2d a? 2d a? 8da da3
— nh(9z 4 ¢
2 2 dz | ¢ 2bv/a24b2 arctanh 2bta h(22 +22)+2a
1 —at2b N (a?+26?) In(1+tann (E+5)) N 2va21b
B 27 242 dz 4 ¢ 2a3 a3
. . .. 2a(1+tanh( L 4 € 202 (1+tanh( 4 +§
derivativedivides ( (%+5)) ( ( ) _
—_ nh(9z ¢
2 2 dz  c 2bv/a2+b2 arctanh< 2bta h(22 +22)+2a
_ - —a+42b (a +2b )1n(1+;anh(7+§))+ . 2v/a2+b
2a(1+tanh (9 + < 242 (1+tanh (42 + S 2a P
( B
1nputLint(cosh(d*x+c)‘2/(a+b*csch(d*x+c)),x,method=_RETURNVERBOSE) J

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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output‘1/2*x/a+x/a“3*b“2+1/8/d/a*exp(2*d*x+2*c)—1/2*b/d/a”2*exp(d*x+c)—1/2*b/d/a“
‘2*exp(-d*x-c)-1/8/d/a*exp(-2*d*x-2*c)+(a“2+b“2)“(1/2)*b/d/a“3*1n(exp(d*x+c
‘)+(b+(a‘2+b‘2)“(1/2))/a)-(a“2+b‘2)“(1/2)*b/d/a‘3*ln(exp(d*x+c)-(-b+(a“2+b“
12)7(1/2))/2) |

3.25.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 446 vs. 2(87) = 174.

Time = 0.28 (sec) , antiderivative size = 446, normalized size of antiderivative = 4.69

/ cosh?(c + dr)

a + besch(c + dx)
a2 cosh (dz + ¢)* + a?sinh (dz + ¢)* + 4 (a? + 2b%)dz cosh (dz + ¢)*> — 4 abcosh (dz + ¢)® + 4 (a® cosh (d:

e

inputLintegrate(cosh(d*x+c)‘2/(a+b*csch(d*x+c)),x, algorithm="fricas")

~—

output | 1/8*(a~2*cosh(d*x + c)~4 + a~2*sinh(d*x + c)"4 + 4%(a”2 + 2*b~2)*d*x*cosh(
d*x + c)”2 - 4*axbxcosh(d*x + c)~3 + 4*x(a"2*cosh(d*x + c) - axb)*sinh(d*x
+ ¢)”3 - 4xaxbkcosh(d*x + c) + 2*(3*a"~2*cosh(d*x + ¢c)~2 + 2%(a”2 + 2*xb~2)*
d*x - 6*axb*cosh(d*x + c))*sinh(d*x + c)~2 + 8*(b*cosh(d*x + c)~2 + 2xb*co
sh(d*x + c)*sinh(d*x + c) + b*sinh(d*x + c)~2)*sqrt(a”2 + b~2)*log((a~2*co
sh(d*x + ¢c)72 + a"2*sinh(d*x + c)~2 + 2*axbk*cosh(d*x + c) + a”2 + 2*xb~2 +
2x(a"2xcosh(d*x + c) + axb)*sinh(d*x + c) + 2*sqrt(a”2 + b~2)*(a*cosh(d*x
+ c) + a*sinh(d*x + c) + b))/(a*cosh(d*x + c)72 + a*sinh(d*x + c)~2 + 2¥b*
cosh(d*x + c) + 2*(a*cosh(d*x + c) + b)*sinh(d*x + c) - a)) - a~2 + 4x(a"2
*cosh(d*x + c)”3 + 2%(a”2 + 2*b~2)*d*x*cosh(d*x + c) - 3*axbxcosh(d*x + c)
~2 - a*b)*sinh(d*x + c))/(a"3*d*cosh(d*x + c)~2 + 2*a”~3*d*cosh(d*x + c)*si
nh(d*x + c) + a"3*d*sinh(d*x + c)~2)

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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3.25.6 Sympy [F]

/ cosh?(c + dz) dp — / cosh? (¢ + dx) s
a+besch(c+dx) ) a+besch(c+ dx)

-

inputtintegrate(cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

e—

output LIntegral(cosh(c + dxx)**2/(a + b*xcsch(c + d*x)), x) J

3.25.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.77

a + besch(c + dx) v 8a2d 2a3d
ae(=92—<)_p_\/qg
Abe(—do—0) 4 ge(-2dz-20)  (a*b+Db°)log (ae(_dx_c)_g = ajﬂ:ﬁ)

8a2d Va2 + b%ad

/ cosh?(c + dx) _ (4belmmm0) — g)el2det20) 4 (a® +2b%)(dz + )

inputLintegrate(cosh(d*x+c)”2/(a+b*csch(d*x+c)),x, algorithm="maxima") J

output‘—l/S*(4*b*e“(-d*x - ¢c) - a)*xe~(2*xdxx + 2*c)/(a"2xd) + 1/2x(a"2 + 2xb~2)*(d
‘*x + ¢c)/(a"3xd) - 1/8*(4*bxe”(-d*x - c) + a*e”(-2*d*x - 2xc))/(a"2*d) - (a
“2*b + b"3)*log((a*e”(-d*x - c) - b - sqrt(a™2 + b~2))/(axe”(-d*x - ¢c) - b
‘ + sqrt(a”™2 + b72)))/(sqrt(a”2 + b~2)*a~3*d)

..

3.25.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.63

/ cosh?(c + drr)
a + besch(c + dzx)
2 gelde+c) +26-2a2+4b2

8 (a?b+b3) 1
4 (a2+2b%) (dz+c) ae(2de+2c) _ g peldz+c) (4 abel(dz+c) +a2)e(_2 dz—2c) (a%b-+5%) log ( 2ae(d2+¢) 12542 /a2 452
a3 + a? - ad o Va2+b2a3

8d

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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input‘integrate(cosh(d*x+c)”2/(a+b*csch(d*x+c)),x, algorithm="giac")

output‘/1/8*(4*(a“2 + 24b~2)*(d*x + c)/a"3 + (axe” (2xd*x + 2%c) - 4*bxe”(d*x + c))
\/a*z - (4*axb*e~(d*x + c) + a"2)*e”(-2xd*x - 2xc)/a"3 - 8*(a"2xb + b~3)*lo
‘g(abs(Q*a*e‘(d*x + c) + 2%b - 2xsqrt(a”2 + b~2))/abs(2*a*xe”(d*x + c) + 2%b
‘ + 2*sqrt(a”2 + b72)))/(sqrt(a”2 + b~2)*a~3))/d

|

3.25.9 Mupad [B] (verification not implemented)

Time = 2.44 (sec) , antiderivative size = 212, normalized size of antiderivative = 2.23

COSh2(C+ dx) e2c+2dm e—2c—2da: 1,'(02 + 2b2) be—c—dz bec+dm
/a+bcsch(c+dx) YT "8ad  8ad + 2a3 © 2a2d  2a2d
b In <2bec+d:4(a2+b2) B zb\/ma(f—be”“)) VE B2
B add
bIn <2b\/ma(4a—bec+dz) + 2bec+d:4(a2+b2)> \/m
+ add

inputtint(cosh(c + d*x)~2/(a + b/sinh(c + d*x)),x)

output | exp(2*c + 2*d*x)/(8%a*d) - exp(- 2%c - 2xd*x)/(8xaxd) + (xx(a”2 + 2*b~2))/
(2%a~3) - (b*exp(- c - d*x))/(2*a~2xd) - (b*exp(c + d*x))/(2¥a"2*d) - (bxl
og((2xb*exp(c + d*x)*(a”2 + b~2))/a"4 - (2*%b*(a”2 + b~2)"(1/2)*(a - bxexp(
c + d*x)))/a"4)*(a"2 + b~2)"(1/2))/(a"3*d) + (bxlog((2*b*(a~2 + b~2)"(1/2)
*(a - bxexp(c + d*x)))/a"4 + (2+bxexp(c + d*x)*(a"2 + b72))/a"4)*(a"2 + b~
2)7(1/2))/(a"3%d)

cosh?(c+dx)
3.25. f a+bcsch(c+dz) dz
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(e+fz)3 cosh3(c+dx)
3.26 | dz
a+bCSCh(c+d:c)

3.26.1 Optimalresult . . .. ... ... . .. ... .. . 230
3.26.2 Mathematica [B| (warning: unable to verify) . . . . .. ... ... ... ... 2311
3.26.3 RUDL [F] .« © v oo vt et e 23T
3.26.4 Maple [F] . . . . . . . 239
3.26.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 240
3.26.6 Sympy [F(-1)] . . . .« o 240
3.26.7 Maxima [F] . . . . . . .. . 2401
3.26.8 Giac [F] . . . . . . 247]
3.26.9 Mupad [F(-1)] . . . . . oo 242
3.96. f (e+fz)3 cosh®(c+dzx) dz

a+bcsch(c+dz)
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3.26.1 Optimal result

Integrand size = 28, antiderivative size = 864

(e + fz)3 cosh®(c + dz) g — _3bf’x  ble+ fxr)’  bla®+b?) (e+ fx)*
a + besch(c + dzx) ~ 8a2d3 4a2d dat f
_ 40f°cosh(c+dz)  6b°f°cosh(c + dx)
9ad* add*
2f(e+ fz)*cosh(c+dz) 3b°f(e+ fx)?cosh(c + dx)
ad? ad3d?
_ 2f3cosh®(c+dx)  f(e+ fx)®cosh’(c +da
27ad* 3ad?
b(a? + b%) (e + fz)3log (1 + b_"%)
a*d
aeC dz
b(a® + b%) (e + fz)3log (1 + b+\/ﬁ>
a*d
3b(a2 + b?) f(e + fz)? PolyLog (2 _
atd?
3b(a2 + b?) f(e + fz)? PolyLog (2 -
a*d?
6b(a® + b?) f2(e + fz) PolyLog (3 —
(3-

~—

ae

+

a*d?
6b(a® + b%) f?(e + fx) PolyLog
a*d?

6b(a* + b*) f3 PolyLog <4, nf&%)
a*d*

6b(a2 + b?) f* PolyLog (4, —w—+T)
a*d*
N 40f%(e + fz)sinh(c + dz) 6b2f2(e + fz)sinh(c + dz)
9ad3 add?
2(e + fxz)®sinh(c+dz) = b*(e + fz)sinh(c+ dz)
+
3ad a3d
3bf3 cosh(c + dzx) sinh(c + dx)
8a2d*
3bf(e + fz)? cosh(c + dz) sinh(c + dz)
4a2d?
2f2(e + fz) cosh?(c + dr) sinh(c + dz)
9ad3
(e + fx)? cosh®(c + dz) sinh(c + dz)
+
3ad
_ 3bf*(e+ fx)sinh®(c+dx)  b(e+ fx)?sinh’®(c + dx)

b+\/a2 +b2

+

+

3.96. f (e4fx)3 cosh®(c+dzx) dz da*d? 2a%d

a+besch(c+dz)
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-b*(a~2+b~2) * (f*x+e) “3*1n(1+a*exp (d*x+c)/(b+(a~2+b~2)~(1/2)))/a~4/d-3*b"2*

fx(fxx+e) "2xcosh(d*x+c)/a~3/d"2+6%b"~2xf ~2* (f*x+e) *sinh (d*x+c)/a~3/d"~3+3/8*
bxf~3*cosh(d*x+c) *sinh (d*x+c)/a~2/d"4+2/9*f 2% (f*x+e) *cosh (d*x+c) “2*sinh(d
xx+c) /a/d~3-3/4xb*f 2% (f*x+e) *sinh (d*x+c) ~2/a~2/d"~3-6%b* (a~2+b~2) *f ~3*poly
log(4,-axexp(d*x+c)/(b-(a"2+b~2)~(1/2)))/a~4/d"4-6xb*(a~2+b~2) *f~3*polylog
(4,-axexp(d*x+c)/(b+(a~2+b~2)~(1/2))) /a~4/d"4-2*f* (f*xx+e) "2*xcosh(d*x+c) /a/
d"2+40/9*f~2* (f*x+e) *sinh (d*x+c) /a/d~3+1/3* (f*x+e) “3*cosh (d*x+c) "2*sinh (d*
x+c)/a/d-1/2*xb* (f*xx+e) “3*sinh (d*x+c) ~2/a"2/d-1/3*f* (f*x+e) “2*cosh (d*x+c) "3
/a/d"2-6%b~2xf " 3*cosh(d*x+c)/a~3/d"4+1/4xbx(a~2+b~2) x (f*x+e) ~4/a~4/f-3/8%b
*f~3%x/a~2/d"3+2/3* (f*x+e) ~3*sinh (d*x+c) /a/d-3*b* (a~2+b~2) *f* (f¥x+e) ~2*pol
ylog(2,-axexp(d*x+c)/(b-(a~2+b"2)~(1/2)))/a~4/d"2-3*%b*(a~2+b"2) *f* (f*x+e) ~
2*polylog(2,-a*exp (d*x+c)/ (b+(a~2+b~2)~(1/2)))/a~4/d~2+6xb* (a~2+b™~2) *f ~2% (
fxx+e)*polylog(3,-axexp(d*x+c)/(b-(a"2+b"2)~(1/2)))/a~4/d"3+6%b*(a"2+b"2) *
f~2x (f*x+e) *polylog(3,-a*exp(d*x+c)/(b+(a~2+b~2)~(1/2)))/a~4/d"3+3/4xb*f*(
f*xx+e) “2*cosh(d*x+c)*sinh (d*x+c) /a~2/d"2+b"2* (f*x+e) “3*sinh (d*x+c) /a~3/d-b
*(a"2+b~2) * (f*x+e) “3*1n(1+a*exp (d*x+c)/(b-(a~2+b~2)~(1/2)))/a~4/d-40/9*£"3
*cosh (d*x+c) /a/d"~4-1/4*b* (f*xx+e) ~3/a"2/d-2/27*f"3*cosh(d*x+c)~3/a/d"4

3.26.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 7404 vs. 2(864) = 1728.

Time = 32.30 (sec) , antiderivative size = 7404, normalized size of antiderivative = 8.57

dx = Result too large to show

/ (e + fx)3 cosh®(c + dxr)
a + besch(c + dx)

input{Integrate[((e + f*x)“3*Cosh[c + d*x]~3)/(a + bxCschlc + d*x]),x]

output

|

Result too large to show

| —

3.26.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

dr

/ (e + fz)3 cosh3(c + dx)
a + besch(c + dx)

l 6128

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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(e + fz)3sinh(c + dz) cosh®(c + dz)

dr

/

l 6113

[(e+ fz)3 cosh®(c + dz)dx 3 bl

asinh(c+dz) +b

+fx)3 cosh? (c+dx) d
b+asinh(c+dz) z

a
l 3042

b ey do

a

N [(e+ fz)3sin (ic + idz + %)3da:

a
l3nn

212 [(e+ 1) cosh®(ctdr)dz + 2 [(e + fz)3 cosh(c + dz)dz —

3d?

a

f(e+fx)? cosh®(c+dzx) (e+fx)3 sinh(c+dzx) cosh?(c+dzx)
3d? + 3d

a
bf (e+fx)3 cosh®(c+dzx) dx

b+asinh(c+dz)

a

l,3042

3 cosh?(c+d
b et de

a
2f2 [(e+fz) sin(ic+idz+ %)de
3d2

+ 2 [(e+ fz)3sin (ic+ idz + §) dx

+

f(e+fx)? cosh®(c+dzx) (e+fx)3 sinh(c+dzx) cosh? (c+dx
— 3d? + 3d

l 3777

a

b ey do

a
252 [(e+fx) sin(ic+idz+ %)de

+

2
3d2 + 3

(e+fz)3sinh(ct+dz)  3if [ —i(e+fz)? sinh(c+dz)dz fe+fx)? cosh®(c+dzx) (e+fx)3 sinh(c
d - d - 3d? +

l 26

a

b e ) da

a
2f2 [(e+fz)sin(ictidz+ %)3dw

+

2
3d2 + 3

(e+fz)3sinh(c+dz)  3f [(e+fz)?sinh(ct+dz)dz f(e+fx)? cosh®(c+dzx) (e+fx)3 sinh(c+d:
d - d - 3d?2 + 3d

l_3042

a

3 cosh3(c+d
b e da

a
2f2 [(e+fz) sin(ic+idz+ %)3dz

+

2
342 + 3

(e+fx)3 sinh(c+dzx) 3f [ —i(e+fx)? sin(ict+idz)dz f(e+fx)? cosh®(c+dx) (e+fz)3 sinh(c
d - d - 3d? +

a

f (e4fx)3 cosh®(c+dzx) dz

3.26. a+bcsch(c+dz)
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l 26

bf (e+fx)3 cosh®(c+dzx) dx

b+asinh(c+dz
- (ct+dz) +
2f2 [(e+fx) sin(ic+ido+ %)3dx 2 ( (e+fx)3 sinh(c+dzx) 3if [(e+fz)? sin(ic+idz)dz f(e+fx)? cosh®(c+dx) (e+fx)3 sinh(c+c
3d? 3 d + d o 3d2 + 30
a
| 3777
(e+fx)3 cosh3(c+dzx)
b f b+asinh(c+dx) dx
— . +
o 3 3if i(e+f;1:)2 cosh(c+daz)  2if [(e+fx) cosh(ctdz)dz
2f? [(e+f=)sin(ic+idz+ %) da + 2 | (e+fx)? sinh(c+dz) + d d _ f(etfz)® cosh®(c+
3d? 3 d d 3d?2
a
| 3042
(e+fx)3 cosh®(c+dzx)
b f b+a sinh(c+dzx) dzx
— . +
\ 3Zf < i(e+fz)2 cosh(ctdz) 2if [(e+fx)sin (ic—ﬁ—idz-ﬁ-% ) dx >
2f? [(e+fx)sin(ict+ide+%) de 42 (e+fx)3 sinh(c+dx) + ¢ ¢ _ f(et+fx)? cosh
3d2 3 d d 3d?
a
| 3777
(e+fx)3 cosh®(c+dzx)
b f b+a sinh(c+dzx) dzx
— . +
.. ( (et+fz)sinh(c+dz) if [ —isinh(ctdz)dz
3Zf (i(e+fz)2 cosh(ct+dz) 2”(( S Sl; S d ) )
d d
212 [(e+fzx) sin(ic+idw+%)3dx + 2 | (e+fx)3 sinh(c+dz) + _
3d2 3 d d
a
| 26
(e+fx)3 cosh®(c+dzx)
b f b+asinh(c+dx) dzx
— . +
[ (et+fx)sinh(ct+dx) f [sinh(ctdz)dx
3if i(e+fz)2 cosh(ct+dz) 21f( d - d )
d d
212 [(e+fz) sin(ic+idz+%)3dz 4+ 2 (e+fz)3 sinh(c+dzx) + _ {
3d? 3 d d
a

l 3042

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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(e+fx)3 cosh®(c+dzx)
b f b+asinh(c+dz) dzx

+

a
.. (e+fz)sinh(ctdz) f [ —isin(ictidz)dz
3'Lf i(e+fz)2 ((:iosh(c-ﬁ-dz) _ ZZf( d . d )
212 [(e+fzx) sin(ic+idw+%)3dx + 2 | (e+fz)? sinh(c+dz) + _
3d?2 3 d d
a

| 26

3 cosh?(c+d
b [ (AT et (GH)

a

+

i(e+fz)2 cosh(ctdz)
d

2if( (e+fz) si;h(c+dz) 4 if [ sin(i‘zi:-kidm)dz) >
d

212 [(e+fz) sin(ic+idz+%)3dz 2
38 T3

le .

3if (
(e+fz)3 sinh(c+dzx) +
d d

l 3118

f (e+fx)3 cosh®(c+dzx) d
b+a sinh(c+dz) z

a

+
%f ( (et+fz) si;h(c+da:) ]
d

i(e+fz)2 cosh(ctdz)
d

3if
212 [(e+fz)sin (ic+idw+%)3dx _ f(et+f=)? cosh®(c+dz) + 2 | (e+fz)3 sinh(c+dz) + <
3d2 3 d

3d? d

l 3791

(e+fx)3 cosh®(c+dzx)
bf : b—i—asiflhs(c—i-gz) dzx

a

+

3 : 2
2f2 (% f(e‘i'fiv) COSh(C+d$)d$— fcosl;d(20+d:v) + (e+fz) smh(c-gtfia:) cosh (c+d:c))

3if
fe+fx)? cosh®(c+dx) 2| (e+fx)3sinh(ct+dx) (
- 38 T3 d +

3d2
a
| 3042
f (e+fz) cosh3(c+dw)d
b+a sinh(c+dzx) z
+
a
2( 2 e (s . 7 _f cosh3(c+dz) (e+fz) sinh(ct+dx) cosh2(c+dz) 3
i (3 J (et ) sin(ictida+ 5 )dn— ===+ 3d ) _ [letfz)? coshd(etda) | 2| (etfz)’sinh(ctds) | _
3d2 3d2 3 d

(e4fx)3 cosh®(c+dzx)
3.26. [ a+bcsch(ctde) dz
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l 3777

b ey do

a

+

2f2 2 ( (e+fz)sinh(c+dz) if [ —isinh(ctde)de > i cosh3(c+dm) + (e+ fz) sinh(c+dzx) cosh2(c+d:z:)
3 d d 9d2 3d _ f(et+f=)? cosh®(c+dz) + 2| (e+fz)3sinl
3d2 3 d

3d?

| 26

bf (e+fx)3 cosh®(c+dzx) dx

b+a sinh(c+dz)
a

_|_

2f2 2 ( (et+fz)sinh(c+dz) _ f [sinh(ct+dz)dz ) _f cosh® (ctdzx) + (e+fz) sinh(ct+dzx) cosh? (ct+dzx)
3 d d 942 3d _ fe+f=)? cosh®(c+dx) 42
3d?2 3d? 3

(e+fz)3 sinh(c-
d

l 3042

b ey do

a

+

9f2( 2 (e+fz) sinh(c+dx) f [ —isin(ict+idz)dx f coshs(c+da:) (e+fz) sinh(c+dx) cosh2(c+da:)
3 d - d - 942 + 3d

_ f(et+f=)? cosh®(c+dx) + 2| (e+fx)3sink
3d? 3d? 3 d

| 26

e+fx)3 cosh®(c+dx
_ b f ( b+(38ifl?ls(0+(dx) )d.’E

a

_|_

2f2 2 ( (e+fz) sinh(c+dzx) + if [ sin(ictidz)dz ) i cosh3(c+dw) + (e+ fz) sinh(c+dz) cosh2(c+dw)
3 d d 9d2 3d _ f(e+f=)? cosh®(c+dx) +2 (e+fz)3 sinh(c
3d2 3d?2 3 d

l 3118

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz



CHAPTER 3. LISTING OF INTEGRALS 236

+f2)3 cosh®(c+d
_ b f L b{i—az:z)sifl(;ls(c—i-(t;x) 2 dzx

a

+

9f2( 2 (e+fz)sinh(c+dz)  f cosh(ct+dzx) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (ct+dz)
ol 3 7 - 22 ) - 2 + 3d

9d! __ f(e+f=)? cosh®(c+dzx) + 2 | (e+fz)3 sinh(ct+dz
3d? 3 d

3d?

a
| 6099
3
(a®+b?) [ %dﬁ _ b [(e+f=)3 cosh(ctdz)dx + J (e+fx)2 cosh(c+dz) sinh(c+dz)dz
a? a? a
- +
a

2f2 2 ( (e+fx) sinh(ctdx) _ f cosh(ctdx) > i cosh3(6+dw) + (e+fz) sinh(ct+dzx) cosh2(c+dw)
3 d d2 9d2 3d _ f(etf=)? cosh®(c+dx) +2 (e+f=)3 sinh(c+dx
3d? 3d?2 3 d

l 3042

9f2( 2 (e+fz)sinh(c+dx)  f cosh(c+dzx) i cosh® (ct+dz) |, (e+fz)sinh(ct+dx) cosh? (c+dx)
3 d - a2 - 942 + 3d

_ f(etf=)? cosh®(c+dzx) + 2 | (e+fz)3 sinh(ct+dz
3d? 3d2 3 d

a
e+fz)3 h(c+dx
(a2+b?2) [ %dﬂ _ b [ (e+fz)? sin(ict+idz+ 3 ) dw i J (e+fx)2 cosh(c+dz) sinh(c+dz)dz
a2 a2 a
a
| 3777

2f2 2 ( (e+fx)sinh(c+dz)  f cosh(ct+dx) i cosh® (ct+dz) |, (e+fz)sinh(ctdx) cosh? (ct+dx)
3 d - d2 - 9d2 + 3d

fe+fx)? cosh®(c+dzx) 2 | (e+fx)3 sinh(ct+dz
B 382 il

3d2 3 d

a

e+ f2)® cosh(c+da (e+£2)% sinh(ctda) _ 8if [ —i(etfx)? sinh(ctdr)da
(a242) [ (I ot de) g b( a a 4 J(e+]2)* cosh(c+da) sinh(ctde)de

a? a? a

b

a

| 26

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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3 cosh(ctd (e+f2)3 sinh(ct+dx) _ 3f [(etfz)? sinh(ctdz)de
(a®+b°) [ (eﬂﬁ)smcﬁ(scif;)w) dz b( d d + J (e+fx)3 cosh(c+dz) sinh(c+dz)dz

a? a2 a

b

—~ +
a

9 2( 2 ( (e+fz)sinh(c+dz) f cosh(ct+dz) f cosh3 (c+dz) | (e+fz)sinh(ct+dz) cosh? (c+dz)
f 3 d - d2 - 9d2 + 3d

f(e+fz)? cosh3(c+dzx) 2 | (e+fx)3 sinh(ct+dz
- 3d? L1 e —

3d? d

l 3042

9f2( 2 (e+fz) sinh(c+dxz)  f cosh(c+dzx) i cosh® (ct+dz) |, (e+fz)sinh(ct+dx) cosh? (c+dx)
3 d - a2 - 942 + 3d

_ f(etf=)? cosh®(c+dzx) + 2| (e+fz)3 sinh(ct+dz
3d? 3d2 3 d

a

3 cosh(ctd (e+fz)3 sinh(ctdz) _3f [ —i(etfe)? sin(ictidz)de
(a®+b?) [ (etiz)sinclj(scfdt)w) dz b( d d + J (e+fx)3 cosh(c+dz) sinh(c+dz)dx
a? a? a

b

a

| 26

2f2 (g ( (e+fx) sinh(c+dx) _ f cosh(c+dx) ) _f cosh3(c+dz) + (e+fz) sinh(ct+dz) cosh2(0+dz) )
3 d d2 9d2 3d

_ f(et+f=)? cosh®(c+dx) + 2 | (e+fx)3 sinh(ct+dz
3d2 3d2 3 d

a
et f)3 h(ctda (e+fz)3 sinh(c+dz) | 3if f(e+fz)2 sin(ic+idz)dz
(a2+b?) [ (Lol coshicid) g, b( a + a [ (e+£2)? cosh(c+dw) sinh(c-+da)dz
b a? a? + a
a
| 3777

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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9f2( 2 (e+fz)sinh(c+dz)  f cosh(c+dz) f cosh® (ct+dz) , (e+fz)sinh(ct+dz) cosh? (c+dz)
f 3 d - q2 - 942 + 3d

_ fletfz)? cosh®(c+dzx) + 2 | (e+fz)3 sinh(ct+dz
3d? 3d? 3 d

a

35 <i(e+fa:)2 cosh(ct+dz) 2if [(et+fx) cosh(c+d:c)dz>
if d - d

(e+fz)3 inh(c+dx)
b ( Sdn + d

b+a sinh(c+da) ) + J(e+fx)3 cosh(c+dz):

a? a? a

(a242) [ (etf2)d coshletdn) 4,

inputtlnt[((e + f*x)“3%Cosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x] J

outputL$Aborted J

3.26.3.1 Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

e B

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
‘—(c + d*x) "m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)~(m - 1)*C
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0] J

rule 3777

rule 3791 Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x

I*((b*Sin[e + f*x])"(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + d*

x)*(b*Sin[e + f*x])~(n - 2), x], x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n,
1]

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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rule 3792

rule 6099

Int[((c_.) + (@_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x])~n/(£°2%n"2)), x] + (-Sim
plbo*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%x((n - 1)/n) Int[(c + d#*x) "m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m¥((m - 1)/(£f72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(n_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-a/b"2 Int[(e + f*x) m*Cos
hlc + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]"(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b~2)/b"2 Int[(e + f*x) m*(Coshl[c
+ d*x]"(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQl[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

rule 6113

rule 6128}

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +
d_D)*x)1"(@_.))/((a.) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> S
imp[1/b  Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) “m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQ[p, O]

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
[c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, 4, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

-

3.26.4 Maple [F]

/ (fz + €)® cosh (dz + ¢)® s
a+ b csch (dz + ¢)

input Lint ((f*x+e) "3xcosh(d*x+c) "3/ (at+b*csch(d*x+c)) ,x)

output L

-/

int ((f*x+e) ~3*cosh(d*x+c) ~3/ (at+b*csch(d*x+c)) ,x)

~—

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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3.26.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7980 vs. 2(810) = 1620.

Time = 0.38 (sec) , antiderivative size = 7980, normalized size of antiderivative = 9.24

dx = Too large to display

/ (e + fz)® cosh®(c + dx)
a + besch(c + dx)

input Lintegrate ((f*x+e) “3*cosh(d*x+c) “3/(at+b*csch(d*x+c)) ,x, algorithm="fricas")

output LToo large to include

-/

3.26.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/ (e + fz)? cosh®(c + dx)
a + besch(c + dx)

input Lintegrate ((fxx+e)**3*cosh (d*x+c) **3/ (atb*csch(d*x+c)) ,x)

-/

output LTimed out

3.26.7 Maxima [F]

/ (e + fz)? cosh®(c + dx) dp — (fz + €)® cosh (dz + ¢)°
a + besch(c + dx) N besch (dr +c¢)+a

input Lintegrate ((f*x+e) ~3*cosh(d*x+c) "3/ (at+b*csch(d*x+c)) ,x, algorithm="maxima")

(e4fx)3 cosh®(c+dzx)
3.26. f a+besch(c+dz) dz




output

input

output
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-1/24%e~3%((3*a*b*e~(-d*x - c) - a~2 - 3%(3*%a~2 + 4%b~2)*e” (-2%d*x - 2%c))
*e” (3*%d*x + 3*c)/(a”3*d) + 24*(a”2*b + b~3)*(d*x + c)/(a"4*d) + (3*a*xbxe”(
-2%d*x - 2%c) + a"2xe” (-3*d*x - 3*c) + 3*(3*a"2 + 4*b"2)*e"(-d*x - c))/(a”
3xd) + 24*x(a”2*b + b~3)*log(-2*bxe~(-d*x - c) + a*e”(-2xd*x - 2xc) - a)/(a
~4%d)) - 1/864%(216*(a~2*%b*d~4*xf~3*e” (3*c) + b~ 3*d~4*xf " 3*e” (3*c))*x"4 + 86
4% (a~2*b*d~4*xe*f~2xe” (3*xc) + b~ 3*kd"4xe*xf 2xe” (3*c))*x"3 + 1296*(a"2xb*xd"4x*
e"2*xfxe” (3*%c) + b"3*xd"4xe " 2xf*e”(3*c))*x"2 - 4x(9*a”3xd"3*f "3*xx"3*e” (6*c)

+ 9% (3*d"3xexf"2 — d"2+f73)*a~3*x"2*e” (6*c) + 3*%(9*d"3*e"2*f - 6kd"2xe*xf"2
+ 2kd*xf~3)*a"~3kx*e” (6*c) - (9kd"2*xe~2*f - 6xd*exf~2 + 2%xf~3)*a~3xe” (6*c))
xe” (3xd*x) + 27*x(4*a”2xb*d~3*f"3*x"3*e” (5xc) + 6% (2%d"3xe*f~2 - d"2*f~3)*a
~2xbxx"2xe” (5*c) + 6% (2xd"3ke"2xf - 2xd"2xe*f~2 + d*f~3)*a " 2*xbxxke”(5*c) -
3% (2xd"2%e"2*xf - 2xd*exf~2 + £73)*a~2xbke” (5*c))*e” (2*%d*x) + 108*(9*(d~2#
e 2+f - 2xdxexf~2 + 2*xf~3)*a"3*e” (4*c) + 12x(d"2xe"2*f — 2*kd*e*f"2 + 2%xf~3
)xaxb~2k%e” (4*c) - (3*a~3*d"3*f"3xe” (4*c) + 4*a*b"2*%d"3*f"3xe” (4*c))*x"3 -

3% (3% (d"3*exf~2 — d"2*f"3)*a"3*e” (4*c) + 4x(d"3*xexf"2 - d"2*f"3)*axb~2xe” (
4xc))*x"2 - 3*%(3*%(d"3*e"2xf — 2kd"2%e*f"2 + 2*xd*f~3)*a~3xe” (4d*c) + 4*(d"3*
e 2%f - 2xd"2xexf~2 + 2kd*f~3)*a*b”2*e” (4*c))*x)*e” (d*x) + 108%(9*(d"2*e"2
*f + 2xdxexf~2 + 2%f~3)*a"3*xe”(2*c) + 12*x(d"2%e"2*f + 2*dxexf~2 + 2*xf~3)*a
*b~2xe” (2%c) + (3*a”3*d"3*f"3*e”(2xc) + 4*axb~2xd"3*f"3*ke” (2%c))*x"3 + 3x*(
3x(d"3*exf"2 + d"2+%f73)*a"3xe” (2*c) + 4*(d"3*exf~2 + d"2xf"3)*axb"2xe” (...

N

3.26.8 Giac [F|

/ (e + fz)? cosh®(c + dx) o — / (fz + €)® cosh (dz + ¢)® e
a + besch(c + dx) B besch (dz+c¢) +a

integrate ((f*x+e) “3*cosh(d*x+c) ~3/(atb*csch(d*x+c)) ,x, algorithm="giac")

N

integrate((f*x + e) 3*cosh(d*x + c)~3/(bxcsch(d*x + c) + a), x)

(e4fx)3 cosh®(c+dzx)
3.26. f a+bcsch(c+dz) dz
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3.26.9 Mupad [F(-1)]

Timed out.

3
dz

/ (e + fx)3 cosh®(c + dx) dp — / cosh(c +dz)® (e + f z)

a + besch(c + dx) a+ m

-

input Lint((cosh(c + d*x)"3%(e + f*x)73)/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)"3%(e + f*x)~3)/(a + b/sinh(c + d*x)), x)

(e4fx)3 cosh®(c+dzx)
3.26. f a+besch(c+dz) dz
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(e+fz)? cosh3(c+dx)
3.27 | dz
a+bCSCh(c+d:c)

3.27.1 Optimalresult . . . . .. . . . . . . 244
3.27.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... .. 2451
3.27.3 Rubi [F] . . o oo oo 246
3.27.4 Maple [F] . . . . . . o 255
3.27.5 Fricas [B] (verification not implemented) . . . . . . .. ... ... .. .... 255
3.27.6 Sympy [F] . . . . . 250
3.27.7 Maxima [F] . . . . . . 2571
3.27.8 Giac [F] . . . . . . 257
3.27.9 Mupad [F(-1)] . . . . oo 258
3.97. f (e4fx)? cosh®(c+dzx) dz

a+bcsch(c+dz)
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3.27.1 Optimal result

Integrand size = 28, antiderivative size = 636

(e + fx)? cosh®(c + dx) L befz bf2x? N b(a® + b%) (e + fx)?
a + besch(c + dx) © 2a2d  4a2d 3atf
_ 4f(e+ fx)cosh(c+dx)  2b°f(e+ fx) cosh(c + dz)
3ad? add?
_ 2f(e+ f=) cosh®(c + dz)
9ad?
b(a? + 1) (e + f2)*log (1+ ;25
a‘d
2 2 2 aectde
b(a® + b%) (e + fz)*log <1+ b+\/m>
a‘d
2b(a2 + B?) f(e + fz) PolyLog (2, _ b_“%)
B a*d?
2b(a® + b?) f(e + fz) PolyLog <2, —@%)
a*d?
2b(a® + b?) f? PolyLog (3, —ﬁ>
atd3
2b(a? + b?) f2 PolyLog (3, —ﬁ)
a*d?
14 f2sinh(c + dx) N 20 f2 sinh(c + dx)
9ad3 ad3d?
2(e + fz)?sinh(c+ dz)  b%*(e + fx)%sinh(c+ dz)
+ 3
3ad a’d
bf(e+ fx)cosh(c+ dz)sinh(c + dx)
+ 2a2d?
N (e + fx)?cosh®(c + dx)sinh(c 4+ dz)  bf?sinh®(c + dx)

+

+

_|_

3ad 4a02d?
_ b(e+ fx)*sinh’®(c + dz) N 22 sinh®(c + dz)
2a%d 27ad?

(e4fx)? cosh®(c+dzx)
3.27. f a+besch(c+dz) dz




output
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-1/2*b*exf*xx/a~2/d-1/4xb*f~2*xx~2/a~2/d+1/3*b* (a~2+b"2) * (f*x+e) "3/a~4/£f-4/3
*f*x (f+x+e) *cosh(d*x+c)/a/d~2-2*%b~2xf* (f*xx+e) *cosh (d*x+c) /a~3/d"2-2/9*f* (f*
x+e) *cosh(d*x+c) “3/a/d"2-b* (a"2+b~2) * (f*xx+e) "2*1n (1+axexp (d*x+c) / (b-(a~2+b
~2)7(1/2)))/a"4/d-bx(a~2+b~2) * (f*x+e) “2*1n(1+a*xexp (d*x+c) / (b+(a~2+b~2) ~(1/
2)))/a"4/d-2%b*x(a~2+b~2) *f* (f*x+e) *polylog(2,-a*exp(d*x+c) /(b-(a"2+b~2) " (1
/2)))/a~4/d"2-2xbx (a~2+b~2) *f* (fxx+e) *polylog (2, -a*exp (d*x+c) / (b+(a~2+b~2)
~(1/2)))/a~4/d"2+2xb* (a~2+b~2) ¥ ~2*polylog(3,-a*exp (d*x+c)/(b-(a"2+b~2) " (1
/2)))/a~4/d"3+2%b* (a~2+b"2) *f ~2*polylog(3, —a*exp(d*x+c) / (b+(a~2+b~2) " (1/2)
))/a~4/d"3+14/9%f ~2*sinh (d*x+c) /a/d~3+2*b~2*f " 2*sinh (d*x+c) /a~3/d~3+2/3* (£
*x+e) "2*sinh (d*x+c)/a/d+b~2* (f*x+e) “2*sinh (d*x+c) /a~3/d+1/2xbxf* (f*x+e) *co
sh(d*x+c)*sinh(d*x+c)/a~2/d~2+1/3* (f*x+e) “2*cosh(d*x+c) “2*sinh (d*x+c) /a/d-
1/4%b*f~2*sinh (d*x+c) ~2/a~2/d"3-1/2*b* (f*x+e) “2*sinh (d*x+c) ~2/a~2/d+2/27*f
~2*sinh(d*x+c)~3/a/d"3

3.27.2 Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 2129 vs. 2(636) = 1272.

Time = 16.80 (sec) , antiderivative size = 2129, normalized size of antiderivative = 3.35

dz = Result too large to show

/ (e + fx)? cosh®(c + dx)
a + besch(c + dx)

-

input LIntegrate[((e + fxx)"2*Cosh[c + d*x]~3)/(a + b*Cschlc + d*x]),x]

~—

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz



output
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(f~2%Cschl[c + d*x]*((4*b*x~3)/(-1 + E~(2%c)) - 2*b*x~3*Coth[c] - (6*a~2xbx*

(a~2*x"2xLog[1 + ((b - Sqrt[a”2 + b"2])*E~(-c - d*x))/al - 2xd*x*PolyLog[2
, ((-b + Sgrt[a~2 + b~2])*E~(-c - d#*x))/al] - 2*PolyLog[3, ((-b + Sqrt[a~2
+ b 2])*E~(-c - d*x))/al))/(Sqrt[a~2 + b~2]*(-b + Sqrt[a~2 + b~2])*d~3) -
(6xa~2xbx(d~2*x"2*Log[1 + ((b + Sqrt[a~2 + b~2])*E~(-c - d*x))/a] - 2*xd*x*
PolyLog[2, -(((b + Sqrt[a”2 + b"2])*E~(-c - d*x))/a)] - 2+PolyLogl[3, -(((b
+ Sqrt[a”2 + b™2])*E~(-c - d*x))/a)]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b
~2])*d"3) + (6%b~2x(d"2*x"2*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 + b~2])]
+ 2xd*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a™2 + b~2])] - 2xPolyLogl3,
(a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])]))/(Sqrt[a”2 + b~2]*d"3) - (6*b~2x
(d~2*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*xd*x*PolyLogl[2,
-((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))] - 2*PolyLogl[3, -((a*E~(c + d*x)
)/ (b + Sqrt[a”2 + b°2]1))]1))/(Sqrt[a~2 + b~2]*d"3) + (6*a*Cosh[d*x]*(-2xd*x
*Cosh[c] + (2 + d72*x"2)*Sinh[c]))/d"3 + (6*ax((2 + d~2*x"2)*Cosh[c] - 2*d
*x*Sinh[c])*Sinh[d*x])/d"3)*(b + a*Sinh[c + d*x]))/(12*#a"2*(a + b*Cschl[c +
d*x])) - (e"2xCschlc + d*x]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c +
d*x]/a)*(b + a*Sinh[c + d*x]))/(2xd*(a + b*Csch[c + d*x])) + (exf*Cschl[c +
d*x]*(b + a*Sinh[c + d*x])*(-2*a*Cosh[c + d*x] - b*(2*c*(c + d*x) - (c +
d*x) "2 + 2+(c + d*x)*Logl[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] + 2x(c
+ dxx)*Log[1 + (a*E~(c + d*x))/(b + Sgrt[a”2 + b~2])] - 2*cxLogla - 2x...

3.27.3 Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fz)? cosh3(c + dx)
dx
a + besch(c + dx)
| 6128
e + fxz)?sinh(c + dzx) cosh®(c + dz
fx)* sinh(c + dz) cosh®(c + dz) ,
asinh(c+dx) + b
| 6113
2 3
J(€-+(fx)2cosh3(c4—dm)dw._ bj'@ﬁﬂﬁfﬁjﬁijngx)dx
a a
| 3042
2 3
3 bf (e:i?sigisk};-f,;:)dm) dzx N [(e+ fz)?*sin (ic + idz + g)g’ dz
a a
| 3792

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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2f2fcos;1d32(c+dm)da: + %f(e + fm)Q COSh(C + d.’L‘)dI i 2f(e+fx)£;:((i)2sh3(c+dx) + (e+fzx)? sinh(c-g:iiw) cosh?(c+dx)

bf (e+fx)? cgsh3(c+dm) dx

b+asinh(c+dz)
a
| 302
(e+fz)® cosh®(c+d
b f - b+?sif§f(c+§z) 2 dzx
— . +
2 . . . ™ 3 .
2f fsm(u;—;zzdx+2) dx + %f(e + f.’L')2 sin (’LC +idz + %) dr — 2f(e+f:1:)9c;)25h3(c+dm) + (e+fz)? smh(c-i?:(tiiz) cosh?(c+dzx)
a
| 3113
(e+fx)? cosh®(c+dzx)
_bf b+a sinh(c+dz) dzx +
a
. 02 1.2 i . .
2if2 [ (sinh (c—l—daf;g’;—sl)d( isinh(c+dz)) + % f(e + f.’L')2 sin (ic+ idz + %) dr — 2f(e+fx)gc(;)25h3(c+dx) + (e+fz)? smh(c—ggw) cos
a
| 2009
(e+f2)? cosh®(c+da)
_bf : b—i—qz)zsifl(})f(c—i-;z) “dz +
a
22/ 1.+ 13 i .
%f(e 4 fac)2 sin (ic +idz + %) dr + 2if2(—zisinh (c;ltiz) isinh(c+dx)) _ 2f(e+fw);§;h3(c+dx) + (e+fzx)? smh(c—gg:z:) cosh?(

a

l 3777

e+fx)? cosh3(c+dx
_ b f ( b+(38i;:1(;ls(0+(dx) )d.’E

+
a
2 ( (e+fz)?sinh(c+dz)  2if [ —i(et+fx) sinh(c+dac)dx> + 2if? (—%1 sinh?(c+dz) —isinh(c+dz)) __ 2f(e+fz) cosh®(c+dx) + (e+fx)?si
3 d d 9d3 9d2
a
| 26
+f 2 h3( +d
b (e b+a:z)sifl?1s(c+§m) 2
— . +
2 ( (e+fz)?sinh(ct+dx)  2f [(e+fz)sinh(c+dz)dz 2if?(—3isinh®(c+dz)—isinh(c+dz))  2f(e+fx)coshd(c+dx) | (e+fx)? sinh(,
3 d - d + 9d3 - 9d2 +
a
| 3042
(e+-fz)? cosh®(c+dz)
_ b f - b—i—za sinh(c—i—gx) “dz +
a
2 ( (e+fz)%sinh(ctdz)  2f [ —i(et+fx) sin(ic—i—idw)dx) + 2if2 (- %'L sinh®(c+dz)—isinh(c+dz)) __ 2f(e+f=) cosh®(c+dzx) + (e+fx)? sii
3 d d 9d3 9d2
a

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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l 26

bf (e+fx)? cosh®(c+dzx) dx

b+asinh(c+dzx)

+
a
2 ( (e+fz)?sinh(ctdx) | 2if [(e+fz)sin(ictidz)ds 2if? (- zisinh®(c+dz)—isinh(c+dz))  2f(e+fz)cosh®(c+dz) | (e+fz)?sinh
3 d + d + 9d° - 9a? +
a
| 3777
(e+fx)? cosh®(c+dzx)
_ b f b+a sinh(c+dz) dzx +
] ) a
2 ( (e+fx)? sinh(c+dzx) + el ( Hette) c;Sh(CerZ) — COSh((ic-,—dz)dm) ) + 2if? (= gisinh®(c+dz)—isinh(ct+dz))  2f(e+fx) cosh®(c+dx)
3 d d 9d3 9d2
a
| 3042
(e+fx)? cosh®(c+dzx)
_ b f b+asinh(c+dz) dx +
a

. i(e+fx) cosh(ctdx) if [sin (ic+ida:+ %)dm
2if 7 - 7
+

2 | (e+fx)?sinh(c+dz) + 2if? (— i sinh (c+dx)—isinh(c+dx)) _ 2f(e+f=) cosh3(c
3 d 9d?2

9d3

d

a
| 3117
(e+fx)? cosh®(c+dzx)
b f b+a sinh(c+dzx) dzx
— . +
2if2 (- %z sinh®(c+dz)—isinh(c+dz)) _ 2f(e+f=) cosh®(c+dzx) + 2 [ (e+fx)?sinh(c+dz) + 2f ( Hetfo) c;Sh(c+d$) — Sinl;(26+dx) ) + |
9d3 9d2 3 d d
a
| 6099
2
b ( (a®+b?) [ %dz b [(e+fz)? cosh(c+dz)dz + J (e+fz)? cosh(c+dz) sinh(c+dac)d:c>
a? - a2 a
- +
a . . .
2if? (= isin® (c+de)—isinh(c+dr)) _ 2f(e+fo) cosh(ctds) | 2 ( (e+fz)?sinh(crds) 2if ((Hetfe)coshlerde) _ if sinh(oide) ) N
9d3 9d2 3 d d
a
| 3042

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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2Z-f(i(e+fm) cc(i)sh(c-kda:) _if sinl:i(zc-}—da:) ) |

2if2 (- %1 sinh®(c+dz)—isinh(c+dz)) _ 2f(et+f=) cosh?(c+dzx) + 2 [ (e+fx)?sinh(c+dz) +
9d2 3 d

93 d +
a
2 cosh(c+d
(a?+b?) [ %dw b [(e+fz)? sin(ict+ide+ % ) dx i J (e+fz)? cosh(c+dz) sinh(c+dz)dz
a? B a? a
a
| 3777
) .. . ;¢ (i(etfx)cosh(ctdx) if sinh(ctdz)
2if? (—%zs1nh3(c+dm)—zsmh(c+da:)) _ 2f(e+fz) cosh®(c+dzx) + 2 [ (e+fx)?sinh(c+dz) + 2”((1 e C;S et Smd2c - ) + }
9d3 9d2 3 d d
a
2 cosh(ctd (e+fz)2 sinh(c+dz) _ 2if [ —i(e+fz)sinh(ctdz)dx
(@417) f epfeleomiertn g, b a a 4 J(e ) cosh(ctdz) sinh(ctdz)do
a? - a? a

a
l 2

(a2482) [ (e+fx)2 cosh(c+dz) da b( (e+f2)? Sdilnh(c-%dw) _2f [(etfx) Sinh(c+dw)dw)

b b+a sinh(c+de) d J (e+fx)? cosh(c+dz) sinh(c+dz)dzx
a? - a2 + p
. . . i ¢ i(et+fz) cosh(ctdz) _ if sinh(c+dz)
23 f2 (—%zs1nh3(c+dx)—zsmh(c+dw)) _ 2f(e+f=) cosh®(c+dz) + 2 [ (e+fz)?sinh(c+dz) + 2”0(1 S B Smd2c : ) + |
9d3 9d? 3 d d
a
| 3042

) .. .. - o (i(etfx) cosh(ctdz) _ if sinh(ctdx)
2if? (—%zsmh?’(c—i—dz)—zsmh(c+d:c)) _ 2f(e+fz) cosh3(c+dx) + 2 (e+fz)? sinh(c+dx) + 2’Lf<z iz Cff rem) B d2c z ) n |
9d3 9d2 3 d d

2 cosh(etd (e+fz)? sinh(ctdx)  2f [ —i(e+fz)sin(ictide)ds
(a®+v?) [ (etﬁ)sirﬁf?cﬁ;)w) dz b( d d + J (e+fx)? cosh(c+dz) sinh(c+dz)dz
a? - a? a

b

a

| 26

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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2Z-f(i(e+fm) cc(i)sh(c-kda:) _if sinl;(;-}—da:) ) |
a +

2if? (— isinh®(c+dx)—isinh(c+dx))  2f(e+fz)cosh®(c+dz) , 2 [ (e+fz)?sinh(c+dz)
94 - 94 T3 d +

a
2 cosh(ctd (e+fxz)2 sinh(ct+dz) | 2if [(e+fz)sin(ictidz)dx
(@4?) J Cpflieopiering, b a " a 4 J(ez)? cosh(ctdz) sinh(ctdz)do

a2 a2 a

a
| 3777
. .. .. . i(e+fz) cosh(c+dz if sinh(c+dz
2if?(— %1 sinh®(c+dz)—isinh(c+dz)) 2f (e+fx) cosh3(c+dzx) 2 [ (e+fz)? sinh(ct+dzx) 2f ( : : d ( = d(z ) ) |
9a® - 92 T3 d + a +

a
2 ( i(et+fz) c((i)sh(c-f—da:) _if [ cosh‘(ic-i—dw)dw )

d

(e+f:v)2 sinh(c+dz)
(a2+b2) f (e+fa:)2 cosh(c+dx) dx b( d +

) + J (e+fz)? cosh(c+dz) sinh(c+d

b+a sinh(c+dx) _
a? a? a
a
l 3042
. . L i ¢ i(et+fx) cosh(ctdz) _ if sinh(ct+dz)
2zf2(—%z51nh3(c+dz)—zsmh(c+dw)) _ 2f(e+fx) cosh?(c+dzx) + 2 (e+fz)? sinh(c+dzx) + 2”‘(z R C;s SRS d2c : ) +}
9d3 9d? 3 d d
a
iy [ it sz) cosh(etds) _ if fsin(ic+z‘dz+g)dz
b (e+fz)zsinh(c+dm)+ d d
d d
e z)2 h(c+dzx
(a240%) [ Lo et ) do J(e+fx)? cosh(c+dz) sinh
a? - a2 + p
a
l 3117
. . L : ¢ (i(etfx) cosh(ctdz) _ if sinh(ctdz)
2zf2(—%z51nh3(c+dz)—zsmh(c+dw)) _ 2f(e+f:1:)cosh3(c+dx) + 2 (e+fz)? sinh(c+dx) + 2'Lf<z HEE C;s SRR S d2c : ) +}
9d3 9d? 3 d d
@ ('( ) ( ) _ 4f sinh( ))
) 2f i(e+fz) cosh(c+dz) if sinh(ct+dz
(e+fz)2 sinh(c+dz) d d?
2,12 (e+f:z)2 cosh(c+dzx) b d + d
(a®+b?) [ brasinh(ctds) 9% | [(e+fxz)? cosh(c+dz) sinh(ctdz)de
a? + a o a2
a
l 5969

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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) . . ;¢ (i(etfx) cosh(ctdx)  if sinh(ctdz)
2if? (—%zs1nh3(c+dm)—z sinh(c+dzx)) 2f (e+fx) cosh®(c+dzx) 2 [ (e+fx)? sinh(c+dzx) 2Zf(l S c;)s St SdeC : ) |
93 - 92 +3 d + d +

a
b ( (e+fm)2 sailnh(c-kd:c) +

%F ( i(et+fx) c;sh(c+dm) _if sin};g

) [ G e | (et gt s ;
a? a a?
a
| 3042
. - .. ;¢ ( i(etfx) cosh(ctdx) _ if sinh(ctdx)
2i f2 (—%zsmh3(c+dz)—zsmh(c+dm)) _ 2f(e+f=) cosh®(c+dx) + 2 [ (e+fx)?sinh(c+dz) + 21f(1 T R Smd2c - ) + |
9d3 9d2 3 d d

) %F i(e+fx) cosh(ct+dx) if
(e+f<v)2 sinh(c+dzx) ( d

21 p2 (e+fa:)2 cosh(c+da:)d (e+fz)2 sinh2(c+dx) fff((eJrfa:) sin(ic+idm)2)dm b( 4 + a

(a’ + )f b+a sinh(c+dx) z + 2d - d _
a? a a?
a
| 25
. . . . ¢ (i(et+fx) cosh(ctdz)  if sinh(ctdx)
2if? (—%z51nh3(c+dz)—zsmh(c+dw)) _ 2f(et+fx) cosh?(c+dzx) + 2 (e+fx)? sinh(c+dx) + 2”‘(1 e Cgs SRR A d2c 8 ) + }
9d3 9d? 3 d d

a
b ( (e-}—fz)2 sailnh(c+dz) +

o[ i(e+fx)cosh(c+dz) if sinh(
Zlf( d -

(a2+b2) f wzﬁ:—wdx (e+fz)2 s2iI;h2(c+da:) + f [(et+fz) si;(ie+idw)2dw B d
a? a a?
a
| 3791
. .. .. . o ( i(e+fz) cosh(c+dz) if sinh(c+dx)
2if?(— %Z sinh®(c+dx)—i sinh(c+dz)) 2f(e+fx) cosh?(c+dzx) 2 [ (e+fx)? sinh(c+dzx) 2if < d - 2 ) |
3 - 5 + 5 —+ + -
9d: 9d 3 d d
a
12 : 2
(2 [(e+fz)dat fsinh®(ctdx)  (e4fz)sinh(c4dx) cosh(ctdx) > b (e+fxz)* sinh(c+
+ 2 h(c4d. (f 442 2d 2 :n2 d
48) | YT 0 d ettetamenan
a a

| 17

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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) . . ;¢ (i(etfx) cosh(ctdx)  if sinh(ctdz)
2if? (—%zs1nh3(c+dq:)—z sinh(c+dzx)) 2f (e+fx) cosh®(c+dzx) 2 [ (e+fx)? sinh(c+dzx) 2Zf(l S c;)s St Smd2c : ) |
93 - 92 +3 d + d +

< b sinh? (ct+dz) (e+fz)sinh(ctdzx)
f 1a2 - 2d

a
%7 ( i(e+fx) cosh(c+dz) if sinh(ctdx) )
b (e+fz)2 sinh(c+dx) d d2
a +
+

+fx)2 cosh(c+d d
(a282) [ (el cobictan gy .
a? a?
a
l 6095
. .. .. ;¢ (i(etfx) cosh(ctda)  if sinh(ctdz)
2if? (—%zsmh3(c+dz)—zsmh(c+dm)) _ 2f(et+fx) cosh®(c+dzx) + 2 (e+fx)? sinh(c+dzx) + 21f(1 R CSS S SdeC 8 ) + }
9d3 9d2 3 d d

5 2if(i(e+fa:) cosh(c+dx) if sinh(c+dx) )
244 o (o f0)? 2 (ot fa)? (e+0)?) b (el sphlehdn) — =
(a +b ) (‘f ectdzqib—+/a2+b2 d$+‘f ectdT a4 bt++/a24b2 do— 3af
a? a2

l 2620

2if<i(e+f:c) C;sh(c+dw) _if sin};(;-&-dz)) |
a +

2if2 (- %z sinh®(c+dz)—isinh(c+dz)) _ 2f(e+f=) cosh®(c+dx) + 2 [ (e+fx)?sinh(c+dz) +
9d3 9d2 3 d

a
—+d —+d —+d +d

(@ 52) 2f [(e+f) 1og(7b_ec T;-:lﬂ +1) de  2f [(e+fz) 1og(7bj° Tgsz +1) de . (e+fa)? log(ib_‘le%fb2 +1> . (e+fa)? 1°g<7%1b21b +1> y

a - d - ad ad ad -

a

a2

input‘ Int[((e + f*x)~2*Cosh[c + d*x]~3)/(a + b*Cschlc + d*x]),x] \

r

output L$Aborted

|

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz



CHAPTER 3. LISTING OF INTEGRALS

253

3.27.3.1 Defintions of rubi rules used

ruk317‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

ruk326‘Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2620 Int [(((F_)~((g_.)*((e_.) + (£_)*x)N)"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + b*x((F~(g*x(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3113 Int[sinl[(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1)  Subst[Int[Exp
and[(1 - x"2)~((a - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQl{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3777 Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cosl[e + £*x]/£f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

(e4fx)? cosh®(c+dzx)
3.27. f a+besch(c+dz) dz




rule 3791

rule 3792

rule 5969

rule 6095

rule 6099

rule 6113
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Int[((c_.) + (d_.)*(x_))*((b_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol]l :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
I*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + dx
x)*(b*xSin[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + f*x])“n/(£7°2#%n"2)), x] + (-Sim
plbx(c + d*x) “m*Cos[e + f*x]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%x((n - 1)/n) Int[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*x((m - 1)/(£f72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])

/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Int[Cosh[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*
(x_)]1"(n_.), x_Symbol] :> Simp[(c + d*x) m*(Sinh[a + b*x]"(n + 1)/(b*(n + 1
))), x] - Simp[d*(m/(b*(n + 1))) Int[(c + d*x)~(m - 1)*Sinh[a + b*x] " (n +
1), x1, x] /; FreeQ[{a, b, c, 4, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[(Cosh[(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol]l :> Simp[-(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x) " m*(E"(c + d*x)/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a”2 + b™2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b2, 0]

Int[(Cosh[(c_.) + (d_)*(x_)]1"(m_)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-a/b~2 Int[(e + f*x) m*Cos
hlc + d*x]~(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]~(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b™2)/b"2 Int[(e + f*x) m*(Cosh[c
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)1"(p_.)*((e_.) + (£_.)*(x_)) " (m_.)*Sinh[(c_.) +
(d_)*(x_)]1"(_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]~(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~"(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[

n, 0] && IGtQ[p, O]

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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rule 6128\Int[(((e_.) + (F_)*(x)) " (m_D)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.) \
|+ (d_)*(x)1%(_.) + (al)), x_Symboll :> Intl[(e + f¥x) m*Sinh[c + d*x]*(F |
' [c + d*x]°n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, ¢, d, e, £}, x] & H |
‘yperbolicQ[F] && IntegersQ[m, nl ‘

3.27.4 Maple [F]

/ (fz + €)? cosh (dz + ¢)®
dz
a+ b csch (dz + ¢)

input Lint ((f*x+e) ~2*cosh(d*x+c) "3/ (at+b*csch(d*x+c)) ,x) J

output‘int((f*x+e)“2*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x) ‘

3.27.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 4887 vs. 2(592) = 1184.

Time = 0.34 (sec) , antiderivative size = 4887, normalized size of antiderivative = 7.68

2 3
/ (e + fz)" cosh”(c + dur) dz = Too large to display

a + besch(c + dx)

/

inputLintegrate((f*x+e)‘2*cosh(d*x+c)‘3/(a+b*csch(d*x+c)),X, algorithm="fricas")

~—  /

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz




output

input

output
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-1/432% (18%a~3%d~2*xf"2%x~2 + 18%a”~3*d"2*e"2 - 2x(9*a~3xd~2*xf 2*x"2 + 9*a~3
*d"2*%e”2 - 6*a~3kd*exf + 2*xa~3*%f"2 + 6% (3*a”~3*xd"2*exf - a~3xd*f~2)*x)*cosh
(d*x + c)76 — 2% (9*a~3*d"2+f"2%x"2 + 9*a~3*d"2*e”2 - 6*a"3kxdxexf + 2*a”~3*f
"2 + 6% (3*a”3xd"2ke*xf - a~3*d*f"2)*x)*sinh(d*x + c)"6 + 12*a~3xdxexf + 27*
(2%a~2%bxd"2*%f"2*%x"2 + 2*a”~2*xbxd"2*e”2 - 2*xa~2*bkdxexf + a~2xbxf~2 + 2%k (2%
a”2%b*d"2xexf - a~2xbxd*xf~2)*x)*cosh(d*x + c)~5 + 3*(18%a”2%b*d"~2*f " 2*x"2
+ 18%a"2%b*d"2%e”2 - 18*%a”~2xbkdkexf + 9*a~2xbxf~2 + 18*%(2*%a”2%b*d"2*exf -
a”2%b*xd*xf"2)*x — 4*(9*%a”~3kd"2*f"2*x"2 + 9*a~3xd"2*e”"2 - 6*a”3*d*exf + 2xa”
3*xf~"2 + 6x(3*xa”3xd"2xe*f - a~3xd*f~2)*x)*cosh(d*x + c))*sinh(d*x + c)~5 +
4%a”~3%f"2 - 54*((3*%a~3 + 4*axb~2)*d"2*f"2%x"2 + (3*a”3 + 4*axb~2)*d"2*e"2
- 2x(3*a”3 + 4*xaxb"2)*xdke*xf + 2% (3%a”3 + 4xa*b”2)*f"2 + 2+ ((3*a~3 + 4*xaxb”
2)*d”"2%exf - (3*a”~3 + 4*xa*xb~2)*d*f~2)*x)*cosh(d*x + c)~4 - 3*x(18*%(3*a”3 +
4xa*xb”2) *d"2+%f"2%x"2 + 18*%(3*a”3 + 4*a*b”2)*d"2*e"2 - 36*(3*a”"3 + 4*a*b”2)
*dxexf + 36*%(3*a”3 + 4*a*b”2)*f72 + 10*(9*a”~3*d"2*f"2*%x"2 + 9*a~3xd"2*xe"2
- 6*a"3*dxexf + 2*xa"3*f"2 + 6% (3*a”3*d"2xexf — a~3*xd*f~2)*x)*cosh(d*x + c)
2 + 36%((3*a”3 + 4*a*b”2)*d"2xexf - (3*a”3 + 4*xa*xb”2)*d*f"2)*x - 45%(2*a”
2%bxd"2*%f"2%x"2 + 2*a”2%bxd"2*e”2 - 2xa~2*bkdxexf + a~2xbxf~2 + 2% (2*xa~2*b
*d"2xexf — a~2xbkxd*f~2)*x)*cosh(d*x + c))*sinh(d*x + c)~4 - 144x((a"2*b +
b~3)*d"3*f"2*%x"3 + 3*%(a"2*b + b~3)*d"3kexf*x"2 + 3*%(a"2*b + b~3)*d"3*e”~2*x
+ 6%(a”2%b + b~3)*c*d"2%e”2 - 6%(a”2*b + b~3)*c"2xdkexf + 2%(a"2*b + b...

3.27.6 Sympy [F]

/ (e + fx)? cosh®(c + dx) e — / (e + fz)® cosh® (¢ + dx) e

a + besch(c + dx) a + besch (¢ + dx)

integrate ((f*x+e)**2xcosh (d*x+c) **3/ (a+b*csch(d*x+c)) ,x)

\

Integral((e + f*xx)**2*cosh(c + d*x)**3/(a + bxcsch(c + d*x)), x)

N

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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3.27.7 Maxima [F]

/ (e + fx)? cosh®(c + dxr) dp — / (fz + e)? cosh (dz + ¢)° i
a + besch(c + dx) N besch (dz+c¢) +a

input‘integrate((f*x+e)“2*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x, algorithm="maxima")

output | -1/24*e~2x((3*a*bxe” (-d*x - c) - a2 - 3*(3*a”2 + 4*xb~2)*e”(-2kd*x - 2%c))
*e”~ (3*%d*x + 3*c)/(a”3*d) + 24*(a”2xb + b~3)*(d*x + c)/(a"4*d) + (3*a*bxe”(
-2%d*x - 2%c) + a"2xe” (-3*d*x - 3*c) + 3*(3*a"2 + 4*b"2)*e”(-d*x - c))/(a”
3xd) + 24*(a”2%b + b~3)*log(-2*b*e~(-d*x - c) + axe”(-2xd*x - 2%c) - a)/(a
“4xd)) - 1/432*%(144%(a"2%b*d"3*f"2*xe”~(3*c) + b~ 3*d"3*f"2*e” (3*c))*x~3 + 43
2% (a~2xb*d~3kexfxe” (3*c) + b 3*kd 3*e*xfke™ (3%c))*x"2 — 2% (9*ka~3*d " 2kf " 2%x"2
*e” (6%c) + 6% (3*d"2xexf - d*xf~2)*a”~3*x*e” (6%c) — 2% (3xd*exf - £72)*a"3*e”(
6%c) ) ke (3*d*x) + 27*(2%xa~2xbxd~2xf 2xx"2xe” (5*c) + 2% (2kd~2kexf - d*xf~2)*
a~2xbkxxke”~ (5*c) - (2*d*exf - f~2)*a~2xbkxe” (5*c))*e” (2xd*x) + 54 (6*(dxexf

- £72)*a~3*%e~(4*c) + 8*(d*exf - f£72)*axb~2xe”(4*c) - (3*a~3*xd"2xf 2xe” (4*c
) + 4xaxb”2xd"2*%f"2xe” (4*c) ) *x"2 - 2% (3x(d"2xexf - d*xf"2)*a"3*e”(4*c) + 4%
(d~2*exf — d*f~2)*a*xb~2*e” (4*c))*x)*e” (d*x) + 54*(6*(dxe*f + £f~2)*a~3*e” (2
*c) + 8x(dxexf + f~2)*a*b”2%e”(2*c) + (3*a~3*d"2*f " 2%e”(2*c) + 4*xaxb~2xd"2
*f"2xe” (2%c) ) *x"2 + 2% (3*%(d"2%exf + dxf~2)*a"3*ke” (2%c) + 4*x(d"2xexf + d*xf~
2) *¥a*b"2xe” (2*c) ) *x) *e” (—d*x) + 27*(2*a"2xbxd~2*xf " 2*x"2%e"c + 2% (2*%d"2xexf
+ dxf~2)*a~2%bkxx*e~c + (2xdxexf + f£~2)*a~2xbkxe~c)*e” (-2*d*x) + 2% (9*a”~3*d
“2xfT2%x72 + 6% (3*kd"2xe*xf + dkfT2)*a"3*x + 2% (3xdkexf + £72)*a"3)*e” (—3xd*
x))*e”~ (-3xc)/(a"4*d"3) + integrate(-2*((a~3%b*f~2 + a*xb™3*f"2)*x"2 + 2*(a”
3xbxe*xf + axb~3kexf)*x - ((a~2*b~24f"2*e~c + b ~4*f 2xe"c)*x"2 + 2x(a~2%b"2
*exfxe~c + b 4*exfxe~c)*x)*e” (d*x))/(a~5*xe~ (2%dxx + 2*c) + 2*xa~4x*xbxe~(d...

3.27.8 Giac [F]

/ (e + fx)? cosh®(c + dx) o — / (fz + €)® cosh (dz + ¢)® e
a + besch(c + dx) B besch (dz+c¢) +a

.
input | integrate ((f*x+e) “2*cosh(d*x+c) "3/ (atb*csch(d*x+c)),x, algorithm="giac")

Output‘integrate((f*x + e)”2xcosh(d*x + c)73/(bxcsch(d*x + c) + a), x)

(e4fx)? cosh®(c+dzx)
3.27. f a+bcsch(c+dz) dz
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3.27.9 Mupad [F(-1)]

Timed out.

2
dz

/ (e + fx)? cosh®(c + dx) dp — / cosh(c +dz)® (e + f z)

a + besch(c + dx) a+ m

-

input Lint((cosh(c + d*x)"3%(e + f*x)72)/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)"3%(e + f*x)~2)/(a + b/sinh(c + d*x)), x)

(e4fx)? cosh®(c+dzx)
3.27. f a+besch(c+dz) dz
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3

e+fx) cosh®(c+dx
3.28  [letfncoshletds) 4,

a+bcsch(c+dz)
3.28.1 Optimalresult . . .. ... ... ... ... .. ... .. 259
3.28.2 Mathematica [A] (verified) . . . . . . ... ... oL 2601
3.28.3 Rubi [A] (verified) . . . .. ... ... 261]

3.28.4 Maple [B] (verified) . . .. ... ... . . ... ..
3.28.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ...
3.28.6 Sympy [F] . . . . .
3.28.7 Maxima [F] . . .. . . . . ..
3.28.8 Giac [F] . . . . . .
3.28.9 Mupad [F(-1)] . . . . . oo e

3.28.1 Optimal result

Integrand size = 26, antiderivative size = 400

/ (e + fz) cosh®(c + dx) e — bfr  b(a® + %) (e+ fx)>  2f cosh(c+ da)

a + besch(c + dx) T T 4a2d 204 f 3ad?
_ b*fcosh(c+dzx)  fcosh®(c+ dax)
a3d? 9ad?
2 2 aectdz

b(a* 4+ b*) (e + fx)log <1+ b—W)
B a*d

b(a? + 1) (e + f2)log (1+ 2 )
B a*d

b(a® + b?) f PolyLog (2, —%)
B atd?

b(a® + b?) f PolyLog (2, —ﬁ%)

atd?

* 3ad add
+ bf cosh(c + dx) sinh(c + dx)
4a2d?
(e + fz) cosh?(c + dz) sinh(c + dz)
+
3ad
_ble+ fz) sinh?(c + dz)
2a%d

2(e + fz)sinh(c + dx) N b%(e + fz)sinh(c + dx)

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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output | -1/4%bxf*x/a~2/d+1/2xb* (a~2+b"2) * (f*xx+e) "2/a~4/f-2/3*f*cosh(d*x+c) /a/d"2-b
~2xf*cosh(d*x+c)/a~3/d"2-1/9*f*cosh(d*x+c) ~3/a/d"2-b*(a"~2+b~2) * (f*x+e) *1n(
1+axexp(d*x+c)/(b-(a"2+b"2)~(1/2))) /a~4/d-b*(a~2+b~2) * (f*x+e) *1n (1+axexp(d
xx+c)/(b+(a~2+b~2)~(1/2)))/a~4/d-b*(a~2+b~2) *f*polylog(2,-a*exp(d*x+c) / (b-
(a"2+b72)"(1/2)))/a~4/d"2-b*(a~2+b~2) *f*polylog(2,—a*exp (d*x+c)/(b+(a~2+b~
2)7(1/2)))/a~4/d"2+2/3* (f*x+e) *sinh (d*x+c) /a/d+b~2* (f*x+e) *sinh (d*x+c) /a~3
/d+1/4*xbxf*cosh (d*x+c)*sinh(d*x+c) /a~2/d"2+1/3* (£*xx+e) *cosh (d*x+c) “2*sinh (
d*x+c)/a/d-1/2*b* (f*x+e) *sinh (d*x+c) ~2/a"2/d

\

3.28.2 Mathematica [A] (verified)

Time = 1.18 (sec) , antiderivative size = 696, normalized size of antiderivative = 1.74

/ (e + fx) cosh®(c + dx) dp —
a + besch(c + dx) N

36a%bc f + 36b3c%f — 36a%bd? fr? — 36b°d? fx> + 54a3 f cosh(c + dx) + 72ab® f cosh(c + dx) + 18abd]

p
input  Integrate[((e + f*x)*Cosh[c + d*x]~3)/(a + b*Cschlc + d*x]),x]

output | =1/72x(36*a"2xb*c”~2*f + 36%b~3*c”"2*f - 36%a”2xb*d"2*f*x"2 - 36%b"3*d”"2*f*x
~2 + b4*xa~3*fxCosh[c + d*x] + 72xa*b~2*fxCosh[c + d*x] + 18*a”2*bxd*f*x*Co
sh[2*%(c + d*x)] + 2*a~3*f*Cosh[3*(c + d*x)] + 72*a"2xb*c*f*Log[l + (a*E~(c
+ d*x))/(b - Sqrt[a~2 + b72])] + 72xb~3*c*f*Log[l + (a*E~(c + d*x))/(b -

Sqrt[a”™2 + b~2])] + 72*a”2xb*dxf*x*Log[l + (a*E~(c + d*x))/(b - Sqrt[a~2 +
b~2])] + 72%b"3*d*f*x*Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] + 72
*xa~2xbxcxfxLog[l + (a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])] + 72*b~3*c*f*Log
[1 + (a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 72*a"2xbxdxf*x*Log[1l + (a*E~
(c + d*x))/(b + Sqrt[a”2 + b~2])] + 72+b~3xd*f*x*Log[l + (a*xE~(c + d*x))/(
b + Sqrt[a™2 + b~2])] - 72*a~2*bxcxf*Logla - 2*%b*E~(c + d*x) - a*E~(2*(c +
d*x))] - 72*b~3*cxfxLogla - 2*b*E~(c + d*x) - a*E~(2*(c + d*x))] + 72%a”2
*b*dxexLog[b + a*Sinh[c + d*x]] + 72*b~3*d*exLog[b + axSinh[c + d*x]] + 72
*b*(a”2 + b~2)*f*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b72])] + 72*b
x*(a”2 + b~2)*f*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 72*a
“3*d*e*xSinh[c + d*x] - 72%a*b~2xd*e*Sinh[c + d*x] - 54*a~3*d*f*x*Sinh[c +

d*x] - 72xa*b~2*dxf*x*Sinh[c + d*x] + 36*%a~2*bxd*exSinh[c + d*x]~2 - 24xa”
3xd*exSinh[c + d*x]~3 - 9*a~2+bxf*Sinh[2*(c + d*x)] - 6*a”3*d*f*x*Sinh [3*(
c + d*xx)])/(a"4*d"2)

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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3.28.3 Rubi [A] (verified)

Time = 2.30 (sec) , antiderivative size = 360, normalized size of antiderivative = 0.90,

number of steps used = 27, number of rules used = 26, tumber of rules _ 4 459 Ryles
integrand size

used = {6128, 6113, 3042, 3791, 3042, 3777, 26, 3042, 26, 3118, 6099, 3042, 3777, 26, 3042,
26, 3118, 5969, 3042, 25, 3115, 24, 6095, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(e + fz) cosh3(c + dx)
a + besch(c + dx)

l 6128

dz

(e + fz)sinh(c + dz) cosh3(c + dz)

asinh(c+dz) +b de

| 6113
3
[(e+ fz) cosh®(c + dz)dx 3 bf (e;l)—-{z)sicr(l)lsll(lc—(ktilz()jm) dx
a a
| 302
3
b RS | [(e+ fa)sin (ic+ide + §)° da
a a
| 3791
in h3(c+d
%f(e + fz) cosh(c + dz)dz — fcos}gd(zc%—dx) + (e+fxz)s h(c-gff) cosh? (c+dzx) ~ bf (e‘lf)‘iz)sfs}sl(cﬁ;)ﬁ) dz
a a
| 3042

e+ fx h3(c+dx
_bf ( b—i—a)sicr?lsl(c—f-dx) )dx

+
a
f cosh®(c+dzx) (e+fx) sinh(c+dz) cosh?(c+dzx)
— 9d? + 3d

%f(e+f$)8in(ic+idm+%) dz

a

l 3777

e+fx) cosh®(c+dz
_bf( b+a)sir(1)}s1(c—$-dx) )dw

a
(e+fz)sinh(c+dz)  if [ —isinh(ctdx)dz fcosh®(c+dz) |, (e+fz)sinh(ctdx)cosh?(c+dx)
d - d - 2 + 3d

2
3 9d

a

| 26

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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2 ((e+fm) sinh(c+dz)  f[ sinh(c+dz)dz) _ fcosh®(c+dz) n (e+f) sinh(c+dx) cosh? (c+dx)
3 d d 942 3d

a
+f h3(c+d
bJ et

a

l 3042

+fx h3(c+dx
_ b f e b—i—a)sicrcl)lsl(c—f-cdx) ) dzx

+

a
(e+fz)sinh(ct+dx)  f [ —isin(ictidz)dz fcosh3(ct+dz) | (e+fz)sinh(ctdx) cosh?(c+dx)
d - d - 9d? + 3d

2
3

a

| 26

e+ fx h3(c+dx
_bf ( b+a)SiCI?l‘Sl(C-$‘d.'Z:) )dx

+
a
g((e—i—fx) sinh(c+dzx) + iffSiIl(iC-i-idw)dw) _ fcosh®(ct+dzx) + (e4fx) sinh(c+dzx) cosh?(c+dzx)
3 d d 9d2 3d
a
| 3118

2 ( (et+fz)sinh(ct+dz)  fcosh(ct+dx) ) _f cosh?(c+dx) + (e+fx) sinh(c+dzx) cosh? (c+dax)
3 d d? 9d? 3d

a
+f h3 (c+d
bJ et

a

l 6099

2 ( (et+fz)sinh(ct+dz)  fcosh(ctdx) ) _f cosh?(c+dx) + (e+fx) sinh(c+dzx) cosh? (c+dax)
3 d d? 9d2 3d

a
b < (a®+%) [ %dz b [(e+fx) cosh(c+dz)dx + [ (e+fz) cosh(c+dzx) sinh(c—i—dz)dx)
a? - a? a

a
l 3042

e+ fx) sinh(c+dx) cosh? (c+dzx)
3d

2 ((e+fx) sinh(c+dz) fcosh(c—i—dx)) __ fcosh®(ct+dx) + (
3 d d? 9d2

a
e+ fz) cosh(c+dz
b < (a®+b?) [ (;rfzs)m%dw _ b [(e+fx) sin(éc+idm+%)dm + J (e+fz) cosh(c+dx) sinh(c+dz)dm>
a a a

a

l 3777

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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2 ( (etfx)sinh(c+dz)  fcosh(ctdx) ) __ fcosh®(ct+dz) + (e+fx) sinh(c+dzx) cosh? (c+dx)
3 d d? 9d? 3d

a
h d e+ fz) sinh(c+dx if [ —isinh(c+dx)d
b (a2+b2)fwg+Mdm B b<( )S;( )_4J zsmd o= m) + J (e+fz) cosh(c+dz) sinh(c+dz)dz
a? a? a
a
| 26
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d? 9d2 3d
a
et+fx h(c+dx -+ inh(c+d. f inh(c+dz)d
b (a2+b2)f(b4fas)+hs(c(+;z))dz _ b((e fz)s}; (ctd) [ r 2 w) + J (e+fz) cosh(c+dz) sinh(c+dz)dz
a? a? a
a
| 3042
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdzx) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d
a
h(c+d. +fz)sinh(ct+dz)  f [ —isin(ictide)dz
b (a2+b?%) f%}mdx _ b((e fz) = (ctda) ] d ) 4 J (e+fz) cosh(c+dz) sinh(c+dz)dz
a? a? a
a

| 26

2 ( (et+fz)sinh(c+dz)  fcosh(ctdx) ) __ fcosh®(ct+dz) + (e+fx) sinh(c+dz) cosh? (c+dzx)
3 d d?2 3d

9d2
a
h(ct+d +f) sinh(c4dx) | if [ sin(ictidz)d
(a482) | et de  b((feeguletan) SO ) oy f2) cosh(ctda) sinh(c--dz)da
a? o a? + a
a
l 3118

2 ( (et+fz)sinh(ct+dz)  fcosh(ct+dx) ) _f cosh?(c+dx) + (e+fx) sinh(c+dzx) cosh? (c+dax)
3 d d? 9d? 3d

a
h d. e+ fz) sinh(c+dzx f cosh(c+dx
(a®+b?) [ (sﬂffs)iif(cﬁz)w) dz  [(e+fz)cosh(ctdz) sinh(c+dz)de b(( : x ¢ )_feo d(2 ))
a2 + a - a2
a
| 5969
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdz)\  fcosh®(ctdz) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d? 9d? 3d
a
b (a2+b2) f (el;:f:s)i(;lis(f;(ﬁ;‘zd)z) dz (et+fz) si:)ndh2(c+d:c) _f [ Sinh22(dc+dz)dz b( (etfz) S‘(?h(c"’dm) _f COS};(;‘de) )
a? + a - a?
a

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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| 3042
2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dzx) cosh? (c+dzx)
3 d d2 9d2 3d

a

e x h(c+dx in2c " — sin(i i 2 +f inh(c+d f h(c+d.
b (a2+b2) f ¢ liﬁfas)i:;ls(c(-k;rx) )d:c (e+fw)52;1 (ct+daz) £/ sm(;fi-Hdm) dz b((e z) 51; (ctdz) _ fcos d(2c .7;))
a? + a - a?
a

| 25

2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(c+dz) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d

a

2 i) 2 inh(c+d h(c+d
b (a2+b2) f (e;’—fams)i;?lohs(};:‘:ifgf) dx (e+fz) 51;1; (ctdzx) +ffsm(u;—;—zda:) dx b((€+fw) Sdn (ctdx) _ fcos d(;"' x))
a? + a - a?
a
| 3115

2 ( (et+fz)sinh(c+dz)  fcosh(ctdx) ) __ fcosh®(c+dz) + (e+fz) sinh(c+dz) cosh? (c+dx)
3 d d? 9d? 3d

a
(f ldxz sinh(c+dz) cosh(c+dz)>
= - 2d

+ h(c+d
(a2+b2) f (eb+ffs)i§is(c(jdm)Z) dz 2d
a? +

s 2 (e+fz) sinh(c+dz)  f cosh(c+dzx)
+ (e+fz) 51;;1 (ct+dzx) b( 2 — ) >

a a2

a

l 24

2 ( (e+f=z)sinh(c+dx)  fcosh(ctdx)\  fcosh®(ctdzx) + (e+fx) sinh(c+dx) cosh? (c+dzx)
3 d d? 9d2 3d
4 ( ) cosh( )
sinh(c+dz) cosh(c+dx
(e+fz) cosh(c+dzx) (e+fz) sinh(c+dx) _ f cosh(c+dx) e+ fz) sinh2 (c+dz f %_ 2d
b (a2+b2) f eb+:si;is(c:dz)z dz _ b( d d2 ) + (etf )52; (c+d )+ ( 54 >
a? a? a
a
| 6095
2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdx)\  fcosh®(ctdz) + (e+fx) sinh(c+dzx) cosh? (c+dx)
3 d d? 9d?2 3d
a
AT (et fo) AT (et fo) (etfa)? i ‘ (%
(a2+b2) (f ec+ed%+bf :;H)Q dz+ [ eC‘:ima-HHP: a”2+b2 dz— eza; b((e+fm) s1;h(c+dm)_fcosr:i(2c+dm)) W*‘ﬁ
a? - a2 + a
a
| 2620

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdz)\  fcosh®(c+dz) + (e+fx) sinh(c+dzx) cosh? (c+dx)
3 d d? 9d? 3d
a
ec+dxa ec-&-d:za aec+d:c aec+dw
(a2+b2) _ 1 log(b—\/a2+b2 +1> de _ 1 10g(b+\/a2+b2 +1) e + (etfa) log(b—\/a2+b2 +1) + (etfa) log( Va2+b2+b +1) (et fx)?
a a a a a.
d d d d 2af b ( (e
b _
a2
a
l 2715
2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdz)\  fcosh®(c+dz) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d? 9d? 3d
a
—c—dzx ectdz, c+dx - —c—dx ectdz, c+dx aectdz aectdz )
(a2+b2) _ffe log(ib_ ) +1)de _fj e log<b+ ) +1>de +(e+f:c) log(b_ ) +1> +(e+fa:) log( SETITS
ad? ad? ad ad
a
l 2838
2 ( (e+f=z)sinh(ct+dx)  fcosh(ctdz)\  fcosh®(c+dx) + (e+fx) sinh(c+dx) cosh? (c+dx)
3 d d?2 9d? 3d
d a d d. d
_ aec+ x _ aec+ T aec+ x aec+ T
( 2+b2) fPolyLog(Z, b—m) +fPolyLog<2, b+\/m) +(e+fa:) log(b_\/m-Fl) +(e+fa:) 10g<\/m+b +1> _(e+fz)2
a ad? ad? ad ad 2af b (
b ; (!
a
a

-

inputLInt[((e + f*x)*Cosh[c + d*x]~3)/(a + bxCsch[c + d*x]),x]

| —

output | (-1/9*%(f*Cosh[c + d*x]~3)/d"2 + ((e + f*xx)*Cosh[c + d*x] 2*Sinh[c + d*x])/
(3xd) + (2x(-((fxCosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c + d*x])/d))/3)/a
- (bx(((a"2 + b™2)*(-1/2x(e + £*x)~2/(axf) + ((e + fxx)*Logl[l + (a*E~(c +
d*x))/(b - Sqrt[a~2 + b~2]1)]1)/(axd) + ((e + fxx)*Log[l + (a*xE~(c + d*x))/(
b + Sqrt[a™2 + b~2])])/(a*d) + (£*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqgrtl[a
"2 + b721))1)/(a*d”2) + (£*PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~
2]1))1)/(a*xd~2))) /a2 - (b*(-((f*Cosh[c + d*x])/d"2) + ((e + f*x)*Sinh[c +
d*x])/d))/a"2 + (((e + f*x)*Sinh[c + d*x]~2)/(2*d) + (fx(x/2 - (Cosh[c + d
*x]*Sinh[c + d*x])/(2%d)))/(2xd))/a))/a

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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3.28.3.1 Defintions of rubi rules used

rule 24‘Int [a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26

rule 2620

rule 2715

rule 2838

rule 3042

rule 3115

rule 3118

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int [(C(FL)~((g_.)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m/(b*xf*g*n*Log[F]))*Log[l + b*((F~(gx(e + f*x))) n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*x(e + f*x
)))"n/a)], x]1, x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + dx
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, 4}, x]

(e4fx) cosh?(c+dzx)
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rule 3777 Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

rule 3791 Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%*n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x

]*((b*Sin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + d*

x)*(b*Sin[e + f*x])~(n - 2), x], x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n,
1]

rule 5969 Int[Cosh[(a_.) + (b_.)*(x_)I*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*
(x_)]17(n_.), x_Symbol] :> Simp[(c + d*x) m*(Sinh[a + b*x]"(n + 1)/(b*(n + 1
))), x] - Simp[d*(m/(b*(n + 1))) Int[(c + d*x)~(m - 1)*Sinh[a + b*x]~(n +
1), x1, x] /; FreeQ[{a, b, ¢, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 6095 | Int [(Cosh[(c_.) + (d_.)*(x )1*((e_.) + (f_)*(x))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (@_.)*(x_)]), x_Symbol] :> Simp[-(e + £xx)"(m + 1)/(b*f*(m + 1)),
x] + (Int[(e + f*x)"m*(E~(c + d*x)/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x)"m*x(E~(c + d*x)/(a + Rt[a”2 + b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

rule 6099 | Int [(Cosh[(c_.) + (d_.)*(x_ )1 (n_ )*((e_.) + (f_)*(x))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-a/b"2 Int[(e + f*x) m*Cos

hlc + d*x]"(n - 2), x], x] + (Simp[1/b Int[(e + f*x) m*Cosh[c + d*x]~(n -
2)*Sinh[c + d*x], x], x] + Simp[(a”2 + b~2)/b"2 Int[(e + f*x) m*(Coshlc
+ d*x]~(n - 2)/(a + b*Sinh[c + d*x])), x], x]) /; FreeQ[{a, b, c, d, e, £},
x] && IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

rule 6113 Int[(Cosh[(c_.) + (d_.)*(x_ )1~ (p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_D*(x_)]1"(n_.))/((al) + (b_.)*Sinh[(c_.) + (d_.)*(x_)1), x_Symbol] :> S
imp[1/b  Int[(e + f#*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - S
imp[a/b Int[(e + f*x) m*Cosh[c + d*x] p*(Sinh[c + d*x]~(n - 1)/(a + b*Sin
hlc + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[
n, 0] && IGtQ[p, O]

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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YUk36128‘Int[(((e_.) + (£_)*x(x_))"(m_)*(F_)[(c_.) + (A_.)*(x_)]1"(n_.))/(Csch[(c_.)
‘ + (d_)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Int[(e + f*x) m*Sinh[c + d*x]*(F
‘[c + d*x]"n/(b + a*Sinh[c + d*x])), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
’yperbolicQ[F] && IntegersQ[m, nl

3.28.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1101 vs. 2(372) = 744.

Time = 17.62 (sec) , antiderivative size = 1102, normalized size of antiderivative = 2.76

method | result size

risch Expression too large to display | 1102

-

inputLint((f*x+e)*cosh(d*x+c)‘3/(a+b*csch(d*x+c)),X,method=_RETURNVERBOSE)

| —

output | -2/d~2%b~3/a"4*c*f*1n(exp(d*x+c))+1/d"2*%b~3/a ~4*c*f*1n(exp (2*d*x+2%c) *a+2*
exp(d*x+c)*b-a)+1/d"2xb"3/a"4*f*c"2-1/d*b"3/a"4*e*1n (exp (2*d*x+2%c) ¥a+2*ex
p(d*x+c)*b-a)+2/d*b~3/a"4*e*1n(exp(d*x+c))-1/d"2*b"3/a"4*f*dilog((-a*exp(d
xx+c)+(a”2+b"2) ~(1/2)-b)/(-b+(a~2+b"2) ~(1/2)))-1/d"2*b~3/a"4*f*dilog((a*ex
p(d*x+c)+(a~2+b~2) " (1/2)+b) / (b+(a~2+b"2) ~(1/2)))+1/2/a~2*b*f*x"2-1/a"2*b*xe
*xx-1/72% (3xd*f*xx+3*d*e+f) /a/d~2%exp (-3*d*x-3%c) -1/16%b* (2+d*f*x+2*d*e-f) /a
~2/d"2%exp (2*d*x+2%c) -1/8* (3%a~2+4*b~2) * (d*f*x+d*e+f) /a~3/d"2*exp (-d*x-c) -
1/16%b* (2*d*f*x+2*d*e+f) /a~2/d"2*exp (-2*d*x-2%c) +2/d*b~3/a~4*f*cxx-1/d*b~3
/a~4xf*1n((-a*exp(d*x+c)+(a~2+b~2) " (1/2)-b)/(-b+(a~2+b~2)~(1/2)) ) *x-1/d*b"
3/a”4xf*1n((a*exp(d*x+c)+(a~2+b~2)~(1/2)+b)/ (b+(a~2+b~2)~(1/2)) ) *x-1/d"2*b
~3/a"4*fx1n((-axexp(d*x+c)+(a~2+b~2)~(1/2)-b)/(-b+(a~2+b~2)~(1/2)) ) *c-1/4~
2xb~3/a"4xf*1n((a*exp(d*x+c)+(a~2+b~2) " (1/2)+b) / (b+(a~2+b~2)~(1/2)) ) *c+1/7
2x (3*xd*xfxx+3*xd*e—f) /a/d"2*exp (3*d*x+3*c)+1/2*b"3/a"4*f*x"2-b"3/a"4*e*x+1/8
* (3xa~2*d*f*x+4*b"2kd*fxx+3%a”~2xd*e+4*b~2xd*e—-3*a~2*f-4*b~2xf) /a~3/d " 2*exp
(d*x+c)+2/d/a~2*b*f*xcxx-1/d/a"2xb*f*1n ((-a*exp (d*x+c)+(a"2+b"2)~(1/2)-b) /(
-b+(a~2+b"2) " (1/2)) ) *x-1/d/a"2*b*f*1n((a*xexp (d*x+c)+(a~2+b"2) ~(1/2) +b) / (b+
(a”2+b72)"(1/2)))*x-1/d"2/a~2*b*f*1n ((-a*exp (d*x+c)+(a~2+b~2) " (1/2)-b) /(-b
+(a”2+b"2) " (1/2)) ) *c-1/d"2/a"2xb*f*1n ((axexp (d*x+c)+(a"2+b~2) ~(1/2)+b) / (b+
(272+b72) " (1/2)) ) *c+1/d"2/a"2xb*c*f*1n (exp (2*d*x+2*c) *a+2*exp (d*x+c) *b-a) -
2/d"2/a"2xb*c*f*1n(exp (d*x+c))+1/d"2/a~2*b*f*c"2-1/d"2/a"2+b*xf*dilog((-. ..

(e4fx) cosh?(c+dzx)
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3.28.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2465 vs. 2(370) = 740.

Time = 0.31 (sec) , antiderivative size = 2465, normalized size of antiderivative = 6.16

(e + fx) cosh®(c + dx)
/ a + besch(c + dx)

dx = Too large to display

-

input Lintegrate ((f*x+e)*cosh(d*x+c) “3/ (a+bxcsch(d*x+c)) ,x, algorithm="fricas")

|

output | 1/144* (2x (3*a”~3*d*xf*x + 3*a~3*d*e - a~3*f)*cosh(d*x + c)~6 + 2% (3*a~3*xd*xfx*
X + 3*%a"3xd*e - a~3*f)*sinh(d*x + c)”6 - 6*a”3kdxf*x - 9*x(2kxa~2xb*dkf*x +
2xa"2xb*dxe - a~2*b*f)*cosh(d*x + c)~5 - 3*(6xa”2xb*dxf*x + 6*a~2*bxd*e -
3xa~2%b*f - 4%(3*a~3*%d*f*x + 3*a~3*d*e - a~3*f)*cosh(d*x + c))*sinh(d*x +
c)"5 - 6xa~3xdxe + 18*%((3*a”3 + 4*a*b”~2)*xd*xf*xx + (3*a~3 + 4*a*b~2)*d*e - (
3*%a~3 + 4xa*xb”2)*f)*cosh(d*x + c)~4 + 3*%(6*x(3*%a~3 + 4*axb”2)*xd*xf*x + 6% (3%
a”3 + 4xaxb~2)*xdxe + 10*(3*a”~3*d*f*x + 3*a~3xdxe — a~3*f)*cosh(d*x + c)~2
- 6%(3*%a”3 + 4xaxb~2)*f - 15%(2*a”2¥bxd*f*x + 2*a”~2*bkd*e — a~2*b*f)*cosh(
d*x + c))*sinh(d*x + c)~4 — 2*%a”3*f + 72*%((a”2*b + b~3)*d"2*f*x"2 + 2*(a™2
*b + b73)*d"2xe*xx + 4*x(a"2*b + b~3)*ckdxe - 2*x(a”"2%b + b"3)*c”2*f)*cosh(d*
X + ¢c)73 + 2%(36%(a”2*b + b~3)*kd"2*f*x"2 + 72*x(a"2*b + b~3)*d"2ke*x + 144%
(a"2xb + b~3)*cxd*e - 72*x(a"2%b + b~3)*c~2*f + 20*(3*xa"3xd*f*x + 3*a~3*xd*e
- a”3*f)*xcosh(d*x + c)~3 - 45%(2*a”~2%bxd*f*x + 2*a~2xb*d*e - a~2*bx*f)*cos
h(d*x + ¢c)72 + 36%((3*¥a"3 + 4*xa*b”~2)*d*f*xx + (3*a”3 + 4*axb~2)*d*e - (3*a”
3 + 4*a*xb~2)*f)*cosh(d*x + c))*sinh(d*x + c)~3 - 18%((3*a”3 + 4*a*xb~2)*d*f
*x + (3*%a”3 + 4*a*b~2)*d*e + (3*%a~3 + 4*xaxb”2)*f)*cosh(d*x + c)~2 + 6% (5*(
3*a~3*d*f*x + 3*a~3xd*e - a~3*f)*cosh(d*x + c)~4 - 3*(3*a”3 + 4*axb~2)*d*xf
*x — 15%(2*a”~2xbkd*f*x + 2*a~2¥bxd*e - a~2xb*f)*cosh(d*x + c)~3 - 3*(3*a”3
+ 4*a*xb”2)*d*e + 18*((3*a”~3 + 4*a*b~2)*d*f*x + (3*%a~3 + 4*a*xb”2)*d*e - (3
*a~3 + 4xaxb~2)*f)*cosh(d*x + c)~2 - 3*(3*a~3 + 4*a*xb”2)*f + 36%((a~2*b...

3.28.6 Sympy [F]

(e + fz) cosh®(c + dx) dr — (e + fz) cosh® (¢ + dx)

a + besch(c + dx) N a + besch (¢ + dx) dz

-

input | integrate ((f*x+e)*cosh(d*x+c)**3/ (a+b*csch(d*x+c)) ,x)

N

output Integral((e + fxx)*cosh(c + d*x)*3/(a + bxcsch(c + d*x)), x)

(e4fx) cosh?(c+dzx)
3.28. J‘ a+bcsch(c+dz) dz
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3.28.7 Maxima [F]

(e + fx) cosh®(c + dx) dp — / (fz + e) cosh (dz + ¢)° i
a + besch(c + dx) N besch (dz+c¢)+a

inputLintegrate((f*x+e)*cosh(d*x+c)”3/(a+b*csch(d*x+c)),x, algorithm="maxima")

output | -1/24*ex ((3*a*bke~(-d*x - ¢c) - a”2 - 3*(3*a”2 + 4*b~2)*ke” (-2*d*x - 2%c))*e
~(3*%d*x + 3*c)/(a"3*d) + 24*x(a"2*b + b~3)*(d*x + c)/(a"4*d) + (3*axbkxe” (-2
*d*x — 2%c) + a"2*e” (-3*d*x - 3*c) + 3*(3*a”"2 + 4*b"2)*e”(-d*x - c))/(a"3*
d) + 24x(a”2%b + b~3)*log(-2*%b*e~(-d*x - c) + a*xe”(-2*d*x - 2%c) - a)/(a"4
*d)) - 1/144xfx((72%(a"2%b*d"2*e~(3*c) + b~ 3*d"2*e” (3*c))*x"2 — 2x(3*a”~3*d
xxxe” (6%c) - a~3xe”(6%c))*e” (3xdxx) + 9*(2xa~2xbxd*x*e”(5*c) - a~2+bxe” (5%
c))*e” (2xd*x) + 18+%(3*a”3*e”(4*c) + 4*axb"2%e”(4*c) - (3*a~3*d*e”(4*c) + 4
*xaxb~2xdxe” (4*c) ) *x) *e” (d*x) + 18%(3*a~3*e”(2*c) + 4*axb~2%e”(2*xc) + (3*a”
3xdxe” (2%c) + 4d*axb~2+d*e” (2*c))*x)*e”(—d*x) + 9*(2ka~2xb*d*kx*e~c + a~2xb*
e"c)*xe” (-2%d*x) + 2x(3*a"3*d*x + a”3)*e” (-3xdxx))*e”(-3xc)/(a"4xd"2) - 18%
integrate(16*((a”2x¥b"2*e"c + b~ 4*e~c)*xxe~(d*x) - (a~3*b + axb~3)*x)/(a”b*
e~ (2xd*x + 2%c) + 2*a~4*xbxe~(d*x + c) - a~5), x))

3.28.8 Giac [F]

(e + fx) cosh®(c + dx) dp — / (fz + e) cosh (dz + ¢)° i
a + besch(c + dx) N besch (dz+c¢)+a

input‘integrate((f*x+e)*cosh(d*x+c)“3/(a+b*csch(d*x+c)),x, algorithm="giac")

-

outputtintegrate((f*x + e)*cosh(d*x + c¢)~3/(b*xcsch(d*x + ¢c) + a), x)

~—

(e4fx) cosh?(c+dzx)
3.28. J‘ a+bcsch(c+dz) dz
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3.28.9 Mupad [F(-1)]

Timed out.

dz

(e + fz) cosh®(c + dz) dr — / cosh(c +dz)® (e + f z)

a + besch(c + dx) a+ sinh(é)—f-d )

-

input Lint((cosh(c + d*x)"3%(e + f*x))/(a + b/sinh(c + d*x)),x)

-/

output Lint((cosh(c + d*x)"3%(e + f*x))/(a + b/sinh(c + d*x)), x)

(e4fx) cosh?(c+dzx)
3.28. f a+bcsch(c+dz) dz
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3.99 f cosh3(c+dz) dx

a+bcsch(c+dz)
3.29.1 Optimal result . . . . ... . ... ... ... 272
3.29.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 272
3.29.3 Rubi [A] (verified) . . . . ... . . . ... 273
3.29.4 Maple [B] (verified) . ... ... ... . ... 275
3.29.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 276
3.20.6 Sympy [F] . . . . . 270
3.29.7 Maxima [B] (verification not implemented) . . . . . . ... ... ... .. .. 27T
3.29.8 Giac [A] (verification not implemented) . . . .. ... ... ... .......
3.29.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 278
3.29.1 Optimal result
Integrand size = 21, antiderivative size = 85
/ cosh®(c + dz) b(a? + b?) log(b + asinh(c + dz))
T =—
a + besch(c + dx) a*d
N (a® +b°)sinh(c +dz) bsinh®(c + dz)  sinh®(c + dz)
add 2a%d 3ad

e

output

-b*(a~2+b~2) *1n(b+a*sinh(d*x+c))/a~4/d+(a"2+b"2) *sinh (d*x+c) /a~3/d-1/2*b*s
‘inh(d*x+c)‘2/a‘2/d+1/3*sinh(d*x+c)‘S/a/d \

3.29.2 Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.88

/ cosh®(c + dx) .
a + besch(c + dx)

_ —6b(a® + b%)log(b + asinh(c + dz)) + 6a(a? + b?) sinh(c + dz) — 3a’bsinh®(c + dz) + 2a° sinh®(c + dx)
B 6atd

input LIntegrate [Cosh[c + d*x]~3/(a + b*Csch[c + d*x]),x] J

output‘ (-6%b*(a~2 + b~2)*Log[b + a*Sinh[c + d*x]] + 6%ax(a”2 + b~2)*Sinh[c + d*x] ‘
\ - 3%a~2%b*Sinh[c + d*x]~2 + 2%a~3%Sinh[c + d*x]~3)/(6%*a~4*d) \

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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3.29.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.88, number

of steps used = 12, number of rules used = 11, Bumber of rules _ 504 Ryles used =
integrand size

{3042, 4360, 26, 26, 3042, 26, 3316, 26, 27, 522, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cosh3(c + dz) .
a + besch(c + dx)

l 3042

/ cos(ic + idx)3
a + ibcsc(ic + idx)

l 4360

dzr

/ isinh(c + dz) cosh®(c + dz)
tasinh(c + dz) + ib

| 26

) / K cosh3(c 4 dz) sinh(c + dz)
’ b+ asinh(c + dz)

l 26

/ sinh(c + dz) cosh3(c + dz)
asinh(c+dx) + b

dz

dx

l 3042

/ _ isin(ic + idz) cos(ic + idx)3
b — iasin(ic + idzx)

| 26

4 / cos(ic + idx)3 sin(ic + idx)
b — iasin(ic + idx)

dzr

l 3316

. i sinh(c+dz) (sinh? (c+dz)a®+a? :
i [ —temhlerdn i (ehIa ) j(asinh(c + dz))

a3d

| 26

sinh(c+dz) (sinh? (c+dz)a?+a? .
| b+)c5 sinh((c+dm)) Ld(asinh(c + dz))

a3d

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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| 27

inh(c+dz) (sinh? (c+dz)a?+a? .
f = (c+b—tl(ssinh(c(—|c-dx)x)a . )d(a Slnh(c + dx))
a*d
| 522
J (sinhQ(c +dz)a?® + (Z—z + 1) a? — bsinh(c + dz)a — %) d(asinh(c + dz))
a*d
| 2009

1a®sinh®(c + dz) + a(a® + b?) sinh(c + dz) — b(a? + b%) log(asinh(c + dz) + b) — 2a’bsinh?(c + dz)

atd

input| Int[Cosh[c + d*x]~3/(a + b*Cschlc + d*x]),x] |

output| (-(b*(a~2 + b 2)*Log[b + a*Sinh[c + d*x]]) + ax(a2 + b~2)*Sinh[c + d*x] -
‘ (a~2+b*Sinh[c + d*x]~2)/2 + (a~3*Sinh[c + d*x]~3)/3)/(a~4*d) ‘

3.29.3.1 Defintions of rubi rules used

rule 26‘ Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I ‘
nt[Fx, x], x] /; FreeQ[a, x] && EqQ[a~2, 1]

N\ J

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 522 Int[((e_.)*(x_))~(m_.)*((c_) + (d_.)*(x_))"(n_.)*((a_) + (b_.)*(x_)"2)"(p_.
), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(c + d*x) n*(a + bxx~2)"p, x],
x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, 0]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] \

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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rule 3316 Int[cos[(e_.) + (£_.)*(x_)]1"(p_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_
Ox((c_.) + (@_)*sinl[(e_.) + (£_.)*(x_)1)"(n_.), x_Symbol] :> Simp[1/(b~p*
f) Subst[Int[(a + x)"m*x(c + (d/b)*x) nx ("2 - x"2)~((p - 1)/2), x], x, bx
Sin[e + f*x]], x] /; FreeQ[{a, b, c, d, e, £, m, n}, x] && IntegerQ[(p - 1)
/2] && NeQ[a~2 - b~2, 0]

rule 4360 Int[(cos[(e_.) + (£_.)*(x_)1*(g_.))"(p_.)*(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_))"(m_.), x_Symbol] :> Int[(gxCos[e + f*x]) p*x((b + a*Sin[e + f*x]) m/Si
nle + f*x]1°m), x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

3.29.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(81) = 162.

Time = 17.86 (sec) , antiderivative size = 244, normalized size of antiderivative = 2.87

method result
. bx b3£ll e3da:+3c b e2dm+2c 3 ed:r+c edm+cb2 3 efdmfc efdmfcb2 b ef2d172c e73da:7£
risch a? + at + 24da 8d a? 8ad 2a3d 8ad 2a3d 8d a? 24da
2 2
) Cuth ooyt (20 )oim(vhann(rg)) (=)
- 3 2 dr | ¢ 4
. . . . 3a(1+tanh( 9 + < 2a2 (1+tanh (9L 4+ < 2a3 (1+tanh 5 t+3 a
derivativedivides ( (%+5)) ( (4+5)) ( ( )
2 2
_ . ~ Cats seawr | (PrR)on(tren(45)) +2b(—%—7) n
3 2 dzx | ¢ 4
3a(1+tanh( 9 4 ¢ 202 (1+tanh (92 + & 2a3 (1+tanh (4L +§ a
. (o (% +5))° 202 (vroann (4 25))7 200 (1+vamn (5 15))
inputLint(cosh(d*x+c)“3/(a+b*csch(d*x+c)),x,method=_RETURNVERBOSE) J

output | bxx/a~2+1/a~4*b~3*x+1/24/d/a*exp (3*d*x+3*c)-1/8%b/d/a~2*exp (2*xd*x+2*c)+3/8
/a/d*exp(d*x+c)+1/2/a~3/d*exp (d*x+c) *b~2-3/8/a/d*exp (-d*x-c)-1/2/a~3/d*exp
(-d*x-c)*b~2-1/8*b/d/a~2*exp (-2*d*x-2*c) -1/24/d/a*exp (-3*d*x-3*c) +2*b/d/a"
2xc+2*b~3/d/a~4*c-b/d/a~2*1n (exp (2*d*x+2%c) +2*b/a*exp (d*x+c)-1)-b~3/d/a~4*
1n(exp(2*d*x+2*c)+2xb/a*exp (d*x+c)-1)

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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3.29.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 652 vs. 2(81) = 162.
Time = 0.27 (sec) , antiderivative size = 652, normalized size of antiderivative = 7.67
/ cosh®(c + dxr)
a + besch(c + dx)
a® cosh (dz + ¢)° + a®sinh (dz 4 ¢)° — 3 a2bcosh (dz + ¢)° 4 24 (a®b + b%)dz cosh (dz + ¢)® + 3 (2 a® cosh

inputLintegrate(cosh(d*x+c)‘3/(a+b*csch(d*x+c)),x, algorithm="fricas") J

e N

output | 1/24*(a~3*cosh(d*x + c)~6 + a~3*sinh(d*x + c)~6 - 3*a”2%b*cosh(d*x + c)~5
+ 24x(a”2%b + b~3)*d*x*cosh(d*x + c)~3 + 3*(2*a~3*cosh(d*x + c) - a~2*b)*s
inh(d*x + c)”5 + 3*(3*a"3 + 4xa*b~2)*cosh(d*x + c)~4 + 3*x(5*xa"3xcosh(d*x +

c)"2 - 5*a~2+b*cosh(d*x + c) + 3*a~3 + 4*a*b~2)*sinh(d*x + c)~4 - 3*a~2+*b
*cosh(d*x + c) + 2%(10*a"3*cosh(d*x + c)~3 - 15%a”~2*b*cosh(d*x + c)~2 + 12
*(a”2*b + b"3)*d*x + 6*%(3*a~3 + 4xaxb~2)*cosh(d*x + c))*sinh(d*x + c)~3 -
a~3 - 3%(3*a~3 + 4*axb~2)*cosh(d*x + c)~2 + 3*(5%a"3*cosh(d*x + c)~4 - 10%
a~2*bxcosh(d*x + c)~3 + 24%(a"2*b + b~3)*d*x*cosh(d*x + c) - 3*a~3 - 4xax*b
2 + 6%(3*a”3 + 4*axb”~2)*cosh(d*x + c)~2)*sinh(d*x + c)”2 - 24*%((a"2*%b + b
~3)*cosh(d*x + c)~3 + 3*%(a”2%b + b~3)*cosh(d*x + c) 2*sinh(d*x + c) + 3*(a
~2%b + b~3)*cosh(d*x + c)*sinh(d*x + c)”2 + (a"2*%b + b~3)*sinh(d*x + c)~3)
*xlog(2*(a*sinh(d*x + c) + b)/(cosh(d*x + c) - sinh(d*x + c))) + 3*(2*a"3%*c
osh(d*x + c)~5 - Bxa"2*b*cosh(d*x + c)~4 + 24*x(a"2*b + b~3)*d*x*cosh(d*x +

€)"2 + 4x(3*%a”3 + 4*a*b”2)*cosh(d*x + c)~3 - a™2xb - 2x(3*a~3 + 4*a*b~2)*
cosh(d*x + c))*sinh(d*x + c))/(a"4*d*cosh(d*x + c)~3 + 3*a~4*d*cosh(d*x +

c)"2xsinh(d*x + c) + 3*a"4xd*cosh(d*x + c)*sinh(d*x + c)~2 + a~4*d*sinh(d*
X + ¢c)”3)

3.29.6 Sympy [F]

/ cosh®(c + dx) dr — / cosh? (¢ + dx)
a+besch(c+dx) ~ ) a+besch(c+ dx)

e A
integrate (cosh(d*x+c)**3/ (a+b*csch(d*x+c)) ,x)

- J

input

output‘Integral(cosh(c + dxx)*x3/(a + b*csch(c + d*x)), x) ‘

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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3.29.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(81) = 162.

Time = 0.22 (sec) , antiderivative size = 183, normalized size of antiderivative = 2.15

/ cosh®(c + dz) do— — (3abe(~97=9) — g2 — 3 (3a? + 4b?)e(~2472) ) gBdat30)
a + besch(c + dx) 24 a3d
(a®b + b®)(dz + ¢)
B a*d
3 abe(_2 dz—2c¢) + (126(_3 dz—3¢) +3 (3 a? +4 b2)e(—dx—c)
a 24 a3d
(a%b + b%) log (—2be(~979) 4 ge(~2d2=2¢) _ q)
B a*d
inputLintegrate(cosh(d*x+c)”3/(a+b*csch(d*x+c)),x, algorithm="maxima" J

output‘ -1/24%(3*axbxe”(-d*x — c) - a2 - 3*(3*a"2 + 4xb"2)*e” (-2*d*x - 2#*c))*e” (3 \
(xd¥x + 3%c)/(a"3%d) - (a”2%b + b"3)*(d¥x + c)/(a~4xd) - 1/24%(3xaxbre™ (-2x
|dkx - 2%c) + a"2xe”(-3xd¥x - 3xc) + 3x(3*a"2 + 4¥b~2)*e”(-d*x - c))/(a"3%d |
) = (a"2%b + b"3)*log(-2%bke”(-d*x ~ c) + ake”(-2+d*x - 2%c) - a)/(a"4xd) J

3.29.8 Giac [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.71

/ cosh®(c + drr)

a + besch(c + dx)
a2 (e(dz+c) _e(—dz—c))3_3 ab(e(dz+c)_e(—dz—c))2+12 a2 (e(dz+c) _e(—dz—c))+12 b2 (e(dz+c)_e(—dw—c)) 24 (a2b+b3) log(|a(e(dz+c)_e(—
= a3 B P
24d
inputtintegrate(cosh(d*x+c)‘3/(a+b*csch(d*x+c)),x, algorithm="giac") J

output‘1/24*((a‘2*(e‘(d*x + ¢c) - e"(-d*x - ¢c))~3 - 3*axb*(e"(d*x + c) - e~ (-d*x -
| ©))72 + 12%a”2x(e"(d¥x + c) - e”(-d¥x - c)) + 12%b™2%(e"(d*x + c) - e~(-d
‘*x - ¢)))/a"3 - 24x(a”2xb + b~3)*log(abs(ax(e”(d*x + c) - e~ (-d*x - c)) +
12#b))/a"4)/d |

cosh®(c+dx)
3.29. f a+bcsch(c+dz) dz
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3.29.9 Mupad [B] (verification not implemented)

Time = 2.47 (sec) , antiderivative size = 180, normalized size of antiderivative = 2.12

/ cosh3(c+dm) o — m(a2b+b3) B e—3c—3dw N eSc+3dac
a + besch(c + dx) at 24ad 24ad
be—2c—2dw be2c+2dx e—c—dz (3 a2 + 4b2)
8a2d 8a2d 8a3d
_ In(2be?" e’ —a+ae*e???) (a®b+1°) N e“t4e (3a% 4+ 4?)
a*d 8a3d

~—

input Lint(cosh(c + d*x)~3/(a + b/sinh(c + d*x)),x)

(xx(a™2*b + b~3))/a"4 - exp(- 3*c - 3xd*x)/(24*a*d) + exp(3*c + 3*dxx)/(24
*a*xd) - (bxexp(- 2%c - 2xd*x))/(8*a~2xd) - (b*exp(2*c + 2xd*x))/(8*a~2xd)
- (exp(- c - d*x)*(3%¥a”2 + 4%b~2))/(8*a"3*d) - (log(2*b*exp(d*x)*exp(c) -
a + akexp(2+*c)*exp(2xd*x))*(a”2*%b + b73))/(a"4xd) + (exp(c + d*x)*(3*a"2 +

4%b~2))/(8*a~3*d)

output

f cosh®(c+dx)

3.29. a+bcsch(c+dz)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

279
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 283

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

4.1. Listing of Grading functions

r(ExpnType_



CHAPTER 4. APPENDIX 291

‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Maxima [B] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 csch^2(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (c+d x)^3 csch^3(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)^2 csch^3(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x) csch^3(a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 csch^3(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (x  csch^3  2(x)+1  3 x csch(x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (x  csch^5  2(x)+3 x  5 csch(x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (x  csch^7  2(x)-5  21 x csch(x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (x^2  csch^3  2(x)+1  3 x^2 csch(x))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x)^3 (c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x)^2 (c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) (c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (c+d x)  (e+f x) (a+b csch(c+d x))  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Defintions of rubi rules used

	Maple [N/A] (verified)
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 

	 (e+f x)^3 ^2(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x)^2 ^2(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) ^2(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^2(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (e+f x)^3 ^3(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x)^2 ^3(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [F] 
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e+f x) ^3(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 ^3(c+d x)  a+b csch(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
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